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Abstract

We solve the problem of pricing and hedging Asian-style options on energy with a quadratic
risk criterion when trading in the underlying future is restricted. Liquid trading in the future
18 only possible up to the start of a so-called delivery period. After the start of the delivery
period, the hedge positions can not be adjusted anymore until maturity. This reflects the
trading situation at the Nordic energy market Nord Pool for example. We show that there
exists a unique solution to this combined continuous-discrete quadratic hedging problem if the
future price process is a special semimartingale with bounded mean-variance tradeoff. Addi-
tionally, under the assumption that the future price process is a local martingale, the hedge
positions before the averaging period are inherited from the market specification without trad-
ing restriction. As an application we consider three models and derive their quadratic hedge
positions in explicit form, a simple Black Scholes model with time-dependent volatility, the
stochastic volatility model of Barndorff-Nielsen and Shephard and an exponential additive
model. Based on an exponential spot price model driven by two NIG Lévy processes, we de-
termine an exponential additive model for the future price by moment matching techniques.
We calculate hedge positions and determine the quadratic hedge error in a simulation study.
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1 Introduction

In this paper we address the problem of pricing and hedging Asian-style options on energy when
trading in the hedging instrument is restricted in a period preceding maturity. This is motivated
by the market situation at the Nord Pool energy exchange, one of the world’s largest exchanges
for electricity, covering the northern European region. In addition to a physically settled day-
ahead spot market, Nord Pool provides a financially settled future market. Unlike in other
markets, futures on electricity at Nord Pool trade only up to the start of a so called delivery
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period, imposing restrictions on the possible trading strategies when using these instruments
for hedging options.

Denote by (S¢)o<t<T, the spot energy price. Traded future contracts in energy markets allow
to fix the average price of energy over a certain time period [T1,7T5], the delivery period, by
defining a payout

1 2

T . Sydr (1.1)
in return for the agreed future priceE This is in contrast to other markets where a future
allows to fix the price at a single time point. The reason for using the average price lies
in the nature of production and consumption of energy that naturally happens over a time
period. Additionally one has usually 0 < 77, meaning the delivery period starts in the future,
to account for seasonality in energy prices. Nord Pool offers trading in futures with different
length of delivery periods (week, month, quarter, year) and different starting dates. The future
contract with payout described in Equation is only traded up to 77. Within the delivery
period (77,7T3] trading on the exchange is not possible. The same trading restriction applies
to several natural gas futures traded at the Chicago Mercantile Exchange (CME), where our
results can also be applied. Energy futures at CME may be traded in the delivery period but
the trading volume is restricted to whole number multiples of reference days in the delivery
period. In other markets, for example at the European Energy Exchange (EEX) in Germany,
trading is allowed during the delivery period without restriction but liquidity is very low.

The trading restriction becomes important when using the future as a hedging instrument
for options on energy spot.

The aim of this paper is the hedging of options settled against the average spot, i.e. Fr,
measurable payoffs H of the form

1 T
H=h(—— 1 S.dr), 1.2
<T2—T1 /T1 > (1.2)

with some Borel measurable function h. Most commonly traded are call and put payoffs. These
options are generally known as Asian-style options.

The available literature on Asian options is mainly focused on financial markets, as equity or
fixed income, where the process S; subject to averaging is a tradable asset. In (Vecer, 2001)) and
(Vecer and Xu, 2004) it is shown that the avarage spot price can be replicated by dynamically
trading in S;. That way a pricing PDE for options on the average spot price can be derived.
This however crucially relies on the fact that the underlying spot is a tradable asset. In energy
markets the spot is a typical non-tradable asset, since energy cannot be stored. Additionally,
the situation in energy markets is special since futures with delivery period coinciding with the
averaging period of the options are available for trading. Therefore, an option on the average
spot can essentially be considered as an option on the final value of the future and as such, can
be hedged by dynamically trading this future. Due to the trading restriction in the delivery
period as mentioned above, it is in general not possible to perfectly hedge the claim and one
can only aim at finding risk minimizing strategies. The only work on Asian options in energy is
(Weron, 2008)) to our knowledge. In the paper, a pricing measure is found by jointly analyzing
traded future and spot prices. This measure is then used to calculate prices for Asian options.
The prices are compared with the prices of traded Asian options at Nord Pool and show a good
fit. However, hedging, and the impact of the trading restriction is not considered there.

In this paper we explicitly solve the problem of pricing and hedging, taking this trading
restriction into account. We work in the spirit of (Follmer and Schweizer, 1991), (Schweizer,

In actual trading at Nord Pool the average price is based on hourly prices and becomes a discrete sum.



1994) and (Schweizer], |1995b) in using a quadratic risk criterion to minimize the resulting hedge
error. We show for a rather general type of processes that a unique solution exists to this
combined continuous-discrete hedging problem. Additionally we show that the hedge positions
for t < T3 are not affected by the trading restrictions if the process is a local martingale.

Based on our general results, we explicitly derive the hedge positions for processes often used
to model energy future prices. As a simple example we consider a Black-Scholes model with
time dependent volatility. Such a model is still frequently used in the market and offers closed
form solutions for put and call payoffs. As models that resemble a more realistic picture of the
price process in energy we consider a version of the Barndorff-Nielsen and Shepard model and
an exponential additive model. For these models we derive integral representations of the hedge
positions. The hedge positions for ¢ < T} in the exponential additive model are derived from
recent results in (Goutte et al.| 2014). Finally we model the spot price by an extension of the
Schwarz-Smith model (Schwartz and Smith, [2000)), that allows the driving long and short term
factors to be Lévy processes instead of Brownian motions. Based on this spot dynamics we show
how one can derive an exponential additive model for the future price by moment matching
if the two Lévy processes are Normal Inverse Gaussian (NIG) distributed. To state a model
for the future is not straightforward due to the missing market prices in (77, 73] and a model
implied by the spot prices, which can be observed at any time, appears reasonable. Finally we
estimate our model based on historical spot and future prices and analyze the distribution of
the hedge error in a simulation study.

While we focus in the paper on Asian-style options on energy our results can also be applied
to the hedging of so called quanto optionsﬂ Quanto options have recently become very popular
and allow a hedge against two risk factors, price risk and volume risk, that is, the risk that
both, demand and prices for energy changes. For example in a very warm winter, there will
be less demand for heating energy than expected, which in turn will also lower prices. The
volume level is usually approximated by the number of days with a temperature above or below
a certain threshold (see (Benth et al., 20144) for a detailed account on Quanto options).

The paper is organized as follows. In Section [2] we show that there exists a unique solution
to the pricing and hedging problem in a special semimartingale setting. Additionally we show
that the hedge positions for t < T remain unchanged despite the trading restriction after 77 if
the future process is a local martingale. In Section [3]we look at three models that are frequently
used in energy and derive the hedge positions in these models, a Black-Scholes model with time-
dependent but deterministic volatility, a version of the Barndorff-Nielsen and Shepard model
and an exponentially additive model. Section [4] comments on the accrual of interest rates
on margin accounts. In Section [5| we specify a model for the future price based on moment
matching and estimate its parameters. We provide a simulation study to demonstrate the
magnitude of the hedge error incurred by the trading restriction analyzed in our paper.

2 Theoretical setup and existence of solution

We work on a probability space (2, P, (F¢)o<t<1,) on which an adapted process (X)o<i<7, On
R is defined that is a P-semimartingale and represents the price process of our primary security
used for hedging, in our case a future contract that can be entered at zero cost. We shall choose
a cadlag version of X and further assume that X is special with decomposition

X:X0+M+/ad[M, M] (2.1)

2The term quanto option is also used in other markets to denote options that have an additional cross currency
option included. However, the quanto options traded in energy are of rather different nature.



where M is a square integrable local martingale and « predictable. This especially implies
that the predictable finite variation component of X is absolutely continuous with respect to
the quadratic variation of the martingale component. Additionally, we assume that the mean-
variance tradeoff process of X defined by

— taz
K, = /O 24[M, M], (2.2)

is bounded. If K is only assumed to be finite P-almost surely, this is the so-called Structure
Condition and related to no-arbitrage as shown in (Schweizer, [1992). Additionally we are given
an JFr, measurable payoff H with the property E[H?] < co. We define for the rest of the paper
the payoff function of a European call and put option by

C(Xr) = (Xr,— K)* (23)
P(XTQ) = (XTQ—K)_.

Remember that X7, is the final value of the future with payout , such that the payoffs
C(Xr,) and P(X7,) are essentially Asian-style options on the spot price of the type (1.2).

We assume that trading is continuously possible up to 77 < 75. The trading position in
[T1,T5] has to be constant. This trading restriction introduces a market incompleteness, even
if the model would be complete without the restriction.

The hedge portfolio (V;)o<t<m, is then given by

Th At
V= Vo + / $ud Xy + 1oy ton (X, — X1y) (2.5)
0

where 15 is predictable and fulfills the following integrability condition (IC):
T
E [ Y2A[M, M5 + 43, (M, M)z, — [M, M]z,)| < cc. (2.6)
0

The property has the effect that the trading gains and therefore the portfolio process
V, is also a special semimartingale and that there is no arbitrage. Usually one would require
additionally that ¢ is such that [ [¢pa|d[M, M] is integrable. However, as shown in (Schweizer)
1994), this assumption is redundant if K; is bounded. Note that since trading is done in a future
contract that can be entered at zero cost, no further self-financing constraints are needed
We aim to find a pair (Vp, (¢+)o<t<7,) that minimizes the expected quadratic hedge error

E[(H — Vp,)?]. (2.7)

This problem has been extensively studied for the situation without trading restriction where
T} = T,. The theoretical problem was solved in the seminal papers (Follmer and Sondermann,
1986) for the martingale case and in (Follmer and Schweizer} 1991)), (Schweizer, |1995a) and
(Schweizer], [1994) for general semimartingales. The theory for quadratic hedging when the un-
derlying process is discrete was developed in (Schal, 1994) and in more generality in (Schweizer,
1995b). An algorithm for explicit computation of hedge positions in discrete time is proposed
and applied to energy markets in (Goutte et all 2014+). However, our situation is a mixture
of both and not captured by the current literature.

3To avoid double counting of jumps at time T}, one could argue that the integral should only go up to T} —.
However, since there are no financial market models with fixed times of jumps, we can choose T1 instead for
convenience without changing Vp, under P.



First we show existence of a unique solution to the minimization problem . For doing
this we follow a similar path as in the situation without trading restrictions by projection
techniques on a subspace of the Hilbert space £2(P) of square integrable Fr, measurable random
variables. Therefore we equip £2(P) with the usual inner product

(N1, No) := E [N Ny] for Ny, Ny € L2(P) (2.8)

and the resulting norm
211/2
N1 =E [Nf] " < o0. (2.9)

Under this scalar product £?(IP) becomes a Hilbert space. We aim to find a representation
by projecting the square integrable payoff H on the subspace of £2(PP) that is generated
by trading strategies of the form (2.5). We thus have to show that the set {G(¢)} of Fr,
measurable random variables with G(¢) of the form

T
GW) = 0 Psd X + wT1 (XT2 - XT1)
and v predictable, fulfilling (IC) is a closed linear subspace of the Hilbert space £2(PP). This
is done in Lemma below for integration with respect to M, the local martingale component
of X and using Lemma [2.3| extended to X. Before proving the closure property we shall prove
the following lemma about integration with respect to local martingales, which is usually only
stated for martingales but extends easily.

Lemma 2.1. Let M be a local martingale and ¢ predictable such that E[foT ¢2d[M, M]s] < oo,
then Ny := OTM ¢sdMsy is a square integrable martingale and E[(fOT ¢sdM;)?] = E[fOT p2d[M, M.
Proof. First observe that the process defined by N; := OTM ¢sdM; is a local martingale. To
see this, let T,, be a stopping sequence reducing M. Then T,, AT reduces M and one can
see that it also reduces N by preservation of the martingale property when integrating with
respect to My, (g, A7)- Because N stays constant after T we find that also T, reduces N and
N is therefore a local martingale. Additionally by properties of the quadratic variation we
know that [¢ - M, ¢ - M|, = fg #2d[M, M], which implies that E[[¢ - M, ¢ - M];] < oo for all
t < T by assumption on ¢. However, this implies that N is actually a square integrable
martingale (Protter], 2005, Corollary 3, Chapter 2.6) and the It6 isometry follows from partial
integration. U

For the rest of this section we introduce some notation. For a set of predictable processes
6 and a semimartingale S denote by Ny g the set of random variables generated by integrating
elements in § with respect to S, i.e. Npg = {N : N = fOTQ rdS, for some 1 € 0}. In the
following the semimartingale will be either X or the local martingale component M of X and
the set  will always be such that Ny g C £2(P). Let further 6; and 6 be given by

Ty

01 : = {¢ predictable: ¢, =0 for s >T;, E [ Y2d[M, M}S] < oo} (2.10)
0

02: = {¢ predictable : s = 1y>7y¢, E[C(IM, Mg, — [M, M]p)] < oo}, (2.11)

Note that since ¥ € 65 is supposed to be predictable this implies that the element ¢ defining
is Fr,— measurable. The set 6, consists of possible trading strategies up to 77 and 6, of discrete
trading strategies after 7. The next two lemmas show that the subspace of £?(IP) generated
by the set of possible trading strategies 61 + 65 is closed.



Lemma 2.2. Let M be the square integrable local martingale component of X. Then Ny, 19, m
is a closed linear subspace of L2(P). Further, the two subspaces No, v and Ny, ar are orthogonal
and ./\/'914.92,]\/1 = Ngl,M @NQQ,M.

Proof. Tt clearly is a subspace and Ny, 19, v = No, mr + Ny, ar- To show that it is closed we
show that the two subspaces ./\/'91, M and ./\[92’ a are closed and orthogonal, which implies that
also the sum is closed and that it is direct.

1. The space Np, a is closed because the integration map is a Hilbert space isomorphism
between the two Hilbert spaces 6; with the scalar product (¢, ¢) :=E U()Tl Yspsd[M, M]
and the space Ny, as together with the scalar product defined in (2.8)) by the Lemma

2. We have to show that Np, s is also a closed subspace with respect to the scalar product
defined in . We adapt the arguments in (Schweizer, 1995b, Theorem 2.1.). Let
{N,} be a Cauchy sequence in Ny, a7, then there exists a corresponding sequence {1y, }
with Ny, = ¢n (Mg, — Mr,) and E [42([M, M]q, — [M, M]7,)] < co. Since N, is a Cauchy
sequence, we find ||ty (Mp, — Mp, )= thm (Mp,—Mp) > = E [(Vn — ¥m)*(Mp, — Mpy)?] < e
for m,n > M,. But since

E [(¢n - 7/Jm)2(MT2 - MT1)2] = E [(Q/)n - ¢m)2E [(MT2 - MT1)2|]:T1*H

by the tower law and the fact that (i, — v,)? is Fr,_ measurable, it follows that
also ¥;\/E[(Mr, — Mr,)2|Fr,_] is Cauchy, converging to some square integrable Fr-
measurable (,,. Choosing

— Goo
oo 17 et i 700 R R, — N P

then oo (Mr, — M7,) € L%(P) and

E [(@Zjn - woo)Q(MTg - MT1)2} = E [(% - @Z)oo)QE [(MTz - MTl)Q‘]:T1—H
= my/E[(Mz, — M, )2|Fr,_] — Cao

such that N, converges to (M, — M7,) in £3(P). By Lemma and the same
argument as in 1., we find that E [¢oo([M, M]p, — [M, M]1,)] < oo showing that Ny, s
is closed. The indicator function in defining 1, is needed to have the expression well
defined if E [(Mg, — My, )?|Fr,—] = 0, which is for example the case if M; is constant for
t e [Tl, TQ].

3. Now, we show orthogonality of the two spaces, from which it follows that the direct sum
is closed. For orthogonality, we calculate for fOT Y 1hed My € Ny, m and Yqy (Mp, — Myy) €

N, ar using that fOT1 sdM; and g, is Fr,-measurable

Ty B T
( ; %/)des,%/)Tl(MTQMTl)) = E < ; %dMs) 7/1T1(MT2MT1)]

- T
= E|E |:< A wdes> le (MTQ - MTI) ]:T1:|:|

_ T
= [E < . ¢des> E[wT1(MT2 - MTI)|FT1]:|



since E [¢7, (M7, — Mp,)|Fr,] = 0 by Lemma Therefore the both subspaces are
orthogonal.

4. From the orthogonality it follows that N" = Ny, p &Ny, ar and additionally, together with
the fact that both spaces are closed, that N91+92, M is closedﬁ

O]

The following lemma shows that the closure property extends to integration with respect to
X.

Lemma 2.3. Define
T
O := {(b predictable : E] 2d[M, M],] < oo} , (2.12)
0

where M s the local martingale component of X. Further, let § be a subset 8 C ©. Then Ny x
is a closed subspace of L2(P) if and only if Ny ar is a closed subspace of L*(P).

Proof. 1t is shown in (Monat and Stricker, [1994) that the two norms on © defined by

T T
6l = H [ v x| and ol = H/o ¢s dM, (2.13)

are equivalent. Therefore both Np x and Ny s are subsets of £2(P) and clearly, Np x is a
subspace of £2(P) if and only if Np s is a subspace of £2(P). Assume Ny s is closed and let
N’ be a Cauchy sequence in N a, then there exists a corresponding integrand ¢' such that
N = fOT ¢'dX. By the norm equivalence it follows that also M® := fOT ¢'dX is a Cauchy
sequence. Since Ny s is known to be closed, the sequence M* has a limit M of the form
M>® = fOT ¢*°dM. Define N = fOT $>*°dX € Ny . Again by norm equivalence it follows
that N* converges to N°° as i goes to infinity. The only if part can be shown by reverting the
argument. O

With the help of the last two lemmas we obtain directly the existence of a unique solution
to (2.7)) in terms of the final portfolio value V7, as summarized in the next proposition. Let in
the following ITIY be the projection operator on a closed subspace Y C L2(P).

Proposition 2.4. For each Vo € R and H with E[H?] < oo there exists a unique solution
G(¢) € Ng, 10, x that minimizes

Gorent g5 PWH = Vo) = G(¢))°)- (2.14)

If X is a square integrable local martingale, that is « = 0 then G(v) does not depend on Vi and
the optimal initial capital Vyy is given by E[H].

Proof. We know from Lemma that N, 19, v is closed. This extends by Lemma to
No, +0,.x, 50 Ny, 10, x is a closed subspace of £2(P). Then, since H — V € £L2(P) there exists a
unique G(v) € N, 1o, x such that

inf  |[(H-Vo)—N|=|(H-V) -G
NeA}£+92,X||( 0) = NI =Ii( 0) =G

“We use N = N; © N, to denote the direct sum between two subspaces N7 and N, that is Ny N Ny = ()
and N = {z + y|z € N1,y € N2}. Sometimes the same symbol is used when the two subspaces are additionally
assumed to be orthogonal.



and H—Vy = G(¢)+ L7+ with G(¢) given by the orthogonal projection G(v)) := IINo1+62.X (H —
Vo) and L7T=Y 1| G(v) (see (Yosidal, (1980, Theorem 1, Chapter 3)). If X is a square integrable
local martingale, then IVe1+62.X (V) = TIVer+02.0 (V) = 0 since (Vo, G(¥)) = E[VoG(¥)] =
VE[G(¢)] =0, ¥V G(¢) € Ng, 19, by Lemma [2.1] H such that the strategy does not depend on
the initial capital. The remaining risk L~ however does, since due to the orthogonality

1LY = | H = Vol — IG()I>.

Since ||G(v))||? does not depend on Vp, ||[LH V0|2 is minimized if |H — Vp||? = E[(H — Vp)?] is
minimized. But Vp = E[Y] minimizes {E[(Y — Vb)(Y — V)]|Vb € R} for any square integrable
random variable Y, such that the risk is minimized by an initial capital of Vj = E[H]. O

So far we have shown uniqueness in terms of the square integrable variable G(1)) minimizing
(2.14]), but we did not analyze if ¢ is actually unique. The next proposition provides uniqueness
for .

Proposition 2.5. The process (¥1)o>i>T, is unique with respect to the measure jupra defined
on [0, Tz] x Q by
pnam (s, ] x B) = E(A([M, M| — [M, M]s). (2.15)

Proof. Assume that ¢ # 1, but G(¢) = G(1¢). Then

T>
/0 (@ZJS - &s)dXs =0, (2.16)

E [( / (W zzs)dXs>2] 0.

Again using the norm equivalence (Monat and Stricker, 1994) we get that also

< /O tws — u?s>dMs>2

where M is the local martingale part of X and where the first equality follows again by It6
isometry. The process [M, M] is of finite variation on compacts, which implies that fg (s —

and it follows that

E = | [~ drar ] =0 (217)

wS)Qd[M M]s is equal to the Lebesgue Stiltjes integral. Since [M, M] is non-decreasing and
(s —1hs)? positive this implies that fo 1/15 wS)Qd[M M], =0, P-a.s.. It follows that 1) — 1) = 0
with respect to the measure defined in ]

Especially if the measure generated by [M, M] is absolutely continuous with respect to the
Lebesgue measure, then v is unique for a.a. (t,w) € [0, T3] x Q.

In the following we shall restrict to the situation where o = 0, that is X is a local martingale
(X = Xo+ M). There are two reasons to consider this simplified model, which in turn allows
for stronger results. First, there is empirical evidence that the future price process in energy
has very small drift, even under the objective measure. For example (Benth et al., 2008, Table
8.3) find that the mean return on the future is essentially zero. Second, especially in incomplete
markets, available options are not redundant. They can be used for static hedges to considerably
reduce hedging risk. When options are partly statically hedged with benchmark options, the
cost of replication has to be incorporated into the pricing rule. For that reason, it is industry
standard even in an incomplete market to chose an equivalent martingale measure to calculate
prices and hedge ratios. This equivalent martingale measure is chosen in a trade-off between



market calibration and resemblance of the statistical behavior of the asset process (see (Cont
and Tankov, 2004, Chapter 10.6 and Chapter 13) for discussions). Therefore from a practical
perspective hedging under a martingale measure is the most relevant. To avoid confusion, in
the following we shall use Q to denote the measure that describes the future price process, but
the reader should be aware that, despite being a martingale measure, it could be the objective
probability measure.

An immediate question one might ask is whether the value of the hedge portfolio for ¢t < T3
is actually the same as the one resulting from the quadratic risk minimizing problem without
the trading restriction in (71, 75]. The following proposition shows that this is in fact the case.

Proposition 2.6. Let H be an Fr, measurable claim with E[H?] < oo and let G(¢)o<i<T, be
the trading gains from the optimal hedging strategy without trading restrictions, which in the
martingale case is given by G(¢); = E[G(¢)|Ft]. Then G(¢)o<t<t, are the trading gains from
the optimal strategy when trading is restricted for t € (T, Tb).

Proof. Let © be defined as in Lemma By the same arguments as in Lemma for Ny, .
the space Ng s is a closed linear subspace of £2(P). We have Np, ;s C No . To see this let
N € Ny, v and let (¢)o<i<r, be an integrand that generates N. Then ¢ := ¢1t§T1 + 0100y
is a valid integrand for Ng ps since ]E[fOT2 gid[M, M) = E| OTl $2d[M, M]] < oo and clearly
N = f(;fz ¢,dMs, thus Ny, ;s C Noar. Since Ny, as is a subspace and closed, we obtain that
Nom = No,u @ N(,J‘LM. Additionally we have Ny, py C NGJI,M and therefore Ny, 19, v =
No, m®No, v C N917M@N§7M. Then G(¢) = Ve.m (H—Vph) € N, represents the final value

of the optimal strategy without trading restrictions. It can be decomposed as G(1) = N1 + No
with N1 € Ny, ar, No € N@J[,M' Since E[Ny|F;] = 0 for t < T, it follows

G(w)t = E[Nl‘ft], for ¢ < Tl. (218)

Since IIX(I1Y (2)) = II¥X(z) for subspaces X C Y, it follows that IINerm®Neyar (N 4 Ny)
provides the final value of the trading strategy in the restricted case and calculates as G (1&) =
Vo1 1 ONoy 11 (N + Ny) = TTVo1 1 BNpy, a1 (Ny) + Vo, v BNpy 11 (N3) = Ny + T1Vo1. 0 ONpy, 11 (Na)
by linearity and the property that II™(z) = z for € M of the orthogonal projection. Since
the two spaces Ny, ar and Ny, s are orthogonal, it follows that HNGhM@N"z’M(Ng) € Noy -
This implies E[ITVo1.m®Nozn (Ny)| F;] = 0 for t < T} and therefore

G()); = E[N,|F], fort <T.

Comparing with (2.18]) completes the proof.
O

The last proposition can in general not be extended for o # 0, that is when X is not a local
martingale. We provide a counter example in Appendix [A]

We have to derive the constant hedge position in [17,7%]. The following Proposition is
not new, it is shown in greater generality in (Schweizer, [1995b)) but not together with the
continuous hedging before T7. Since the proof becomes rather simple in our restricted case with
X; a martingale and only one hedging period, it is provided here. Due to the orthogonality of
No, v and Np, ur, the projection can be done separately and the problem reduces to finding
N € Np, m such that E[(H — Vj — N)?| is minimized.

Proposition 2.7. Let H be an Fr,-measurable payoff with E[H?] < oo and, as before Vi, the
portfolio value at time 1. Let further M be a martingale. Then, the optimal Fr,_-measurable



strategy Y, to minimize

min B{(H — Vi, = ((Mr, — Mz, (2.19)

s given by:

E[(H)(MTQ — MT1)|~FT1—] )
E[(MTz - MT1)2“FT1—]
Especially the strategy v, does not depend on the initial capital V. The optimal Fr, mea-

surable initial capital Vp, is then given by Vi, = E[H|Fp], which can be guaranteed in the case
where the market is complete without the trading restrictions.

Yr, =

Proof. We note that for L¥=V11 := H — V, — TV M (H — Vi), L=V | TV M (H — V).
We try to find directly an element N = tp, (M7, — M7,) € Ny, ar that solves the orthogonality
relation. By definition of the scalar product this means finding Fr,-measurable ¢, such that

0= (LH7 ¢T1 (MTQ - MTI)) = (H - Vo — ¢T1 (MTQ - MT1)71/JT1 (MT2 - MT1))
- E[(H - VT1 - ¢T1 (MTQ - MTI))(MTQ - MT1)]

By the tower law this is certainly fulfilled if the conditional expectation is zero. We find

0 = E[(H - Vn, — ¢T1 (MTQ - MT1))(MT2 - MT1)|"TT1]
= E[(H - VT1)(MT2 - MT1)|‘FT1] - le]E[(MTz - MT1)2"FT1]
= E[H(MTz - MT1)|~FT1] - leE[(MTQ - MT1)2‘FT1]7

where the last equality stems from the fact that M is square integrable martingale and Vp, and
M, — M7, are orthogonal. Solving for i1, yields

E[(H)(MTz - MT1)|~FT1]

le N E[(MT2 - MT1)2‘FT1]

By general Hilbert space theory this minimizes the norm |[(H — V) — (Mg, — M;)|| for each
Vr,. As in the proof of Proposition the remaining risk is ||[L7 V7|2 = |H — Vg ||? —
|G()||?. It remains to minimize |H — Vg, ||?. Since the Fr,-measurable random variable
Vr, = E[H|Fr,] minimizes {E[(H — Vp,)?|Fr, ]|V, square int., Fr,-meas.}, it minimizes {||H —
Vi, ||V, square int., Fr,-meas. }. O

Note that in the situation where the market is incomplete even when continuous trading is
allowed, we can not assure that Vi, = E[H|Fp].

3 The optimal hedge in some concrete cases

In this section we derive explicit formulas for three specific processes that are relevant in the
context of energy markets. We focus our attention on claims H being European put and call
options on the average of the spot price over some fixed time period.

3.1 Geometric Brownian Motion

We calculate ¢, explicitly for the case where X, is driven by the SDE

dXt = O'(t)Xtth, (31)
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with deterministic, time dependent volatility o(¢). This dynamics especially includes the model
proposed in (Lucia and Schwartz, 2002)) where o(t) = 7 exp(—a(Ty —t)) for constant « and 7.
The model conveniently allows to account for the Samuelson effect, that is, close to delivery the
volatility of a fixed time future or a future with short delivery period increases and approaches
the spot volatility.

We assume trading is continuously possible in the period [0, 7}] but the hedge positions are
constant in [T7,T5]. We know from Proposition that the hedge positions up to time 7} are
given by the usual Black Scholes delta. The following proposition provides the hedge position
after T7.

Proposition 3.1. The hedge positions at Ty for the call payoff C(Xr,) = (X1, — K)T when
the dynamics of X; follows s given by

X1,e7:®(20, — K) — (K 4+ X1,)®(0y — K) + K®(—K)

pgetl — Xl - T) (3.2)
with ,
o los(K/Xr,) + %
Ox
where o, abbreviates the integrated variance o2 = ;;2 02(s)ds and ®(x) denotes the cumulative

standard normal distribution function. The hedge positions for the put payoff P(Xr,) = (X1, —
K)™ are given by 1/}:1;?15 _ w%?ll 1

Proof. We calculate directly using Proposition

E[C<XT2 ) (XT2 - XT1 )]

S a2, 2, 1
= C(Xre 2z "N Xre 2 79V - X )——e 2 d
/Oo (X, (X, r) et dy
= o2, 2, 1y
= C(Xp ez TN ( Xre 2 T9*Y _ X e2 d 3.3
| et e, r) =t dy (3.3

since the integrand is zero for y below K. To avoid too long formulas we calculate the integral
over each summand in (3.3) separately. The first one becomes, using the definition of C'(Xr,):

D IV
Xpe 2z 1Y - K)Xpez TV ——e 2 d
/f( (X, JXn V2T Y
X2 7+ /OO —2=20:)%qy _ KX /OO ~y—on? 1
= e e * — e *
n i Y ) e

X2 7+ /00 g2’ L dz — KX /OO e 27 L dz (3.4)
N ke, Vom Viee.  Vom

and with ®(z) =1 — ®(—xz), (3.4) can be written as:
X275 0(20, — K) — KX7,®(0. — K)
The second summand in can be calculated similarly and becomes
~X? ®(0y — K) + KX7,®(— K).

Altogether this yields (3.2) with E[(X7, — X7,)%) = X3, (e — 1).

11
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Figure 1: Left: Black Scholes delta(dashed) and the discrete quadratic hedge position for a call
option with three month discrete period. Right: Percentage excess of the quadratic hedging
delta compared to Black Scholes delta.

Since XT2 - K= C(XT2) — P(XT2) and

E[(Xp, — K)(X7, — Xny)] _ E[Xn (X7, — X7y)]

E(Xn - X )8 E[(Xn - Xn)?

due to the martingale property of X, the linearity of the projection implies 1/1%” = w%‘i‘” —-1. O

In Figure [I| we present both, the Black Scholes delta and the discrete quadratic hedging
delta under the model with three different levels of constant volatility. The payoff is a call
option with fixed time to maturity of 3 month. The x-axis shows the moneyness of the option
in both plots. In the left figure the y-axis shows the hedge positions as absolute numbers, in the
right figure it shows the percentage excess of the quadratic hedging delta over the Black-Scholes
delta. While in the left figure the discrete hedging delta appears to be only slightly above the
normal Black-Scholes delta, the right figure shows that the relative difference can become rather
large.

3.2 Stochastic volatility

As a second example we consider the Barndorff-Nielsen and Shephard stochastic volatility model
proposed in (Barndorff-Nielsen and Shephard} 2001)) and considered for commodity markets in
(Benthl 2011). Assume that the future price is driven by the SDE

dXt = XtO'tdBt (35)
with stochastic volatility Y; = o7 driven by
dY; = =\ Y dt + dLy (3.6)

with L; a finite activity subordinator process (increasing Lévy process) without deterministic
drift and with Lévy measure w(z) such that the cumulant transform x(0) = logE [e?/1], exists
for 6 € [—b,b] and is given by

K (0) = /R (€% — 1)w(a)da. (3.7)
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We assume \; to be deterministic, positive and in C([0,7%]. Note that as L is a pure-jump Lévy
process, it will be independent of B, and thus the stochastic volatility ¢ is independent of B.
First note that by applying 1t6 we get

u
Y, = Yie Ji Ardr / e~ o Ardrqr, (3.8)
t

Integrating over the time interval [t, T yields

T T B T ru .
/ Jgdu = Yt/ e i ’\"drdu—i—/ / e Js Ardrq 1o du
¢ t t Ji

Using the stochastic Fubini Theorem (Protter, 2005, Thm. 65) we obtain for the integrated
variance

T T
/ oldu = ole(t,T) + / e(u, T)dL, (3.9)
t t

with continuous function €(s,T).

This representation for the integrated variance allows us to derive the Laplace transform of
the distribution of the log price process Zp := In X7 = In Xy — %fOT agds + fOT osdBg given
the information up to time T'. For constant A the following theorem is proved in (Nicolato and
Venardos, |2003|) and extends with only minor changes to our model setup.

Lemma 3.2. The Laplace transform ¢(t,T, z,01) = Elexp {z(Zr — Z;)|o+}] is given by

L

T
o, T, z,00) = exp{(iz — z%)afe(t,T) —f—/t k(f(s,z))ds}

with f(s,z) = (322 —23)e(s, T) and r(0) as in . The transform is well defined in the open
stripe S = {z € C: R(z) € (0,04} with

1 1
- - - —1
1 1
0. = —= —1/=+2be(t, T)"!
2 \/4 - 26e(t, T)
Proof. see (Nicolato and Venardos, 2003, Thm. 2.2.) O

We use ¢(t, T, z,0¢) to derive an integral representation for the prices and hedge positions
for calls and puts. For this we need the (bilateral) Laplace transform defined by:
oo
LUON) = [ et

—0o0

For calls and puts the following Lemma provides the Laplace transform of their payoff and
modified payoff functions, which we will need in the following.

Lemma 3.3. Let

Li(z) = Z(;(_t1)<)}é>(l—z)

L) = X} (K (2_2)+(KXT1+X%1) K (I_Z)+KXT1 K\
2 2—2\Xn 1-=2
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and

aly) = (X! —K)*
pily) = (K- Xe¥)"
CZ(y) = (XT1ey - K)+(XT1€y - XT1)
p2(y) = (K—Xpe')" (Xpe' —Xn)
Then
B L{c1()}(z) for z with R(z) > 1
Li(z) = { L{p1(-)}z) for z with R(z) < 0,
Lo(z) = { L{c2()}(z) for z with R(z) > 2
2 L{p2(:)}(2) for z with R(z) < —2,

especially the bilateral Laplace transform is convergent in the respective domain.
Proof. See appendix O

We can use the representation of the Laplace transforms in the previous Lemma to derive
an integral representation of the hedge positions for put and call payoffs.

Proposition 3.4. Let f(XpeY) be a payoff function such that the Laplace transform of the
modified payoff function
9(y) = f(Xpe¥)(Xp e’ — Xry) (3.10)

is well defined in a stripe R := {z € C: by < RN(2) < ba} and SNR # O with S as defined in
Lemma[3.3 and of finite variation on compacts. Then the discrete hedge positions for the model
in the time period [Th,Ts] are given by

o — ok [H L{g(M(2)(T1, T, 2,0, )dz
ne E[(X1, — X1)271,]

with
E[(XT2 o XT1)2“FT1] — XtQ(eotQE(t,TQ)eﬁTQ k(e(s,T2))ds 1) , (311)
and €(t,T) and £(9) as defined in ([3.7).

Proof. We know from Proposition that ¥, = I%ég?;f?}b{?{ We first calculate the
2 1 1

denominator: For this purpose we introduce the filtration
G i=0{0”,0<s <D} \/ 7 (3.12)
and recall that o2 is independent of B. First note that due to the martingale property we obtain

]E[(XTQ - XT1)2|~7:T1] = E[XY%QU:TJ - XYQH (3'13)
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— (T2 52454 (T2 95 dB
We have X%Q = X%le Jrff osdst [ 20545 and therefore

T T
E[X%2|J-“Tl] — X%lE[e*fo ofds+[p] 2"SdBSy]-“Tl] (3.14)
T T
= X2E[e” In g efr 20045 g

Ty o
= X3E[e/n |7y

Using (3.9) we receive

T
E[X3,|Fr,] = X3 et TuTg[efr (T2l (3.15)

Since the function €(s,T') is continuous in s and bounded it follows from (Eberlein and Raible,
1999, Lemma 3.1.) that

T T
Ele/ T | = I TN (3.16)
with €(¢t,T) and k(0) as defined in |i From (3.16)) together with (3.13), Equation (3.11)

follows.
To calculate the numerator of the quantity in Proposition we choose c € SNR. We
want to calculate

Elf(Xp e 7)) (Xp e”™ ™" — Xp,)|Fry| = Elg(Z, — Z1,)|Fn) (3.17)

with g(y) as defined in (3.10]). Since g(y) is of bounded variation on compacts and L{g(-)}(z)
is well defined for R(z) = ¢, we can use the Laplace inversion theorem (Widder, [1946, Chapter
6, Theorem 5a) to retrieve g(y) by integrating along the vertical line going through ¢:

c+100
o(y) = — / L{g()}()evds (3.18)

21 — 00

Using this expression we can calculate E[g(Z1, — Z, )|Fr,] by remembering that the line of
integration lies within the set S, and by changing the order of integration

1 c+i00
Elg(Zz, = Zr)lFm] = 5B U E{g(.)}(z)ez(ZTQ_ZTldZ‘FTI]
1 c+ioco )
" omi ) L{g(")}(z)E [e* T2 4T \]:Tl]dz
1 c+i00
= 5m | ElO}EML Do,z 0m)dz,

with ¢(s, T, z,05) being the Laplace transform of the incremental log price density as derived
in Lemma O

This especially allows us to derive integral formulas for the hedge positions of put and call
payoffs as Lemma provides the Laplace transform of their modified payoff function.

It remains to calculate the hedge positions in the continuous trading period. First we prove
certain smoothness properties of the pricing functions for put and call payoffs, which we will

°In (Eberlein and Raible, 1999, Lemma 3.1.) the integral starts at 0 and there is no conditional expectation.
It can easily be seen that the reasoning in the proof works the same way with the conditional expectation.

15



need to derive the continuous hedge positions.

Lemma 3.5. The prices under the model of the call and put option with payout
and can be written as a function of t, X; and o? such that O(t, Xy, 0?) = E[C(X1,)|F]
and P(t, Xy, 02) = E[P(Xr,)|Fi], respectively. Additionally, both functions are in C2([0,Ts) x
(0,00)?).

Proof. See appendix.

The next proposition provides the hedge positions for the time period before T7.

Proposition 3.6. Let the payoff function f(Xr,) be Lipschitz continuous with respect to Xr,
and f(t, Xy, 02) = E[f(X1,)|F] in C2(([0,Ts) x (0,00)?)). Then the hedge positions for the
stochastic volatility model without trading restrictions are given by

af(tv Xt7 Ut2)

X, (3.19)

Proof. Note that [X,02] = 0 since 02 is quadratic pure jump process and X continuous (cf.
(Protter, 2005, p. 75 Theorem 28). An application of the multi-dimensional It6 formula for
semimartingales (see for example (Protter, 2005, p. 81 Theorem 33)), considering that [X, 0?] =

0 and the fact that the continuous part of the quadratic variation [02, 02] is zero, yields
LOf(s, Xs,02) tof(s, Xs,02)
t. X 2—0X2:/’87Sd /’87st5 3.20
f(’ t70t) f( ) 0700) 0 83 8+ 0 8X3 ( )
LOf(s, Xs,02) 0%f(s, Xs,02.)
sy gy Ug d ) A8y Yg— X2 2d
* /0 907 sT3 /0 P2X, 5758

2
3 s sta ot - ) o )

0<s<t

Denote by M (ds dy) the compensated Poisson measure of the pure jump process L and by
w(ds dy) its Lévy measure. Together with the definition of do? we can rewrite (3.20)) as

Lof(s, X, 02) Lof(s, Xs,02% )
X, 02) — X2:/’S’S /’S’SXS 21
f(tv ty Ut) f(ov 0)0-0) 0 Is ds + ) 6Xs d (3 )
taf(s XS,O'E_) 82f(S7XSaU§—) 2 9
— /80 )\ d8+2/0 82XS Xsasds

+ // (5,Xs,02) — f(s,Xs,02 )M(ds do?) (3.22)
+ / / (5, Xs,02) — f(s, Xs, 02 ) p(ds do?). (3.23)

The ds terms and the p(ds do?) integral have to vanish due to the martingale property of
the price process and we obtain:

t 2
F(t, X1, 02) — £(0, Xo,02) = /(WS’US)dXS

+ // f(s, Xs,02) — f(s, Xs,02 YM(ds dy)  (3.24)
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Note that if the payoff is Lipschitz, the same holds for f(t,x,c?) since for Lipschitz constant C
we find

7t ,07) = £(t,9,08)| S E [flae?r~%) - fye?s=2)] < Clo— y[E [ 4]

= C|ZL‘ - y|7

where the last step is due to the martingale property. The portfolio process V; = fg Psd X is
a martingale by the choice of vy and by the Lipschitz property and the square integrability of
X}, the jump integral in (3.24) is also a martingale. This, together with Vo = f(0, X0, 03) and
again [X,0?] = 0 implies that’|

ot o ([ ()|
(/Ot /Ooo(f(s,XS,Uf) — f(s, X5, 02 )M(ds dy)>2] .

Then due to the Ito6 Isometry

+ E

E[(f(t, Xt,07) = Vo)’] = E

/Ot <8f(8’6)§z %) ws>2d[x, X]s]

][ 706X s X0t ) a0 an)

. . . e . Xs,02_
Clearly, this expression is minimized by choosing ¥s = af(saixsas). O

In particular, the last proposition provides us with the hedge position for the put and call
payoff we are interested in. We collect this in a Corollary.

Corollary 3.7. The continuous hedge position for put and call payoffs are given by

00(s, Xs,02) 1 fetie 1 K\ )
T = % ' (Z — 1) (X) ¢($7 T, z, Us) dZ, c > 1 (325)
OP(s, X, 02) 1 fetic K\
— % = 95 ey <X> o(s,T,z,05) dz, ¢ <0 (3.26)

with ¢(s,T, z,05) as defined in Lemma .

Proof. Clearly, the payoffs fulfill the Lipschitz properties. Lemma provides the functional
form and the C? property, such that we can apply Proposition For the integral repre-
sentation, we can find a representation for the prices C(s, Xs,02 ) and P(s, Xs,02 ) by the
same means as used in Proposition by using the transform L;(z) as provided in Lemma[3.2]
Differentiating below the integral sign shows ((3.25]) and (3.25]). O

3.3 Exponential additive models

As a third example we consider the class of models where the log price process is driven by an
additive process. These processes conveniently allow to account for the non-stationarity of the

SNote that for integrands H, K we have that from [X,0?]s = 0, Vs < t it follows that [H - X, K - 0%y = 0. If
in addition H - X and K - 0 martingales, then it follows by integration by parts that E[(H - X)(K - 0%)] = 0 (cf.
(Protter| [2005| p. 75 Theorem 29)
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future dynamics in energy markets, and has been applied by (Goutte et al., 2014)). We shall
recall the definition of additive processes. For a thorough introduction see (Sato, [1999).

Definition 3.8. A stochastic process (Y;)o>: on R is called additive process if it satisfies the
following conditions:

L. P((Yo=0)=0).

2. Independent increments: For an increasing sequence of times tg,...,t, the random vari-
ables Y;,, Yy, — Y4,,...,Ys, —Y:, , are independent.

3. Stochastic continuity: Ve > 0,limp o (P(|(Yeen — Y2)|) > €) = 0.
4. (Y;) has a cadlag version.

Examples of additive processes are diffusion processes with time dependent volatility or time
inhomogeneous jump diffusions. It turns out that for additive processes (Y;)o>+ for every ¢ the
distribution of Y; is infinitely divisible (see (Satol (1999, Thm 9.1.)). This implies that there is a
Lévy-Khinchine representation for the characteristic function ¢(z) = E[e*Y?] for z = iz, x € R.
Following (Goutte et al., [2014, Proposition 3.1.) ¢(z) can be extended to z € C given by

¢(z) = E[e] =" (3.27)

1

Uy(z2) = 2% As + 2T + / (€** =1 — zxl <1 )p(ds, dw) (3.28)
2 [0, xR =

for z with R(z) € S := {c € R] f[o T)x{jz|>1} e“pu(dt,dr) < oo} where A; and I'; are con-

stants and p(t, B) is given by the unique measure integrating 1 A |z|? of the Lévy-Khinchin

representation for the infinitely divisible distribution of Y;.
We assume that the asset price process is of the form

Xy =e¥ (3.29)

where Y is an additive process such that X is a square integrable martingale. A special case
of such a model is given by the Geometric Brownian motion example in Section [3.1} where the
dynamics of Y} is dY; = —1/ QJtht—l—atdBt with deterministic o;. The quadratic hedge positions
in such a model are derived in (Goutte et al.l 2014) under some assumptions on the underlying
process and the payoff. We use their results to derive semi-analytic expressions for put and call
prices and their continuous hedge positions in the next Proposition. Note that if X defined by
X, := e¥* is a martingale, we must have that ¥,(1) = 0.
The next proposition provides the continuous hedge positions for a call and a put payoff.

Proposition 3.9. Define the measures,

dpy = dU,(2) (3.30)
dpe(z,y) = d(Wu(z +y) — Vu(z) — Ue(y)) (3.31)

Denote by D the set z € S such that

T aw,(2)
—|dpy . 3.32
|15 g, < (332

Assume that the interval z € C,—2 < R(z) < 2 is included in D.
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Then the time-t prices for the options with payout C(Xr,) and P(Xr,) under the model
13.29) are given by

1 c+ioco Ty Klfz
= E[C(X = — Jer s ds x2 lL,ceD (3.
Cy [C(X1,)|Fi] omi ) e [ pon 1)dz forR(c) > 1,c€ D (3.33)
1 ctico Klfz
P =E[P(Xp,)|F] = -— el VD xE 2z for R(c) < 0,¢ € D. (3.34)
27TZ c—100 (Z - 1)
The hedge positions are given by:
1 [T dpy(z,1) (7 K==
c _ 1 Pt\Z, I \Ils(z)dst 1 4 R 1 D 3.35
y 2m./c_ioo T e Py z forR(c) >1,ce D, (3.35)
1 c+100 dp (Z 1) Ty K1-=
P _ S R QL) G e—| R 0 D. (3.36
vi 2m‘/c_m o ¢ (o RO <OeeD (3:30)

Proof. First note that assumption 1 and 2 on the underlying process in (Goutte et al., 2014])
are automatically fulfilled if X; is a square integrable martingale. Additionally, we have that
U,(1) = 0 if Xy is a martingale. For the two payoffs C'(Xr,) and P(Xr,) we have by Lemma [3.3]

1 c+1i00 v ¥i) Klfz
C(XTt,) =c1(Y- = — eV XE — _dzfore>1 3.37
(X1,) = e1(Y1y) o ) ey (3.37)
1 ctioco v i) Klfz
P(Xt,) = Y- = — A=) XE —dz f .
(X1,) = p1(Yn,) el I TD% or ¢ < 0, (3.38)

which are representations of the form [ X7II(dz) where II(dz) is some locally finite complex
measure (cf. (Rudin, 1987, Chapter 6). The measure fulfills assumptions 3 in (Goutte et al.,
2014)) by the assumptions on D. By (Goutte et al., 2014, Thm 4.1.), the time—t values are given
by (3.33)) and (3.34). The integral in the exponential function in (Goutte et al., 2014, Thm 4.1.)
contains an additional term involving W;(1) that vanished due to the martingale property. The
hedge positions are given by and where the definitions of dp.(z,y) and dp; are
adapted to the martingale case.

O]

The measure %ZS’D appearing in the integrand for the hedge positions can often be calcu-

lated in closed form (see (Goutte et al., 2014, Sec 5.1.)). Especially in the important case where
Y is a scaled Lévy process, i.e. Yy = fot AsdAg with A a Lévy process and A\ a deterministic
positive function, the measure is a simple function of W;(z). The next Proposition provides the
hedge positions for the discrete period [T7,T3].

Proposition 3.10. Let f(XpeY) be a payoff function such that the Laplace transform of the
modified payoff function
9(y) = f( X1 e”) (X e’ — Xy) (3.39)

is well defined in a stripe R := {z € C : by < R(2) < by} and SNR # 0 and g(y) of finite
variation on compacts. Then the discrete hedge positions for the model in the time period
[T, T3] are given by

by, — B Ll 40 O (3.40)
. E[(XT2 - XT1)2|~FT1] ’
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force SN'R with
E[(Xp, — X7)*|Fry] = X7, (¥ 741 @) 1) (3.41)

Proof. Again, using Proposition first we calculate the denominator of (2.19) as

E(Xz, — Xn)*|Fr] = XHE[CRT)|Fr] - X7, (3.42)
X3eVe@-0n () _ X2 (3.43)

where W;(z) is the cumulant generating function of Y; as defined in (3.27). Noting that the
Laplace transform ¢(z) of Yz, — Yp, is given by ¢(z) = eY2(3)~¥11(3) the rest of the proof
follows exactly the proof of Proposition O

A special case of an additive exponential model is given by Y; = f(f osdBs — 0.5 fg 03 ds for
deterministic o, Wthh is the Geometric Brownian motion model analyzed in Section Using
Up,(z) — ¥ (2) = 1/2f 02ds(2? — z) for this model and the Laplace transform L{ca(-)}(z)
as given in Lemma a tedlous evaluation of the complex line integral in Equation [3.40| using
the residue theorem brings us back to the closed form solution as shown in Proposition

4 Interest rates on margin accounts

So far we assumed that interest rates are zero and that trading gains are martingales. In actual
trading at Nord Pool, the trading gains from holding a futures position accrue interest on a
margin account. The portfolio process V" for a strategy v; including the constant instantaneous
interest r on the margin account is given by:

t t
Vi=Vo+ | ¢sdXs+ / rV/dt
0 0

We calculate the discounted portfolio value R;V; with R; = e~ by the partial integration
formula as

t t t
RV = V()-I-/ RSdVST-I-/ VSTdRS—I—/ d[R,V"]s
0 0 0
t t t t
= Yo+ / Rthsd X, + / RyrV7ds + / VIR, + / d[R, V"],
0 0 0 0
t
— Vot [ Radx. (4.1)
0

since dR; = —rRdt and d[R;, V)] = 0. From (4.1)) we see that the R;-discounted trading gain
is a martingale. We obtain

Ty
Vﬂtz = VOGTTQ + / er(Tfs)wsts
0

If we were in a situation without the trading restrictions we could actually use the optimal solu-
tion (Vp, ) from Proposition and transform it by (e "72Vp, e"(T2=14)y) to obtain a solution
for the optimization including the margin account. This however does not work when we have
the trading restriction for t € (T}, T3], because e" "2~y is not constant in t € (11, Ts]. How-
ever, we can directly model the discounted margin included future process dR,V, = R,d X, and
use investments in R;V," as possible hedging strategies, then if we find a strategy as described
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in the last chapter to minimize
HRTQVTTQ - RT2HT2 H

it minimizes also
IVr, — Hr, |-

In the next Section where we apply our results to power markets we will assume that interest
rates are zero for simplicity.

5 Application to power markets

In this section we propose a model for the future that could be used to hedge options on energy.
To state such a model is not straightforward, since due to the trading restriction, the actual
price process within the time-period [T}, T3] is unknown. We therefore start with the spot price
process, that is observable at all times, and derive from it a model that fits into the class of
an exponential additive model. To model the spot price we extend the Schwarz-Smith model
(Schwartz and Smith} 2000|) by allowing its two factors to be Lévy processes instead of Brownian
motions (see (Benth et al., 2014), and (Benth and Schmeck, 2014+)). Based on the Esscher
transform we find a parametric set of equivalent pricing measures for the artificial future that
delivers energy at a fixed point in time. As noted in the introduction, futures traded in energy
deliver over a period, not at a single time point. This future however, in contrast to the artificial
future that delivers at a fixed point in time, does not follow an exponential additive process, but
has a more complicated structure. We use moment matching technics to find an exponential
additive process that approximates this dynamics sufficiently well. The resulting process is then
covered by the results in Section [3.3] Based on spot and long dated future prices from Nord
Pool, we estimate the model parameters.

We assume given a probability space (€2, P, (F;)o<t<7) on which two dimensional Lévy pro-
cess L = (L', L?) is defined with L' and L? being independent. We assume the spot price S; is
modeled by

log Sy = A + X4 + Y3

where A; is a deterministic seasonality function, X; an Ornstein Uhlenbeck process driven by
a Lévy process, i.e. dX; = —AX;dt + dL} and dY; = dL?. Let the cumulant function ¥(z) be
such that E[e*L1)] = ¢¥(®) well defined for z = (21, 22) € R?,|z| < C. Due to the independence
of L' and L?, we have ¥(z) = Wy(21) + ¥a(22) where U, is the cumulant for L,i € {1,2}.
Applying the Esscher transform on the process L we obtain a parametric family of equivalent
measures Qp where the Radon-Nikodym derivative of the measure change for § € R?,|0| < C is
given by:
dQy

- — T —
1P exp{6 L, —t¥(0)},

Fi

with 0T denoting the transpose of the vector §. We obtain the cumulant transform under Qg as
WO(2) = U(z+0) — ().

As already mentioned in Section[I] the future is a tradable asset and it must be a martingale,
given by expectation under the measure Qy:

1 T2

F(t,Ty,Ty) = EQ [
& 11, T2) (T —=T) Jp,

Ssd8|ft:| .

We denote by F(t,T) the artificial future price for delivery at a single point in time, i.e.
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F(t,T) = E[Sr|F:]. Using Fubini we then obtain

Ts
F(t, Ty, T) = (T;TI)/T F(t, T)dT. (5.1)

The following proposition provides the price process of F'(¢t,T) under Q.

Proposition 5.1. The process F(t,T) follows an exponential additive model under Qg with
time t value given by:

~ ~ ~ t ~
F(t,T) = hy(T)he(T —t)exp <L$+e—*T / eMdL;>, t<T (5.2)
0
with hy and hy defined as

299(0
M(T) = exp{Ar+ Xoe ™ + Yy + f’;() (1 - e*AT) + gzwg’(O)T}

ha(r) = exp (T@g<1>+ /T¢§<6—Au)du>

0
and L' defined by L} := L} — %\Pf((})t and Wo(z) == WY(z) — %\I/f(O).

Proof. We find E®[Li] = %\I/f(O)t such that Li = L! — %\P?(O)t is a martingale with respect
to Qp with cumulant transform \ilf for i € {1,2}. The dynamics of X; and Y; under Qy are
therefore

dx; = <a¢f§(0) — >\Xt> dt 4+ dL}

0z
dy, = %qﬂ;(o)dt +dL2,
where X; has the solution
Xr = Xoe M + gzqf(o) (1 - e*AT) + / ' ATaLL, (5.3)
0
We calculate
F(t,T) = E®[ArrtXrt¥r p)

= h(T)EL[elo alitfy X Ddly 7

= Iy (T)efot dLy+ [y =T dL}, g Qs [GftT dLi+ [ =T dL], | Ft]
with l~L1(T ) as defined in and where the last step is due to the measurability of the integral
up to time t. The key formula (Eberlein and Raible |1999, Lemma 3.1.) shows that the
expectation in the last equation equals ho (T — t) showing .

Since hi(T) and ho(T — t) are deterministic and the L' integral in the exponent is a deter-
ministically scaled Lévy process, it is an additive process. Since L' and L? are independent,
the sum is also an additive process such that F'(¢,T) is exponential additive. ]

Expressing the future process in terms of the processes L' and L? that are martingales turns
out to be useful for estimation purposes. However, one can equally well express the future based
on the original processes and the above formula holds with L’ and \I/? replaced by L’ and ¥
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and %\IIZQ(O) set to zero for i € {1,2}. We denote the deterministic factors obtained then by
h1 (T) and ho (T — t).

We are actually not interested in the future that delivers at a fixed point in time but in the
future delivering continuously over a period [T}, T5]. Using we find that

1 Ty - ¢ ~

F(t, T, Ty) = / hy(T)ho(T — t) exp (L?—i—e)‘T / e’\“dL}L> ar  (5.4)
T2 - T]_ T1 0

for t < Ti. In contrast to F'(t,T'), the process F'(t,T1,Ts) is not of exponential additive type

due to the T dependency in the scaling of the L! integral. For that reason we shall aim at

finding scaling terms X7072(t) = (31 (), 2(t)) such that

F(t,T1,Ty) ~ F(0,Ty, Ts) exp (- /Ot WO ((21(s), Ba(s))ds + /Ot ZTI’TQ(S).dLS> (5.5)

We will show in the next subsection how to find £7%"72(#) by moment matching techniques.

5.1 Matching X7072(¢)

We now aim at finding a scaling term 7172 (¢) = (£1(t), X2(¢)) that approximates the dynamics
sufficiently well, but is such that the resulting model is of exponential additive type. We
shall match first and second moments as suggested and well performing in (Benth) 2010) for
the Geometric Brownian motion case.

We denote by F(t,T1,T5) tAhe approximating process given by the righ-hand side of l}
The first moment determines F'(0,77,73) due to the martingale property and calculates using

() as

. 1 T
F(0,T1,T5) = (TQ—Tl)/} ha (T)ho(T)dT

with hi(T") and ha(T') defined after Proposition We calculate the second moment of
F(Ty,T1,T5) using integration by parts as

1 T ? 2 oo
—_ StdT = / / E~¢[S,St|dTdu
(TQ - T1)2 ( e g > (T2 - T1)2 T JTh [ ! T]

T: u
- <T2T)2/ [ 82k () (T)els ¥+ D 2ok [T 90D s gy 5.6)
2 — 41 Ty Ty

EQe

and for F(t,T1,T5) as

Q 1 T 2 9 T v
EQ |~ F(t,T)T) | = — 2 EO[F(t, u)F(t, T)|dTdu
ame U, P | = [, Eee R
2 o h(tu,T)
= w/ Sohl(u)hl(T)e AT du (57)
- T T

with h(t,u,T') given by

t U T
h(t,u,T) = / WA= 4 AT 9)ds + / W) 1)ds + / WO =T 1)ds.
0 ¢ t

23



On the other hand, the second moments of F(t, T1,T5) compute as
EQ[F(t, Ty, T3)?] = F(0, Ty, Tp)2e 2o ¥/ (ETT2(s))ds+ [y w0 (257172 (s))ds (5.8)

Equating the two right hand sides of (5.7]) and (5.8)), taking logarithm and differentiating with
respect to t we obtain

2w (5B 1)) + W 25 (1) = (1, BT e, ) (5.9

with (¢,n(t,u,T)) defined for sufficiently regular and integrable functions 7 by

) To u
Gt T)) = s /T [ S @y (1)t T4, 0, )T (5.10)

The integral with respect to L? has no dependency on the maturity of the future and can be
taken out of . It is therefore unaffected by the integration with respect to T and it appears
reasonable to chose o(t) = 1. Then, the moment condition simplifies, since the cumulant
function for the independent processes L' and L? add up, to

—2f(m(0) + wh(2m (1) = i, 1T e ) 6.11)

with w = Wl (M) 4 AT gl (M) — W (A(E=T)) being the WY contribution
=L,

In the following we restrict to the situation where L’ are Normal Inverse Gaussian distributed
Lévy processes, a choice motivated by the empirical analysis to come. The cumulant transform
for the NIG distribution is given by

Unia(2) = 6{/a? — 82 —/a? — (B + 2)2} + pz, (5.12)

(see (Barndorff-Nielsen| 1998)). To show that there exists a unique choice 3 (¢) that satisfies
(5.11) we need the following Lemma.

Lemma 5.2. The function Vy,c(2) is strictly super additive, i.e. Vyo(z +1y) > Vye(x) +
Uyia(y), forz,y € Ry, z+y < a—f and the function VU y,6(22) — 2V y,6(2) is strictly increasing
inz forzeR,z<(a—p)/2.

Proof. See Appendix O

We assume that U9(z) = U{(z1) + U4(22) € R for 2z = (21,22) € [0,2] x [0,2]. Due to the
last Lemma, both sides of Equation are positive and, since Wy (22) —2Wy(2) is strictly
increasing, there exists a unique choice ¥;(t) satisfying or more generally there exists
Y12 (¢) satisfying for t <Tj.

To see that there exists a continuation X772 (t), for Ty < t < Ty, such that E? [F(TQ, T, T3)%
equals , we notice that the integrand in differs from the integrand appearing in
E?[F(Ty,T1,T»)?] by the factor

ef;fl \I/‘g(e)‘(S’“)JreMS’T),2)dsff;f1 \Ilg(e)‘(s’w,1)dsff;f1 \Illg(eA(S’T),l)ds7 (513)
which has strictly positive exponent by Lemma bounded by (T — T1)¥%(2,2) — 2(T, —
T1)¥%(1,1), such that X70:T2(¢), for T} <t < Ty can be chosen to match . However, this
choice is not unique.
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Figure 2: Left: Histogram of the empirical distribution of L? together with the density of the
fitted NIG distribution Right: Histogram of the empirical distribution of L} together with the
density of the fitted NIG distribution.

5.2 Parameter estimation

In this section we estimate the parameters for the model described in the last section based on
spot and future prices on peak load electricity traded at Nord Pool. Our estimation procedure is
based on the ideas of (Schwartz and Smith, 2000)) in jointly using future prices and spot prices
to determine the parameters of the models and later extended to Lévy processes by (Benth
et al.l 2014) (see also (Benth and Schmeck, |2014+)). We have available average daily system
power spot prices (including weekends and holidays) for the time period from 1st January 2011
until 31th May 2013, a total of 604 ObservationsE] Additionally we have weekday prices for a
rolling series of front month and 2nd month future contracts with one month delivery period ]

We shall first determine the distribution of the long term factor by fitting a normal inverse
Gaussian(NIG) distribution to the daily log returns of the future series. The NIG distribution
has four parameters to estimate, the tail heaviness «, the skewness 3, the location p and the
scale parameter §. For details on the NIG distribution and its applications to finance see
(Barndorff-Nielsen| [1998). Due to the exponential decay of the short term factor, as seen in
the future dynamics , the future price is only driven by L? for Ty —t > 0. As will later
be seen, the analysis of the spot prices suggests that the mean reversion ) is high enough such
that the impact of the short term factor L; is negligible for Ty — t greater than one month.
Therefore we use the second month future series for fitting L%H Note that for 77 — ¢ > 0 we

"Price history as shown on Bloomberg page ?ENOSOSPK Index”.

8Price history shown on Bloomberg page "NEP1M Comdty” and *NEP2M Comdty”, respectively.

9The second month future price history as shown on Bloomberg page ”NEP2M Comdty” is based on a rolling
sequence of future contracts with delivery between one and two month ahead. For that reason every end of
month the future contract previously shown becomes front month contract and is included in the price history
"NEP1IM Comdty”. From that day on for ”NEP2M Comdty”, the next contract maturing one month later is
chosen. Due to this construction is it likely that there is greater price change due to the new delivery period of
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Figure 3: Left: Residual log spot price A; + X; after subtracting long term factor Y; , together
with the fitted seasonality function(red) Right: De-seasonalized process X;.

find In(F(t,T)) ~ (952(1) — %\IJZQZ (0))t + C + L? for some constant C and the same applies to
the future that delivers over timem We can assume that L? is a P martingale by eventually
subtracting its expectation and adjusting A; accordingly. This allows us to perform a linear
regression on the log future price difference for an approximation of ‘ifgg (1)— %\I'f(()) and C. We
use this estimate to extract a time series for L7. In Table [I| we show the estimated parameters
for the normal inverse Gaussian distribution using maximum-likelihood. As a starting value for
the optimization we use the parameters obtained by equating sample mean, variance, skewness
and kurtosis against its theoretical counterparts. This reduces the risk of ending up in a local
maximum. The empirical log returns of the future prices is shown together with the density of
the estimated normal inverse Gaussian distribution in Figure (left). The NIG process seems to
fit the distribution rather well. For an estimate of #2 we impose the martingale condition, which
implies that \i!gz’ (1)— %\I/f (0) equals the estimated slope parameter and solve for 62, which yields
an estimate of —8.8196. The negative value for 6 indicates that market participants assign a
slightly higher probability to negative jumps than assigned under the physical measure P, which
appears market-reasonable, as this implies a negative risk premium in the long end.

@ B I 1)
L? ] 1.9240 -0.8860 0.0176 0.0622
L} | 33.3008 -1.0988 -0.0009 0.0071

Table 1: Estimated NIG parameters for L} and L?

the current future contract, because the average seasonality in the spot price might be different. To capture only
the stochastic factor, we calculate the log return for the first trading day of the month from the price change
between the last day of the month in the series ”"NEP2M Comdty” and the first day of the next month in the
series "NEP1M Comdty”.

10 Alternatively one could directly look at the deterministic part of the logarithm of F(m T1,T>) for Ty —t > 0.
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To estimate the second factor we use the logarithm of the spot history. First, we subtract
the realization of L?. On the residual price history we fit a seasonality function. To cover yearly
effects due to seasonality in supply and demand, we fit a sinus function with yearly frequency.
Since we imposed the martingale condition on L?, we add a linear term to compensate for
eventually having artificially added a linear term to L?. Thus we estimate the parameters of
the function

b1 + by sin[27r(t/365 — b3>] + byt. (5.14)

The estimated parameters are shown in Table The residual log spot price Ay + Yy + X,
together with its fitted function A; is plotted in Figure (left). For a rough estimate of Yy we
use the difference between log future price on the first day and Ag. Figure (right) shows the
residual returns X;. To fit an Ornstein-Uhlenbeck process to the observed residuals we regress
the observed Xy;1 on X;. This gives us a slope of 0.8367, resulting in A = 0.1783 per day,
corresponding to a half-life of 4 days (see (Benth et al., |2008) for a definition of half-life). With
this rather fast reversion speed, our choice to neglect the short term factor in the second month
future series appears reasonable. Having estimated A\ now allows us to retrieve a history for
L'. The NIG parameter estimates for L' are shown in Table [1] and the fitted NIG distribution
together with the empirical density is shown in Figure (right). The sample correlation of L!
and L? is very low with 2.92%, which shows that our assumption of using two independent Lévy
processes is reasonable. We are not able to retrieve #; and chose #; = 0. To determine the
market implied value for #; we would have to take the short term future prices into account.
Our model can therefore be considered as calibrated only to long term future contracts.

by by b3 by
3.8354 0.3783 -0.8655 -0.0006

Table 2: Estimated parameters for the seasonality function As

Using the procedures described in Subsection we derive the scaling term X71:72(¢) for
an approximating model that is exponential additive. The result of this moment matching
procedure is shown in Figure upper left), where we show both, the scaling term for the long
term factor L? and the short term factor L'. It turns out that due to the high level of mean
reversion for the short term factor, the dynamics is only influenced by this factor shortly before
the delivery period starts, and, due to the averaging, is significantly reduced compared to the
artificial future delivering at time point 7. In Figure (upper right) we depict realizations of
the future price. The initial price is 73.82, which is very close to the observed price of 74 as
traded on the first day of our price history, although we only account for the risk premium with
respect to the factor L2. Realizations of the spot price is presented in Figure ( lower left). One
can observe that it is much more volatile than the future price process due to the very volatile
short term factor.

5.3 Pricing and hedging options

We perform a simulation of the hedge error for an example payoff. Based on the model estimates
in the last subsection we calculate the option price and hedge positions for the Asian call payoff

1T "
Spdr — K 5.15
<T2 -1 Jp > (5.15)

with 77 = 60 and 75 = 90 days and at the money strike K = 73.82. The initial option value
is 3.74, calculated according to Equation (3.34). We simulate paths for both, the approximate
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Figure 5: Left: Hedge error, measured as difference between the hedge portfolio and
(F(Ty, Ty, To) — K)*. Right: Hedge error, measured as difference between the hedge portfolio
and the true option payout.

future price process F(t, T1,T5) and the spot price process S; based on the same realizations of
the process (L', L?) and calculate the hedge positions for ¢ < Ty with the integral formula
and for 77 with the integral formula in . We assume daily rehedging in the period before
Ti. In Figure (lower right) we show the hedge error as evolving over time for some example
paths. One can see that the hedge error increases heavily during the period after 77, when the
hedge positions can not be adjusted anymore. We simulate 10000 paths and calculate the final
value of the hedge portfolio. In Figure [5fleft) we show the distribution of the difference between
the final value of the hedge portfolio and (F(Ty, Ty, Ty) — K)*. In Figure (right) we show
the difference of the hedge portfolio and the true option payout based on the average stock
price in [T, Ts] as described in Equation (5.15). It can be seen that this histogram is more
widespread, which is not surprising since the process a (Ty,T1,T>) is only an approximation to
the dynamics of the average stock price and the hedge positions calculated in this model are not
necessarily optimal. The square root of the expected squared hedge difference is relatively high
with 2.37 and 7.51 respectively, which makes clear that the trading restriction in the delivery
period significantly increases the risk when using the future for hedging.

A Appendix: Counterexample for Proposition [2.6| when X is
not a local martingale

To see that Proposition can not be generalized to allow X to have a drift (a # 0), we
consider an explicit counter example. Let X have the form

t
Xt—Bt+/ 1,,.7d[B, B, (A1)
| s
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with T < T < T5 and B a Brownian motion. The process X clearly fulfills the required as-
sumptions such that Proposition 2.4 provides a unique solution for each square integrable payoff,
given some initial portfolio value. We consider the claim X5. Without the trading restriction

it can be perfectly hedged with an initial capital of Xy by the strategy Xy + fOTQ 1 dX, =

{s<T}
Xo —i—fOT 1d X . Since X is not a martingale, the two spaces thx and N927X are not orthogonal.
To see that they are still direct, let © € Ny, x NNy, x. Then z = fOTl PsdXs = J(XTZ - X7)
for some process (v¢)o<t<7, and Fr,-measurable 1. However, by the norm-equivalence used in
the proof of Lemma [2.3| one can easily see that also fo YpsdBs = 1/)(BT2 — Br, ), which implies
that £ = 0 by orthogonahty of fo 1sdBs and @Z)(BT2 Br,). We have to find out what happens

to fo 1dX, = fo "1dX, + fT 1dX, when projected onto Ny, x & Ny, x. By linearity of the
projection, the fact that Ny, x and Ny, x are direct and that fo '1dX, is in Np, x we get that
Vo1 x &Noy, X( f 1dXy) fO U 1d X, + [TVer, x&Ney, X( f 1dXy). It therefore remains to analyze
Vo1, x &No,, x( le 1dX,).

We shall directly approximate fg 1dXs = X7 — X, with elements in Ny, x and observe
then that one can do better by approximating with elements in Nel, x D ./\/'92, x. We chose
T = I,T\ = 2 and T5 = 3. By definition of the process X and properties of the Brownian
motion we obtain N := Xy — X; ~ N(1,1), where N(u,0?) denotes the normal distribution
with mean p and standard deviation o. Due to the independent increment property of Brownian
motion is suffices to minimize E[(N —a(X5 — X1))?] with some deterministic a € R. For given a,
the trading gain a(X3 — X1) equals aN + aM with M ~ N(0,1) by the definition of X and the
hedge error is €(a) := (1—a)N —aM ~ N(1—a, (1—a)?+a?). Further E[e(a)?] = 2(1 —a)? + a?
by properties of the normal distribution. This is minimized by choosing a equal to 2/3, resulting
in a squared error of E[¢(2/3)?] = 2/3.

We now show that this approximation can be improved by approximating with elements in
Np, x ® Np, x. For b € R we get b(X; — Xg) ~ N (b,b%) and b(X; — Xg) € Ny, x. Clearly then
b(X1—Xo)—a(Xs—X1) € Ny, x BNy, x and one can see that e(a,b) := N —b(X1—Xo) —a(X3—
X1)~N(1—a—b,(1-a)?+a®+b%) and E[e(a,b)?] = (1—a—b)2+ (1 —a)?+a®+b?. Choosing
a=0.6 and b= 0.2, gives E[e(a, b)?] = 0.6 < (2/3), which shows that ITVo1.x &Nea x (iji 1dX;) ¢
No,, x

B Appendix: Proofs

Proof of Lemma 3.3 We calculate L£{ca(-)}(z) for z with R(z) > 2. The others can be calcu-
lated similarly. By definition the Laplace transform L£{ca(:)}(z) defined for z € C calculates
as

L{e()) () = / " e ey(y)dy

—00

00
= / €7Zy(XT1€y — K)+(XT1€y — XTl)dy~

—0o0
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Since the integrand becomes zero for y < ln(%), the expression simplifies to
1

L)} (=) = /loo (X eV — K)(Xpe¥ — Xp,)dy

()

o0
= / X2,eC72W (K X7, + X3,)eV ™2 4 K X7, e dy.
ln(XL)
1

The integral converges for z € C with R(z) > 2 and becomes

2 2 >
L{ca( ) z) = [2XT16(2—2)y _ (KXlTlJrXTI)e(l—z)y _ KXTle—zy]
-z -z z In(5)
T
L XR (KN X+ XR) K\ KXy (K
2—z XT1 1—2 XT1 z XT1
such that L£{ca(-)}(z) = La(z) for R(z) > 2. O

Proof of Lemma([3.5 Again, we condition on the filtration G, defined in (3.12]) and obtain

T 2 T
Cr = E[C(XT2)|}—1€] = E[C’(Xte_% p2odds+ [ ? Usst)|ft]
= E[E[C(Xte_% ftT2 ”§d5+ftT2 OsdBS)|gt] ‘ft}
—  XE[D(d)|F] - KE[®(ds)|F

and by the same arguments
by = E[P(X1,)|Fi] = KE[®(—d2)|Fi] — XiE[®(—d1)|Ft]
where ®(z) is the cumulative normal distribution function and

X 1 T2 2
o = DEF2h 0w (B.1)

ftTZ o2ds

Ty
dy = dy— / o2ds. (B.2)
t

Using the representation of the integrated variance , and abbreviating Z; 7, := ftT2 e(u, T)dL,
it becomes clear that d; and ds only depend on Xt,af and Z; 1, for s <t < T. Denote by
di(X¢, 02, Zi 1) and do(Xt, 07, Zi 1,) the functions defined in where we now make explicit
their dependency. This gives

O(t, Xy, 07) = XyB[®(d1(Xy, 02, Ziy))] — KE[®(do( Xy, 02, Zs.1y))] (B.3)

where the conditioning vanishes due to the independence of Z; 1, on F;.

We want to differentiate under the integral sign (see for example (Bauer, 2001, Lemma 16.2.)
and we have to verify that the differentiated function is bounded by some positive integrable
function on 2. This can easily be verified for the partial derivatives with respect to X;. Slightly
more involved is the partial derivative with respect to o2. We formally differentiate with respect
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to o2 and obtain

BC(t, Xt, O'tg)
do?

0dy (X, 02, Z
= X [n(dﬂXt,af,Zt,T)) 1(Xe, 07, th)]

do?
ddo( Xy, 0%, Zy.1)
do?

—KE [n(dz(Xt, ot, Zy1))

with n(z) being the density of the normal distribution. We have to verify integrability of the
quantities below the expectation sign on the right hand side to justify this. We calculate

ddy (X1, 02, Z 1
(X3, 02@ L) _ ~€(t,T) (o7e(t,T) + Zy.1)
0oy 4

1
2

et T)% (e(t,T)+ Zor) 2 In <)I((t>

and
adQ(Xtv Jtza Zt,T) _ adl (Xtv 01527 Zt,T)

2 2
0oy 0oy

with €(¢,T") as defined in Section Both expressions are bounded by D In X; 4 C' for suitable
C, D € R since 07 > 02¢(0,T). Additionally n(z) is bounded by 1/v/27 such that the functions
inside the expectation signs are also bounded by D In X;+ C, which has finite expectation under
Q by the martingale property of X; and Jensens inequality. The second derivative can be treated
similar. The proof for P(t, X;, 0?) works the same way. It remains to show differentiability with
respect to t. For o and X; fixed, we find that C(t, X;,0?) = E[((02, Xt, Zi1,)] for a suitable
function ¢ by . Using Laplace inversion, stochastic Fubini and the key formula again we
can calculate

—€(t,T) (Ufe(t, T)+ Zt,T)_%

1 c+1i00
E[C(O’?,Xt, Zt,Tz)} = E [2m/ 4 E{C(UtzvXty ')}(Z)@ZZ‘vTZdZ
1 c+1i00 ) .
2w c—ioo L{C(of, X1, ) }(2)E[e*7 2 ]dz
1 ct+ioo
- L{((0, Xo, )} ()eh” Helu TN g,

2mi c—100

Using differentiation under the integral sign in the last expression and the conditions posed on
the function )\; yields differentiability. O
Proof of Lemmal[5.3 First note that ¥yo(2) € R for z € Ry only for z < o — . We calculate

82\I’NIG<Z) (ﬂ + x)2 1
&*:5ﬁw—w+mﬁﬂ+ M—W+wﬂ’ .

which is strictly positive for z < o — 5. This implies convexity of ¥U(z)xic. Additionally
observe that Wy,¢(0) = 0. Both together yields Wy (2) < 2/(z 4+ y)Ynic(z +y) and Yye(y) <
y/(z+y)¥Yye(x+y) by applying the convexity criterion for the endpoints 0 and x+y and interior
point z/(x +y) and y/(x + y) respectively. Adding up both inequalities yields superadditivity.

Clearly, due to super additivity W(z) := Wy (22) — 2Wxe(2) is positive. To show that it is
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strictly increasing in z, we calculate

oV (2) B+ ) 26(8 + 2x)
= -2 (B.5)
0z Va2 —(B+az) Va2 — (B +2z)?
and show that it is strictly positive in the interval (0, (e — 3)/2). Since the function a\giiz) is
zero at z = 0 and lim,_,,_g agiz) = 00, by the mean value theorem it suffices to show that there

are no zeros in (0, (a — 3)/2). Zeros in (B.5) result in zeros of the polynomial 3a2z? + 202z
under the additional restrictions

((z>=B/2) A (x> =p)) vV ([z<B/2)N(z<-p)), (B.6)

where A and V denotes logical ”and” and logical ”or”. However, its zeros can be explicitly found
as 1 = 0 and zo = —%/B and xo does not fulfill . Therefore 1’ is strictly positive such
that W(z) is strictly increasing in (0, (a — 8)/2). O
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