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Abstract

In this paper we study the formation of financial bubbles in the
valuation of defaultable claims in a reduced form setting. The birth of
a bubble is caused by the impact of trading activity of investors, who
consider the claim to be a safe investment under some circumstances.
We also show how microeconomic interactions may at an aggregate
level determine a shift in the martingale measure. In this way we
establish a connection between our approach and the martingale theory
of bubbles, see [2] and [27]. This is illustrated by a characterization of
the space of equivalent local martingale measures by measure pasting.
Furthermore our model is consistent with the no-arbitrage framework,
as we show in a concrete example.

1 Introduction

The aim of this paper is to propose a mathematical model for bubble for-
mation in the valuation of defaultable claims in a reduced form setting. In
the economic literature, microeconomic theories of bubble formation refer to
investor heterogeneity and limits to arbitrage as possible factors determining
the formation of asset price bubbles. The latter factor can be the result of
short-selling constraints (see e.g. Miller [30]) or shocks to funding liquidity
(see e.g. Schleifer and Vishny [35]). Investor heterogeneity can arise when
agents in the economy may disagree on the value of future dividends (see
e.g.Harrison and Kreps [I7]) or may overestimate the importance of certain
signals, i.e. exhibit overconfidence -the tendency of exaggerating the pre-
cision of their knowledge, see Scheinkman and Xiong [34]). Moreover, as
pointed out in Follmer et al.[15], investors may use different predictors when
forecasting the future prices and this creates in certain time periods hetero-
geneity among their views.
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From the economic point of view, the main challenge consists in explaining
how such bubbles are generated at the microeconomic level by the interac-
tion of market participants; see for instance Harrison and Kreps [17], De-
Long, Shleifer, Summers and Waldmann [12], Foéllmer, Horst and Kirman
[15], Abreu and Brunnenmeyer [I], Scheinkman and Xiong [34], Tirole [37]
and the references therein.

From the mathematical point of view asset price bubbles have been mainly
studied by using the local martingale framework, see for instance Loewen-
stein and Willard [29], Cox and Hobson [9], Jarrow [21], Jarrow, Protter et
al. [26], [27], [23], [22], |24] and Biagini, Follmer and Nedelcu [2]. In these
papers a bubble appears if for some reason there is a shift in the martingale
measure: a non-trivial bubble will be generated if the (discounted) wealth
process is no longer a uniformly integrable martingale with respect to the
underlying pricing measure. For a comprehensive survey of the recent math-
ematical literature on financial bubbles, we refer to Protter [32].

A first attempt to explain in a mathematical model how dynamics at the
microeconomic level of interacting market participants influence asset price
formation is presented in Jarrow, Protter and Roch [25], where bubble gen-
eration is determined by the impact of trading volume on asset prices. In
[25] the asset’s fundamental price process is exogenously given and asset
price bubbles are endogenously determined by the impact of liquidity risk
and studied through a detailed analysis of the liquidity supply curve. In
contrast, the martingale approach in [9] and [27] to modeling price bubbles
assumes that the asset’s market price process is exogenous and the funda-
mental price is given by the expected future cash flows computed under a
martingale measure.

In this paper we propose a constructive model for bubble formation in de-
faultable markets and study its relation to the martingale theory of bubbles.
In a reduced form setting, see Bielecki and Rutkowski [4], we consider a mar-
ket model which includes the possibility of investing in defaultable claims,
i.e. contingent agreements traded over-the-counter between default-prone
parties. For the sake of simplicity, the money market account is supposed to
be constantly equal to one.

Initially a given defaultable claim is evaluated by using the underlying pric-
ing measure, as it is usual in the reduced form setting, see Definition 8.1.2
in [4]. After a certain time the claim starts to be considered safe enough, if
the conditional probability of having a default in the remaining time inter-
val becomes small enough. The trading activity of the investors determines
a deviation from the initially estimated wealth via a factor f, which is a
function of time and of the credibility process introduced in Definition 2.2
We define a bubble as the difference between the modified wealth process
(called market wealth process) and the risk neutral valuation of the default-
able claim.



We then study the relation between our model and the martingale theory
of bubbles of [27] and [2]. In particular, we establish a connection between
our approach and the setting of [27] and [2] through the characterization
of the set of equivalent martingale measures for the market wealth process
W of a defaultable claim via measure pasting in Theorem [£.6] For further
details on measure pasting, see Definition 4.2 and Section 6.4 of Follmer
and Schied [16]. If o7 denotes the starting moment of the influence of the
credibility process on the contract value, in Theorem we prove that all
equivalent martingale measures for W are given by the pasting in o7 of an
equivalent martingale measure for the initially estimated wealth up to o
with an equivalent martingale measure for (W — Wy, )1{.>4,3, on {0 < o1 <
T'}. This result describes rigorously that, since the wealth process changes
its form at o1, the corresponding martingale measure has to readapt. In this
way we directly connect a shift in the martingale measure to a change in
the dynamics of the market wealth process which is caused by the resulting
trading activity due to the influence of many micro-economic interactions.
An outline of the paper is the following. In Section 2 we describe the setting
of a reduced-form credit risk model and define the credibility process. In
Section 3 we introduce our definition of bubble and compare it with the
classical martingale theory of bubbles introduced in [27]. We provide a set
of conditions when an increase in the market wealth, due to the investors’
trading activity, can lead to an increase in the asset’s fundamental value. In
Section 4 we provide a characterization of the equivalent martingale measures
for W by measure pasting. Section 5 concludes our paper with an example
that illustrates the results of the previous sections.

2 The Setting

For a fixed time horizon T > 0 we consider a market model defined on
the filtered probability space (2,G,F, P), where the filtration F = (F¢).¢(0,7
satisfy the usual conditions of right-continuity and completeness. The market
model contains a defaultable asset with maturity date T" and a money market
account constantly equal to 1.

The random time of default is represented by a non-negative G-measurable
random variable 7 : Q — [0, +00], with P(7 = 0) = 0 and P(7 > t) > 0 for
each t € [0,7]. The last condition means that the default may not occur on
the interval [0, 7]. The random time 7 is not an F-stopping time. For the
default time 7, we introduce the associated default process H = (Hy)ic(o,1)
given by H; = 1,4, t € [0,T], and denote by H = (H;)o<i<r the filtration
generated by the process H, i.e. Hy = o(Hy;u <t) for any t € [0,T].

Let G = (gt)te[ovT] be the filtration obtained by progressively enlarging the
filtration F with the random time 7, i.e. G = FVH. For the sake of simplicity
we assume Gy = Fo = Ho = {0,Q} and G = Gy = Fr V Hp. Note that 7 is



a stopping time with respect to the filtration G.
Consider the (Azéma) F-supermartingale Z = (Z);c[o,7] defined by

2, =P(r > t|lF), te][0,T],

and chosen to be cadlag. We assume that Z; > 0 for all ¢ € [0,7]. Then the
hazard process ' = (I't)e[o,r) of T under P given by

Ft = —IHZt: —IHP(T >t’]:t)

is well defined for every ¢ € [0, 7]. We make the following Assumptions that
hold for the rest of the paper:

Assumption 2.1. We consider that:

i) The immersion property holds under the measure P, i.e. all (F,P)-
martingales are also (G, P)-martingales.

ii) The hazard process I' admits the representation

t
D= [ s, te 0.1
0

where u = (,Ut)te[o,T] 1s an F-adapted process such that fg psds < 00
a.s. for allt € [0,T].

If the immersion property holds, it follows from Corollary 3.9 of Coculescu
et al.[7] that the Azéma supermartingale Z is a decreasing process. Hence
I is increasing, which implies that (u):c[o,7] is @ non-negative process. The
process p is called the stochastic intensity or hazard rate of 7. The existence
of the intensity implies that 7 is a totally inaccessible G-stopping time. Fur-
thermore, since the Azéma supermartingale Z is continuous and decreasing,
it follows from Corollary 3.4 of Coculescu and Nikeghbali [8] that 7 avoids
all F-stopping times.

We define the compensated process M = (Mt)te[o,T} by

tAT t
Mt = Ht — / ,U,SdS = Ht — / /lsds, t e [O,T]
0 0

Notice that for the sake of brevity we put fiz := pilyr>4. It follows from
Proposition 5.1.3 of Bielecki and Rutkowski [4] that M is a G-martingale.

In this setting a defaultable claim is given by a triplet H = (X, R, 7), where:

1. the promised contingent claim X &€ Ll(]-"T)H represents the non-negative
payoff received by the owner of the claim at time 7', if there was no
default prior to or at time T

!Note that the payoff X must not be bounded above, otherwise no bubbles are possible,
see Protter [32]. We refer to Remark for further details.
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2. the recovery process R represents the recovery payoff at time 7 of de-
fault if default occurs prior to or at the maturity date T, and it is
assumed to be a strictly positive, continuous, F-adapted process that
satisfies

Ep|: sup Rt} < 0. (2.1)
te[0,T

We postulate that the underlying probability measure P is a martingale
measure. Note that this assumption implies that there is no free-lunch with
vanishing risk, see [10]. By following the reduced-form model approach, see
Definition 8.1.2 of Bielecki and Rutkowski [4], the risk-neutral valuation of
the defaultable claim H = (X.R, 7) introduced above is given by

Wte = EP[X1{7_>T} + RTI{TST}|Qt], t e [O,T].
If we put
Ay = Ep[X1ory + Relir<ry|Gillrsy, t€[0,T] (2.2)

then
Wte =N+ RTl{TSt}, t e [O,T].

In the sequel we model the impact of the trading activity of investors, who
consider the defaultable claim as a safe investment if some circumstances
are verified, as we explain more in detail below. To this purpose we first
introduce the following notion of credibility process.

Definition 2.2. For any t < T the credibility process F' = (Eﬁ)te[o,T} 1S
defined as
Ft = P(t <7< T]Qt),

for all t € [0,T].
Then we can deduce the following property of the credibility process:
Lemma 2.3. The process F' = (Fy)icpo ) s a (G, P)-supermartingale.

Proof. It is easy to see that F' can be written in the form

Fy = Ep[lir<ry|Ge] — 1ir<sy-
]

This property is intuitively clear, since the probability that the asset defaults
on the remaining time interval declines in expectation as we approach the
maturity date T



3 Bubbles in defaultable claim valuation

Let now
f:10,T] x (0,1] — [1,00) (3.1)

be a deterministic function in C12([0,T] x (0,1]). Fix p € (0,1) with p <
P(0 <7 <T). We assume that

i) For all t € [0,T], f(t,x) =1 for all x > p and f(¢t,z) > 1 for z < p,
ii) f is strictly decreasing in both arguments for z < p.
iii) limypf(t,z) =1 for all x € (0,1].

Definition 3.1. The market wealth process W = (W4),c(0.1) of the default-
able asset is defined as

Wi = f(t, F)At + R <y, (3.2)
for all t € [0,T].

In our model we then assume that the initial value estimation A is affected
via the function f by the fluctuations of the credibility process F' and by
the length of the remaining time interval [¢,7] to maturity. Here the value
p € (0,1) acts as a threshold in the sense that, if the conditional probability
of default F' goes below the value p, then the asset is perceived as a safe
investment by the traders (i.e. the asset becomes “credible” enough). Fur-
thermore we also take into account the fact that the asset is perceived as
safe at an earlier date impacts the price in a more significant way than at
a later date, i.e. if F}, = Fj, for t; < to, then f(t1, F},) > f(t2, Fy,). Note
that by Proposition the conditional probability of default F' decreases in
expectation as we approach maturity.

A possible motivation for our model is that the credibility process F' is cap-
turing the views of a very big investor who will buy the claim when the
credibility process goes below the threshold p. Everybody in the market will
then follow the big investor, generating the bubble. Other explanations for
this model are of course possible, see for example Brunnermeyer and Oehmke
[6], Hugonnier [19], Scheinkman [33].

Remark 3.2. The impact of the credibility affects the value of the defaultable
asset only strictly prior to the default time 7. If T occurs before or at T,
the recovery payment R. will be paid, as established at the beginning in the
contractual agreement underlying the claim. Hence R is not influenced by
the credibility process. Analogously at t =T we have

Wr = Xlproqy + Relpr<ry = Wi,

since the payment at time of maturity and at default is determined by the
contractual agreement.



Remark 3.3. Note that the payoff of the defaultable claim (and the cor-
responding wealth process associated to the claim) must not be not upper
bounded, since the martingale theory of financial bubbles does not allow for
bubbles in the price of bounded asset prices. A possible way of avoiding this
limitation is by introducing the concept of a relative asset price bubble, see
Bilina Falafala, Jarrow, and Protter [3].

In the sequel we denote by o1 the starting moment of the influence of F' on
A ie.
o1 :=inf{t € [0,T]; F; < p}. (3.3)

Note that o1 < 7, see also Proposition @

Following the approach of [27] we denote by M;,.(W) the set of prob-
ability measures @ ~ P defined on (2, G) under which the market wealth
process W is a (G, @)-local martingale. We have that

Mioe(W) = Myr(W) U Myy1(W),

where, in the notation of [27], My (W) denotes the class of measures Q ~ P
such that W is a uniformly integrable martingale under @, and My (W)
represents the class of measures ) &~ P such that W is a non-uniformly in-
tegrable martingale. Since we work on a finite time horizon, the two classes
correspond to the class of true martingales and the class of strict local mar-
tingales, respectively. Typically, the classes My (W) and Myy (W) will
both be non-empty, see Delbaen and Schachermayer [I1] and the examples
in Section 4 and 5 of [2].

Remark 3.4. Note that we have Moe(W) N Mipe(W€) = 0 if P(0 < 01 <
T) > 0. Suppose on the contrary that there exists QQ € Mioe(W)NMipe(W€).
There exists € > 0 such that P(o1+¢e¢ <T) >0 and Fy,4c <p on{o1+¢e<
T}. Therefore f(o1 + €, Fy4e) > 1 on {o1 + € < T}, and we obtain the
following contradiction

0 <EQWio+onr = Wi, 1onr] < Eq[Wo — Wil =0,
since W§ =Wy and Q is equivalent to P.
Definition 3.5. Let Q € Mo(W). The process W< defined by
WP =EQ[X1ary + Rlpery|G, te[0,T],

s called the fundamental wealth process of the defaultable claim perceived
under the measure Q).

In particular, we have that

Wy > Eq[Wr|Gi] = Eq[Eq[Wr|Gr|Gi] = Eq[Wi|G:] = WP



for any Q € M,.(W), with strict inequality if W is a strict local martingale
under Q.

We now consider an alternative way of defining a bubble for defaultable
claims.

Definition 3.6. For anyt € [0,T], we define the bubble 8° = (87)c(0,1) by
BtO = Wt - Wte = (f(ta Ft) - 1)At1{7'>t}7 te [OvT] (34>

The bubble represents the difference between the market wealth W and the
risk-neutral valuation of the claim W€, which is generated by the impact of
the credibility process.

Remark 3.7. Note that the model could also be modified by choosing a differ-
ent function f in order to include the appearance of negative bubbles. It may
happen that for some reason a particular asset is seen as extremely dangerous
by a consistent number of investors. In this case the asset could experience
a decrease in the market value that may not be motivated by the underlying
economic and financial conditions.

3.1 Relation with the martingale theory of bubbles

Let Q € Moe(W). We now examine the relation between our Definition
of bubble and the concept of @-bubble, as introduced in [26] and [27]. We
start by recalling the definition of a @-bubble as in the approach of [27].

Definition 3.8. For any Q € Mo.(W), the non-negative adapted process
B2 = (B )ieo.ry defined by

=W - W2 >0,
1s called the bubble perceived under the measure QQ or QQ-bubble.

The existence and the size of the Q-bubble 89 depends on the choice of the
martingale measure. If Q@ € My (W), then the Q-bubble reduces to the
trivial case B¢ = 0. For Q@ € Muypr(W) the Q-bubble is a non-negative
local martingale with ng = 0. Furthermore it is also clear that there is no
bubble at time T, since at time of maturity the asset X must be delivered
according to contractual obligations. Analogously the market wealth process
exhibits no bubbles after default, as stated by the following Proposition.

Proposition 3.9. On the set {t > 7} we have
Bl =w, =W =0,

for any Q € Mio(W).



Proof. Let Q € Mioe(W). Then

Wth{Tgt} = EqQ[X1rory + Relz<ry|Gi|1 7<)
= Bo[X1(ramy |Gl r<y + EQ[Rr 1<y |Gell(r<y  (3.5)
= EqlRrl(r<ylG] = Brlirany = Wilgrayy-
O
By using Definition we can rewrite (3.4) as the sum of two components

B =Wy — W= (W — WP2) + (W2 — W)
= 5tQ =+ (WtQ - Wte) > 0.

In particular if Q@ € My (W), then BtQ = 0. This in turn implies that the
bubble 3¢ is equal to

B =WE -—Wf=W,—Wf>0, tel0,T).

Therefore an increase in the market wealth leads to the creation of bubble
at a time t or to a difference between the initial estimation of the wealth
W€ and its current value W. Nevertheless, this may not create a ()-bubble
in the martingale sense, if the new pricing measure ) corresponding to the
wealth process W belongs to the set My r(W).

We now investigate when the second component of the bubble is also non-
negative. In the rest of the paper we will use the abbreviated notation:

Z\g, == E[Z|Gi,
for a random variable Z.

Proposition 3.10. Let Q € M,.(W) with Radon-Nikodym density process
Z = (Zi)iep) 1€ Zt = %@, t € [0,T]. If the process W°¢Z is a P-
submartingale, then

W > Wy, (3.6)

for all t € [0,T].
Proof. By applying Bayes’ theorem we obtain
W = W¢ = BQ[X1(rory + Relrery|Gi] — Ep[X 1rsry + Rrlirery|Gi]
= FEA(X Ly + Brlirry) 21161

— Ep[X1{rary + Relir<ry|Gi]

1
= o (Ep[WiZr|Gi] — WiZy).
t
Therefore it is enough to have that W€¢Z is a (G, P)-submartingale for (3.6))
to hold. O



4 Characterization of M,,.(W) by measure pasting

In this section we characterise M,.(W'), by using the concept of pasting of
measures, see Section 6.4 of Follmer and Schied [16]. By this method we
establish a deeper connection between the martingale theory of bubbles and

Definition B.4]
We rewrite the market wealth process W in the following form:

Wy = Wt + (W, — ng)l{tzgl}

(4.1)
— w4 w®),

where Wt(l) =W/ and Wt(2) = (Wi — Wo, )1 {450,y for t € [0,7]. Note also
that W) = W' = W¢ on {0y > .

Assumption 4.1. i) We have 0 < o1 < T.
i) Fori=1,2, Mie(W®) £ 0.

Assumption i) is done for the sake of simplicity and without loss of gen-
erality. In fact, if 0 < P(0 < 01 < T) < 1, for Q € Mjo.(W) decomposition
will hold on the set {0 < o3 < T'}. Our aim is now to find a charac-
terization of Mj,.(W) that reflects the following facts. The wealth process
W coincides with W€ until the starting time o1 of the bubble. After oy the
impact of the credibility induces an alteration of the total wealth process
W, that deviates from W€ Hence an equivalent measure Q € Mj,.(W)
must take account of this change after o;. We can interpret this as a shift
of martingale measures caused by a change in the underlying microeconomic
conditions. This explains in an endogenous way the dynamic in the space of
equivalent martingale measures as in the approach of [2] and [27], where the
bubble is generated by a change in the underlying pricing measure. In this
way we connect a constructive approach, where the bubble originates be-
cause the asset price is distorted by an excessive market confidence, with the
martingale theory of bubbles, where a bubble is generated by a switch in the
chosen pricing measure. In particular we now prove that every @ € M;,.(W)
is obtained by the pasting in oy of Q1 € Mzoc(W(l)) and Qo € Mloc(W(2)).
To this purpose we first recall and prove some results on measure pasting.
In the sequel let @1 and Q2 be two equivalent measures on (2, Gr) and 7 be
a G-stopping time with 0 < n <T.

Definition 4.2. The probability measure Q
Q(A) :=Eq,[Q2(A]Gy)], A€ br,

is called the pasting of Q1 and Q2 in 7).

We remind the reader of the following results.
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Lemma 4.3. If Q is the pasting of Q1 and Qo in n, then for all stopping
times £ and all Gp-measurable random variables Y > 0 it holds that

EqQ[Y|Ge] = EQ, [Eq.[Y |Gyvel|Gel-
Proof. See Lemma 6.40 in [16]. O

For i = 1,2 let Z() := (Zt(i))te[o,T] be the corresponding Radon-Nikodym
density process

% sz
2 = =2, te[0.1]. (4.2)
We put
dQ2
7). 4.
U = dQ; |gt7 € [07 ] ( 3)

Lemma 4.4. The pasting QQ of Q1 and Q2 in n is equivalent to Q1 and
satisfies

dQ  Ur
4@ _Ur 4.4
where U is introduced in (4.3).
Proof. See Lemma 6.39 in [16]. O
It follows from Lemma [£.4] that
dQ U,
te |0,T],
d@Qq Q% " Uiy 0, 7]
since
dQ Ur Ur
]EQI [T@|gt] = EQI [ U 1{77<t}‘gt] + IEQ1 [ U77 1{t<77}|gt]
1 Ur
= 7Ut1{n§t} + Eq, [Eq, [71{t<n}|gn]|gt]
7 7
1
= iUtl{nSt} +Eq, [1{1<n}|Gt] (4.5)
U, U,
—1 + —1
Ut/\ {n<t} Uinn {t<n}
Ut/\n .

This allows us to obtain the Radon-Nykodim density process Z = (Z;):c(0,1
of the measure () obtained through pasting, i.e. Z; = %\gﬂ te[0,T].
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Corollary 4.5. The process Z = (Zt)ic(o,1) given by

U
Ut/\n ’

Z = 7Y te 0,7, (4.6)

is a P-martingale with respect to the filtration G and %@ =27, t €10,T].
Furthermore

(2)
1 4
Zt - Zt(/\27 22) ) te [07T]a
tAn

where ZW | Z2) are given in ([£.2).

Proof. The result is a simple consequence of Lemma [1.4] By applying Bayes
formula we obtain

g — o Ut _ Z(1)EP[%IQA Ep[%2|Giny]
ET Uy Q1 Qs
tAn Ep[T5 |G Ep[THGinn]

20200 _ 2

— fim @)
tAn Z tAn

t€[0,7T).

O

We now apply these general results on measure pasting to characterize the
set Mioe(W). The following result represents the central theorem of this
section.

Theorem 4.6. We assume that Assumption [{.1] holds.

i) Let Q; € Mype(W?), i = 1,2, and let Q ~ P be the measure obtained by
the pasting of Q1 and Q2 in o1, with Radon-Nikodym density process
Zy =%\, t €[0,T]. Then Q € Mypo(W).

In addition, if Q1 € MNUI(W(U) or Qg € MNUI(W(Q)), then ) €
Mnur(W).

ii) On the other hand, let QQ € Mio.(W') with Radon-Nikodym density Z =
(Zt)iepor)s ioe. Zy = %@, t € [0,T). There exist Q; € Mipe(W®),
1 = 1,2, with corresponding Radon-Nikodym density processes Zt(i) =
‘fﬁﬂgt given by Zt(l) = Zing, and Zt(2) = %’;1 for all t € [0,T], such
that Z can be written in the form

z,=2"27, ten,T), (4.7)

and Q) is the pasting of Q1 and Q2 in o1.
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Proof. i) Let (7),>0 be a localizing sequence such that WO is a Qi-
martingale on [0,7] for ¢ = 1,2. We define the sequence of stopping times
(Tw)n>0 by 7 = 7} A72, n > 0. We show that W™ is a Q-martingale on
[0, T], where @ is the pasting of @1 and Q2 in o;. For any s < ¢, it follows
from Lemma [4.3] that

EQ[Winra|Gs) = Eo, [y [Winr, [Govor]|Gs)
= B, [EQu Winrnor + Wirs. [Gover]|Gs]
= B, Winruror + Win sngsvon|9s]
= Wirruno, + Eq, [W((t2/37n)/\(sV0'1)|g5]

2
= WAt Ao + IEQ1 [1{5/\Tn<U1}W((t/zTn/\gl)\/(S/\Tn) ‘gs}

2
+Eq, [1{8/\Tn201}W(tArnAal)v(sArn) 1G]

2
= Wsnranor + IEQ1 [1{8/\Tn<a1}Wt(/\7)'n/\ol|gS]
2
+ IEQ1 [1{8/\Tn201}Ws(/\)Tn |g8]
— SATRAO1 + Ws(/2\?7—n1{3/\7'n20'1} - Ws/\‘rna

. 2
since Wt(/\ln/\ol = (Winrunon — Wm)l{t/\onlZm} =0.

Hence @ € M,.(W). For the second part of i) we use the fact that Q €
Mpyyr(W) is equivalent to

Wi > Eq[Wr|Gi],
for some t € [0,7T]. By applying Lemma we obtain

EQWr|Gi] = EqQ, [Eq, [Wr|Govi]|Gil

(4.8)
S EQI [Wa'l\/t’gt] S Wt7

where one of the inequalities is strict for some ¢ if Q1 or Q2 belong to the
set M NUI(W)-
1) We introduce the set

ZW):={Z;ZW is a P —local martingale}.

Then the Radon-Nikodym density process Z belongs to Z(W). As shown in
Lemma 2.3. of Stricker and Yan [36], since 01 < T, we have that Z € Z(W?)
i.e. ZW? is a P-local martingale on [0,7]. We define the measure Q1 ~ P

by
d
dQ1 = Zg,.
dP
Furthermore ﬁ is a Radon-Nikodym density process for a measure Q2 =~
91

P such that W® is a Qy-local martingale on [0,7] as we now prove. Let
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(Tn)nen be a localizing sequence for the @-local martingale W. Then

(2) } [ Zt }
. |1 70 = Woir)l{inr, >0 s
" Zt/\Ul th—n|g Zitnoy (Wt/\ n =W 1) {tATn> 1}|g
Zy
= EP |:Zt/\0'1 (Wt/\Tn - Wal)1{t/\7n201}(1{5/\7'n20'1}

+ Lisarn<or<tAm} T 1{t/\‘rn<01})‘g5}

Z
= EP{ d (Wt/\m - WO’I)l{S/\TnZO'l}’gs]
tAoq
Zy
+Ep |:Z (Wt/\Tn - W01)1{3A7n<a'1 <tATn} ‘gs}
tAo1

1
= 1{SATnZGl}7(EP[ZtWtATn |Gs] — Ep[Z: W5, |Gs])
o1

Z
+ IEP [EP [ L (Wt/\Tn - WO’1)1{S/\Tn<O'1 <tATn} ’gs\/al} |gs}
tAo1
Z
= Zis(Ws/\Tn - Wal)l{s/\TnZUl}
og1/\s

1
+Ep [1{5/\Tn<01§t/\Tn} 7 (EP[ZtWt/\Tn ’gSVOj]
o1

~ Ep[Wa, Z1/Govo))1Gs]

Z 1
= . S/\Tn +Ep 1{5/\Tn<a'1§t/\7'n} 7 (Zt/\(al\/s)W(t/\Tn)/\(a'l\/s)
o1

Zal/\s
W01Zt/\(U1Vs |g8}
Z Zy
= . S/\Tn + EP [1{5/\Tn<01§t/\7'n}M(Wt/\m/\m - Wm)‘gs
Zal/\s ZUl
Zs _1,(2)
= w .
Zal/\s SA\Tn

Hence (Zollm ZtWt(Q))tG[O,T] is a P-local martingale. Thus we can define

dQQ‘ _ L
dP "9 Z,

, t€]0,T],

and this concludes the proof. O

Theorem [4.6] shows that a change in the dynamics of the market wealth
process can possibly lead to a switch to a martingale measure belonging to
Myur(W) with consequent formation of a bubble in the sense of Definition
Here this shift is directly generated by the impact of the resulting trading
activity due to the influence of many micro-economic interactions.
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5 Example

We now consider a specific setting to illustrate the concepts presented in
Section 2. Let B = (B!, B%) be a 2-dimensional Brownian motion and set
F = F! v F2, where F' and F? are the natural filtrations associated to B*
and B? respectively. Let X = (Xt)tepo,1) be a process satisfying the following
dynamics

dX; = 0 XdB?, Xy =z,

with 9 € R4 and consider a defaultable claim such that X = Xp and
Ry = ¢X; for all t € [0,T] and some ¢ € (0,1). It follows from the Doob’s
maximal inequality applied to the martingale X that our chosen R satisfies
. We assume that the stochastic intensity p is given by a Cox-Ingersoll-
Ross model

duy = (a + bug)dt + 0\/pd By,
Ho = [,
where a, 0, > 0 and b € R.

Proposition 5.1. The credibility process F' satisfies under P the following
equation

dFt = *1/JtLt\/,thdBtl - FtLt,th - G_FtLt,LLtdt, (52)
where Ly = (1 — Hy)e't and Fy = P(t < 7 < T|F;) for all t € [0,T], and
by = 0B(t)e>OHAOm=Tr (5.3)
with
2a 2)\6(A_b>2(T_t)
t) =21 5.4
o) = (Gperr ) (54)
and NT—t)
2(eM™ 7Y —1
B(t) = -2 ) (5.5

(A —b)(eMT=1) — 1) +2)\’
for allt € [0, T] with X := Vb + 262.
Proof. 1t follows from Corollary 5.1.1 of Bielecki and Rutkowski [4] that

Ft = P(t <T S T‘gt) = 1{7->t}]EP[1{t<7—§T}6Ft|]:t]
= LiP(t <7 < T|F) = L F},
where we have denoted Ly = (1—Hy)e", ¢t € [0, T] and F; = P(t < 7 < T|F;)
for all t € [0,7]. Using the definition of the F-hazard process, F' can be

written in the form
F = —Ep[eirT‘./_“t] +e It
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Since p is an affine process, e.g. by Filipovic [14], we have that

Fr=e (1 -Eple T F]]) = —e Tter®H80m =T (5.6)

where «a(t) and §(t) are given by (5.4) and (5.5)) respectively. By applying
It6’s formula and using (5.1]) we obtain that F' satisfies the equation

dF, = _ethea(t)Jrﬁ(t)#te\//Ttﬁ(t)dBtl — e Vtpdt
=~ /pad B} — e gt

for all t € [0,T], where v is given by (5.3). By the integration by parts
formula we have that

(5.7)

dFy = LydF, + FdLy + d[F, L,
= —1[)tLt\/,LTtdBtl — FtLt,th — e_FtLtutdt.

O
We examine the dynamics of the process A in this setting.
Theorem 5.2. The process A satisfies the following equation
dA; = Ay (6}dB} + 0dB? — dM, + £2dt), (5.8)

for all t € [0,T), where €' and €2 are given by

y (L= o) e s cput
S = (1 —c)ea®+BOu 4 ¢ and & = (1 — c)ex®+BBu 4 ¢ (5.9)

for all t € [0,T].
Proof. By we have
Ay = Ep[Xrliromy|G] + Ep[eXr1iary Ge] 1750y (5.10)
It follows from Corollary 5.1.1. of [4] that
Ep[X71l751y|97] = LiEp[XT1 {751 | F], (5.11)
where L; = (1 — Hy)el't, t € [0,T]. Hence

Ep[X1l{ro1y|Gt] = LiEp[l{rory X7|Ft] = LiEp[Ep[ X1l (rom | Fr]|Fi
= L,;Ep[XpP(r > T|Fr)|Fi] = LiEp[Xre 17| F]
= LiEp[Xp|FfJEple " T|F}]
= L X;etW+B0m—Tr,
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By Lemma 4.1. of [3] we then have
T T
EplcX:1i<ry|Gillrsey = cLiEp| / X,e Vedly|Fy) = cLy / Ep[Xe s ug| Filds
t t
T
:th/ Ep[X | F2Ep[e s ps| Fl)ds
t

T
:thXt/ Ep[e_FsusU:tl]ds
t

T t
= thXt(Ep[/ e_FwsdsLFtl] — / e_rs,usds).
0 0

Since
T
Ep[/ e Vopgds|F) =Ep[l —e 'T|F] =1—Eple 17| F]
0
1 e_FtEP [e_ ftT psdsu_-t] -1 e—Ftea(t)"r,B(t)/Jt’
we obtain

t
A = LiXi(c + (1 — ¢)er@HoOmTe _ C/O D (5.12)
= L1 XDy,

where

t
Dy = c+ (1 —¢)edWTBOp-Te _ c/ e Ts puds
t ( ) 0 : (5.13)
— (1 _ C)ea(t)Jrﬁ(t)#t*Ft + ce*Ft >0,
a.s. for all t € [0,7]. Since
A OHPORTY = 5(1) e O ORTBY = 3y /d B},

where 9 is defined in ([5.3]). We have

1— Ty
Dy A
where .
¢ = (I—c)ey/me (1 —c)hey/uge
PTTTD, T (1 o)ec@HBOm o =
and -
2 ce” g chiy
= — — <
“ Dy (1 — c)ea(t)Jrﬁ(t)m +ec— 0

An application of It6’s product formula yields
d\y = Ay (6}dB} + 0dB? — dM; + €2dt)

and this concludes the proof. ]
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Let us now examine the structure of the market wealth process W. We
remind that in our setting the immersion property holds under the measure
P.

Theorem 5.3. The market wealth process W is a (G, P)-semimartingale
that admats the canonical decomposition

Wi = My + Ay,
for all t € [0,T], where the local martingale part M is given by

dMy = (f(t, ))& — fo(t, Fy) Ley/ie) \id B} + o f(t, Fy) \yd B}

K (5.14)
+ (Xt — f(t, Fi) Ay )dM,,

and the finite variation part A is given by

dA; = {[ F(t, F)EE + fu(ts Fy) — fult, F) Loe™ gy + %f:m(t’ F) L

+ falt, F)LiFyjn — folt, FOLobo /RGN + X .
(5.15)

Proof. By applying the integration by parts formula we obtain
dWy = f(t, Fy)dAy + Ndf (¢, Fy) + dIA, f(-, F))i + cXydH,. (5.16)

We start by determining the dynamics of f(t, F;). Using I[td’s formula (see
Theorem I1.32 in Protter [31]) and (5.2]) we have

1

t t t
f(t,Ft):f(O,Fo)Jr/o fs(s,FS)der/o f$(s,FS_)dFS+2/O Foul(s, Fo_)d[F, ]

+ Z {f('S»Fs) - f(S,st) - fm(Sanf)AFs)}

0<s<t

t t
— £(0, Fp) + / fals, Fu)ds — / Jo(s, F) Luthor/fisd B!
0 0
t t
— / fo(s, Fso)Fy_Ly_dM, — / fe(s, Fo)Lse " pigds
0 0
t
+;/0 fxa:(SaFS)ngzﬂst
t
4 [ F) = F5. o) + fulss P P L),
0

t
4 / Fols, F)EuLyjiyds,
0

18



where we wrote the sum of jumps as a stochastic integral as shown below

Z {f(sts) - f(San—) - fw(sts—)AFs}

0<s<t

= > {f(s,F) = f(s, Foo) + fuls, Fo)Fu L AH,}

0<s<t
= > {f(s,F) = f(s, Fe)}AH, + > fuls, Fo ) FsLy_AH,
0<s<t 0<s<t

t t
- / (F(s, F2) — (s, Fa))dH, + / fols, Fo ) FuLy_dH,
0 0
t t
= / {F(s,Fs) — f(s,Fs_) + fu(s, Fs_)FyLy_}dM, + / fu(8, Fs_)FsLs_fusds.
0 0
Therefore
t t
F6.F) = F0.F) = [ (s POLewnvimdBL+ [ (£, ) = (s, F) )i,
0 0
t
+ /0 (fs(sa Fs) - f:r:(57 Fs)Lse_Fsﬂs + %fxw(sa FS)L§¢§M5
4 fx(s,Fs)FsLsﬂs>ds.

It follows from Theorem [5.2{ and the expression of f(t, F;) that the quadratic
covariation [A, f(-, F')] is equal to

d[Av f(> F)]t = _(f(tv Ft) - f(tv Ft*))Atdet - fm(ta Ft)Ltwtftl\/thAtdt
= —(f(t, Fy) — f(t, F_)) Ny dMy — fo(t, Fy) Lipe&l /e Aedt.

By replacing the expressions of [A, f(, F')] and f(t, F}) in (5.16]) and by using
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(5.8) we obtain
AW, = f(t, F)é}AdB} + o f(t, F)AydB? — f(t, F,_)A,_dM,
+ f(t, F) & Adt — fo(2, Ft)Lt?/)t\/,thAtdBtl
+ (1) = £t Feo) Ao ddly + (Fi(t F) = falt, F)Lee™

1 ~ .
+ §fm(t’ Fy)LiyE s + fa(t, Ft)FtLth> Adt

— fo(t, Fy) Lty /&) Medt — (f (8, Fy) — f(t, Fi_))A—d M,
+ X d My + cXyfudt

= (J(t F)E = olt, Fo) Lo/ ) AedBY + (1, Fy) Ay B}
+ (X — f(t, Fio) Ay )dN,
+{ (£t FO&E + filt F) = fult, Fo)Lee™
+ éfm(t, F)L{gi e+ fu(t, Fy) LeFyfie
— fult, F)) Loyl \/;Tt) A+ cXt/lt}dt.
0

We now assume that M,.(W) # 0 and derive first a general form for the
Radon-Nikodym density process associated to a measure Q € M,.(W).

Proposition 5.4. Let Q € M,.(W) with Radon-Nikodym density process
Z = (Zi)epm) i Zt = %]gﬁ t € [0,T]. Furthermore, we assume that
the quadratic covariation [Z, M] is locally integrable. Then Z admits the
representation

dz, = Z,_(0VdB} + 8P dB2: + b dnr), te[0,7],  (5.17)

where (bgi))te[o,ﬂ are G-predictable processes for all i = 1,2,3, satisfying

0=dA; + [(bmg F(t. F) — folt, Fy) Lo /1i2)

@ 3) X (5.18)
+ O'bt f(t, Ft)>At + bt (CXt — f(t, Ft)At—)Mt] dt

dt ® dP-almost surely on [0,T] x €.

Proof. Since the process Z is strictly positive, representation follows
by the martingale representation theorem with respect to (G, P), see [4].
From the predictable version of Girsanov’s Theorem we obtain that W ad-
mits under @ the following decomposition

1
d(Z, M),, te0,T].

t 1 t
Wtth—/ d<Z,M>s+At+/
y Z o 7o

S—
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Since @ € Mjo.(W), this implies that

t
1
At+/ —d(Z,M)s =0
o Zs_

dt @ dP-a.s. which is equivalent to ((5.18]). O
We now state an auxiliary result, that will be used later in the proofs.

Lemma 5.5. On the set {T >t} we have
R; < At. (519)
Proof. Since R; = cX; for all ¢t > 0, we obtain

Rilroy = cXilgroyy = CEP[XT’gt]]‘{T>t}
=l Bp[Xrlary + Xrlr<ry|Gi
= c(Lr>pyEp[Xrlromy|Gi] + Loy Ep[Ep (X1l <r<1y|G-]|Gi])
=l Ep[Xrlory + Xolpcrary G < Adlirsyys

since ¢ € (0,1). O

The next result provides a concrete example (by specifying a function f (¢, x))
when the set M,.(W) is non-empty. We also compute a specific form of the
density process. Let

ft,x) =

{1+k(T—t)(1—g)3 if # <p, tel0,T), (5.20)

if x>p, tel0,T].

where k > 0 is a positive constant. The partial derivatives of f(¢,z) will be
equal to

—k(1 -2 ifx<p, te]0,T],
it z) = (1—=2) . <p (0,7
ifz>p, tel0,T].
and
SR o1 =22 ifx<p tel0,T
R P S i
0 if x >p, t€][0,T]

and the second derivative of f(¢,z) with respect to z is given by

% p— _2 .
Jaa(t, @) = 2T =01 —=7) ifz<p tc[0,T]
0 if 2 >p, t€0,T]

Hence f(t, x) has bounded first and second order partial derivatives. Note
that, in the setting of this example, the impact of the credibility process F
on the wealth process W is bounded. However the wealth process is not
bounded.
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Theorem 5.6. If the function f(t,x) is defined by (5.20)), then Mo.(W') #
0.

Proof. We now rewrite the expression of the finite variation part A of W as

given in ([5.15)) in a simpler form. .By (5.3)), (5.6) and (5.9)), we have

dAy = {F(8, F)E + fit, Fo) pedt + { = fu(t, Fp)enO+5 0
l1-c
(1 — ¢)ea®+BBme 4 ¢

. (1 + 0252(t)ea(t)+5(t)#t)At
1
+ §f:m:(t7 Ft)0252(t)eQa(t)+26(t)MtAt + CXt}[Ltdt.

We denote

o 1 — ¢)e@®O+B()p
8 = —fo(t, Fy)e (&) +B(t) e (1 + (1(_ C)el(t)JrB(t)ut - 092 2 t))

+ %fm(t, F)02 8% (t) 2D +28(0ue.

for all t € [0,T]. It is easy to see that 0 < §; < Cjs for some constant Cs > 0
a.s. for all t € [0, T]. Therefore

dde = { £ FOE + fult, ) fAade + (5 + X )

We define the process Z(1) = (Zt(l))te[o,T] by

aztV =M zMaB?, (5.22)
and
b(l) . _f(t7 Ft)th + ft(t, Ft) + %Mt1{7>t}
' Uf(ta Ft)
= _l§2 _ fe(t, ) _ cX )
ot of(t,Fy)  20f(t, F)As Kt d{r>t}
L ¢ Fi 1
= o (1= )eciB@m 1 M k(1 — ;)ml{mgt}
— 1 CH ]
25 f(t, ) (1 — c)ec®+BOn 4 ¢ 171

1 Clbg 1 Ft 1
= — 1-— 1 k(l— 25— 1
o (1= c)eclO+30m 1 c( 2 ) {‘r>t}> +E1—— )Uf(t, Ty o<t

where we have used the fact that Ay = X;L;D; with D; defined in (5.13)). By
Proposition we have that Z(!) is a P-martingale. We define the measure
Q' by

Q' 1

plor =27, (5.23)
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Under the measure Q!, the process
~ t

B? = B? —/ b(Vds, t e [0,T],
0

is a Brownian motion with respect to the filtration G. By applying Girsanov’s
theorem we obtain that W admits the following decomposition under Q'

W, = M} + A}, te0,T),
with the local martingale part (Mtl)te[o,T} equal to
dM} = ( F(t, el — fm(t,Ft)Ltz/zt\//Tt) AdBL + o f(t, Fy)Ad B2
+ (eXy — f(t, Fy)Ay)dM;,

and the finite variation part (A%)te[o,r_p] is given by
c N
dA% = (§Xt + 5tAt),utdt.
We define the process Z(2) = (Z(Q))te[oﬂ as the solution of

dz® =v,_zPan,, teo,T), (5.24)

with
%Xt + 0 Ay

by = ,
! f(t, Fo)Ay — Xy

te0,7]. (5.25)

We prove that Z®?) is a Q'-martingale. We start by showing that (bt)eejo,7)
defined in (5.25) satisfies by > —1 for all ¢ € [0,7]. We have

b — %Xt + ¢ Ay 1 i %Xt + 0sA¢ 1
"R RN — X, TSR R - eX, T
c (5.26)
_ _11 n 5Xt + 0y 1
2 ST R R)A - e
On the set {7 > t} we have by Lemma (3.1) and (5.21)) that
cX; < At < f(t, Ft)At, (527)
S0
b: >0 on {1 >t} (5.28)
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Moreover by > —1 for all ¢t € [0,7T]. It follows from Theorem I1.37 in Protter
[31] that the unique solution of equation (5.24)) is given by

t
dm:@m(/bﬂMQHSAL+@AHgmm—mAHQ
0

t tAT
= €xp </0 bsdHs — /0 bsﬂ5d5> (1 + le{‘rgt}) eXP(_brl{rgt})

= 1{r>y €xp ( — /OMT bs,usds) + %1{795} exp ( — /OtAT bs,usds)

1 3
< g + 5l <3

(5.29)

where we have used (5.26) and (5.28). Therefore Z(?) is a positive Q!-

martingale since it is a bounded local martingale. Analogously we obtain
that
827 =12 - 27| < Ka,

for some Ko > 0. Hence Z® has bounded jumps. It follows from Lemma
3.14 in [20] that [Z®), M'] has locally integrable variation. Therefore its
Q'-compensator (Z() M) exists and is well defined.

We now define the measure Q2 by

dQ”
ao?t
Since (Z @ M 1) exists under @', the predictable version of Girsanov’s theo-

rem (see Theorem I11.40 in [31]) yields the following canonical decomposition
of W under @Q?

o7 = 257 (5.30)

Wy = M? + A2, tel0,T),

where the local martingale part M? is given by

t
1
w_w;/(ﬁw@w%
0 7.~

s

and the finite variation part A2 by
t
A= ab s [ @,
0 Z( )
t t
:/( Xs + 0sAs) usds—l—/bsd
0 0

t t
:/( Xs + 0sAs) usds—l—/ bs(c (s, Fs)As)fisds
0 0
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where we have used ((5.25). Hence W is a local martingale under Q2. Then
the equivalent probability measure () ~ P defined by

@ B dQl dQ2

dP ~ dP Qb (5.31)

where Q' and Q? are defined in (5.23)) and (5.30) respectively, belongs to
Mioe(W), i.e Mype(W) # 0. The following proposition concludes the proof.
O

Proposition 5.7. The process Z1) = (Zt(l))te[Qﬂ defined by
az{V = oV zMaBy,
with (bgl))te[o,T] given by is a P-martingale.
Proof. The process b1 can be written under the form
b =kl + k2, te0,T),
where (k:tl)te[o’T] and (k?)te[O’T} are cadlag adapted bounded processes, given

by
1 c

1
1 _ - I
b = o(l- c)ea(t)'i‘/j(t)ut +ec (1 2f (t, F}) 1{T>t}>

and
F; 1

IGIN

Let K > 0 be such that 0 <k} < K for all t € [0,T] and i = 1, 2.

Since the default intensity process p given by is a Cox-Ingersoll-Ross
process, it can be written as the finite sum of squared Ornstein-Uhlenbeck
processes, see Dufresne [13]. For simplicity, we assume that x4 can be written
under the form

k2 = k(1 (5.32)

p=ri, tel0,T], (5.33)

where (Tt)te[o,T] is an Ornstein-Uhlenbeck process satisfying the equation
dry = —mrdt + CdB}, ro=7 >0, (5.34)

where m € R and ¢ > 0. Equation (5.34) admits the solution
t
re =7 ™ 4+ Ce_mt/ e™dBL, t€0,T).
0

However, the proof can be easily extended to the general case when p is a
finite sum of squared Ornstein-Uhlenbeck processes. Let now o, = inf{t >

O;bgl) > n} and denote Z}' := Zt(l) for all ¢t € [0,T]. For each n € N, the

Nop)
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process (Zp)te[o,T} is a P-martingale, since the Novikov condition is trivially
satisfied:

1

sefow () [ 00a)] <Eriexp(niT] < o

In order to show that the positive local martingale Z(!) is a P-martingale,
we now prove that

Ep[Z)] = 1.

To this purpose, it is sufficient to show that the family (Z})nen is uniformly
integrable, since an application of Lebesgue’s dominated convergence theo-
rem yields

— ny _ . ny _ (1)
1= nh_)nolo]Ep[ZT] = ]Ep[nh_)IgOZT] =Ep[Z;’].

As in Theorem 2 of Hitsuda [18] and Theorem 2.1 of Klebaner and Liptser
[28], the uniform integrability of the family (Z7),en follows by applying the
de la Vallée-Poussin Theorem with g(z) = xlogz, > 0, and showing that

sup Ep[g(Z7)] < oc.

We have
Eplg(Z7)] = Ep|Z7 log Z7)

T Wapz LT (1)\2
—Ep [ZT(/O 1y sabVdB2 — 2/0 Loz (0)%ds)
T T
<Ep [Z%( / 1{anzs}b§1)d33)] =Ep, { / 1{0n28}bgl)dB§}7
0 0
where the probability measure P,, &~ P is defined by
dpP,

ap =T

Under P, the process (B}")i>0 given by
on N\t
Bl =B, ~ [ Wds te o1,
0

is a Brownian motion. Hence

ke, [/OT HU@S}bS)dBSQ} =Ep, [/OT 1{onzs}b§1)d3?} +Ep, [/OT 1{%25}(1)9’)%}
< ! (244| < 22 Ty
_Epn[/o (bs”) ds] < 2K ]Epn|:/0 (12 +1)ds]

- 2K2</0T]Epn[r§]ds+T).

26



Since r does not change its dynamics under the measure P, and B! remains
a Brownian Motion under F,,, we have that

4 ° 1)*
Ep, [r;] =Ep, [(fe_ms + Ce_ms/ em“dBu) }
0

. 3(272 - B 3C4 3
4 _—4 2 4 2 2,
Fre—4ms mi (6 ms e mS) m2 (1 e mS) . "L/}(S),

and therefore

Epn[/OT 1{%25}59)6133} < QKQ(/OT]EPn[r;‘]derT)

= 2K2</0T1/J(s)ds+T) < 00.

Hence
supEp[Z7] < o0,
n

and this implies that the family (Z7)nen is uniformly integrable.
O

The following proposition provides us with a general criterion for checking
when an element of M;,.(W) is an element of My (W).

Proposition 5.8. Let Q € Mo (W) and P(0 < o1 < T) > 0. If the
process (Wte)te[O,T] is a Q-supermartingale with respect to the filtration G,
then Q € Mnyr(W).

Proof. Let Q € Mio.(W) such that (W)yco,r) is a (G, Q)-supermartingale.
Let € > 0 such that P(o; +e<T) >0 and F, 4. <pon {o1+e>T} We
have
EqWr] = EQWE]| = EQ[EQ[Wr|Go+]] < EQ[W(,, 4onr]
<Eq [W(U1+6)/\T] < Eq[Wol.

Therefore W is a @Q-strict local martingale on [0, T7]. O

The following result shows that the assumptions of Proposition [3.10] hold in
this context.

Proposition 5.9. Let Q € M,.(W) be defined in (5.31)), with Radon-
Nikodym density
dQ

Zt:?‘ftu tG[O,T]

Then W¢Z is a P-submartingale.
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Proof. By using Theorem 5.2 we have that W€ satisfies under P the equation

AWE = dA; + RydH,
= A (& dB} + 0dB? — dM; + £}dt) + Ry—dM; + Ryjydt
= M(&HdB] + 0dBY) + (cXy — A )dM; + (67 Ay + cXofu)dt
= M(&dB} + 0dB}) + (cX; — Ay )M,

since by (5.9) we have

T

2 ce  Hy
=———" telo,T
gt Dt ’ E[a ]7

and therefore by (5.12), we have P-a.s.

ce "y

eXfut+EE A = cXtpel iz — Li XDy = CXt,utl{TZt}_Ce_Ft,utXtLt = 0.

t

By applying the integration by parts formula we obtain the canonical semi-
martingale decomposition of W¢Z

(WeZ)y =my +ay, t€][0,T],
where the local martingale part (m¢).c(o,r) is given by
dmy = Zy_dW¢ + W dZy,
and the finite variation part (a;);c(o,7] is equal to
day = d[W®, Z); = 22 dwe, zW, + zHawe, 22,
= obM ZyNydt + by Zy_(cXy — Ao )dH,.

Hence, it follows from (5.26)) that

t
1
a; = ag + / obV Z A ds + 5 Zr(Are — eXo)l ey,
0

Therefore (at)ie[o,r) is an increasing process since bgl) > 0 for all t € [0,T]
and this implies that W€°Z is a P-local submartingale. To conclude the
proof it is sufficient to show that the local martingale part m of W¢Z is a
P-martingale. The process W€ satisfies the inequalities

0< V[/'te = EP[XT1{7—>T} + CXTl{TST}’gt] < Xiar, (535)

for all t € [0, 7], since ¢ < 1. Hence, it follows from (5.29) and ([5.35)) that
3
0<WezZ, < §ng§”.
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Let ¥; := Z\) X7, We have
ay; = ZNax7 + x7dzY + dz™, x7),
= oz X7dB2 + bV 2V X7 dB2 + bV ZV X7 dt
= (o + b"Y,dB2 + obVY,dt.

Therefore Y is a P-local submartingale. However Y can be written under
the following multiplicative decomposition

Y; = MY AY,

where MY is a local martingale given by
t 1 t
MY = exp (/ (o +bD)dB2 — 2/ (0 +b)2ds). e [0.7],
0 0
and A" is a continuous finite variation process given by

t
AY = exp ( / abgUds), t [0, 7).
0

With the same argument as in the proof of Proposition with o + oM
instead of (), we obtain that (MtY)tE[O,T} is a P-martingale by the de la

Vallée-Poussin Theorem. Therefore by Jbgl) > 0 a.s. for all s > 0, we have
Ep[Yi|Gs] = Ep[M;" A|Gs] > Ep[M[|G,]A; = M A =,
which implies that (Y)ic[o,7] is @ P-submartingale, closed by Yr, i.e
Y: <EplYr|G], t€]0,T].

Since 0 < W¢Z;, < 3Y, for all t € [0, 7], we have

sup Ep[WiZ,] < 3 sup EplY;] < §IEP[YT] < 00.

t€[0,T] t€[0,7] 2
Furthermore, for every € > 0, there exists § > 0 such that if A € G and
P(A) < we have Ep[Y;14] < € for all t € [0,T]. Hence

Ep[WeZi4] < %EP[mA] <e

Therefore W*°Z is also a uniformly integrable local submartingale. Let
(0n)n>0 be a localizing sequence for W¢Z. An application of Lebesgue’s
dominated convergence theorem yields

Ep [Wtezt‘gs} =Ep [nh—>r2<> Wte/\an Zinon|Gs) = nh_{go Ep [Wte/\crn Zinon|Gs)
> lim Wse/\gnZs/\gn =W£SZs.
n—o0

Hence W€Z is a P-submartingale.
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Corollary 5.10. If Q € M,.(W) satisfies the assumptions of Proposition

[5-9, then
WP — W >0,

for allt € [0,T]
Proof. Tt follows by Propositions [3.10] and [5.9] O

The following proposition provides a sufficient condition to guarantee that
the process W€ exhibits a R-supermartingale behavior on the interval [0, 77,
under some measure R € M;,.(W).

Proposition 5.11. Let R € M;,.(W) with Radon-Nikodym density process
Z = (Zi)ep,r), where Z; = aR g, for t € [0,T). We assume that the
quadratic covariation process [Z, M| is locally integrable.

If the processes b i = 1,2,3, in the representation of Z satisfy the
inequality

(610 + obf?) (14 e O=50m) <Py, (5.36)

on the set {T > t}, then W€ is a R-supermartingale on [0,T]. In particular
R e Mpyyr(W).

Proof. Tt follows from the predictable version of the Girsanov theorem that
W€ admits the following semimartingale decomposition under R

We =N, + Ay, telo,T]

where the local martingale part N = (N¢);c(o,77 is given by

t

1

M:Wf/ ~d(Z,W), te 0.7,
0 S

and the finite variation part A = (A);ejo,7 is equal to

t
At:/ Lazwey, tep.
0 ZS

We have

t
Ay = / ((ggbg” +obP)A, + (eX, — As)bg3>ﬂs)ds.
0

Therefore A is decreasing if
(€808 + o)A + (eXy — Ab i <0, t € 0,T),

or equivalently
ol + oAy < (A — X0 1y (5.37)
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on {7 > t}. By replacing Ay = L;D; Xy, where (Dy);c(o,7) is defined in (5.13)),
(5.37)) becomes

(ftlb,gl) + ab?))LtDt < (L.D; — C)bﬁg)ut
on {7 > t}, or

(ftlbygl) + Ubgg)) (1 + 1 i ce—a(t)—ﬁ(t)ut> < b£3)ﬂt7
on the set {7 > t}. Hence W€ is a local R-supermartingale. Since Wy =
Ny + Ay > 0, this implies Ny > —A;, for all t € [0,7]. Therefore N is
a positive local R-martingale, and via an application of Fatou’s lemma, a
R-supermartingale. This implies

ER[Wte|gS] = ER[M|QS] + ]ER[-At‘gs} S -/\/’s + As7

for any s,t € [0,7], with s < ¢t. Hence W€ is an R-supermartingale. It
follows from Proposition that R € Myyr(W). O

6 Conclusion

In this paper we present a mathematical model for the formation of bubbles
in the valuation of defaultable claims in reduced-form credit risk framework.
We propose a constructive definition of bubble, which is triggered by the
impact of the credibility process on the defaultable claim’s risk neutral val-
uation. This setting is very flexible and can be readapted to include the
influence of other (macro-economic) factors, which may induce bubble birth.
Moreover it is consistent with the no-arbitrage (NFLVR) framework, as we
show in a specific example, where the default intensity is given by a Cox-
Ingersoll-Ross model. We also study the connection of our approach with
the martingale theory of bubbles and provide a characterization of M;,.(W),
which shows how shifts in the martingale measure may be determined by
changes in the dynamics of the market wealth in our setting.
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