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ABSTRACT. A well-known application of Malliavin calculus in Mathematical Finance is the
probabilistic representation of option price sensitivities, the so-called Greeks, as expectation
functionals that do not involve the derivative of the pay-off function. This allows for numerically
tractable computation of the Greeks even for discontinuous pay-off functions. However, while
the pay-off function is allowed to be irregular, the coefficients of the underlying diffusion are
required to be smooth in the existing literature, which for example excludes already simple
regime switching diffusion models. The aim of this article is to generalise this application of
Malliavin calculus to It6 diffusions with irregular drift coefficients, whereat we here focus on
the computation of the Delta, which is the option price sensitivity with respect to the initial
value of the underlying. To this purpose we first show existence, Malliavin differentiability, and
(Sobolev) differentiability in the initial condition of strong solutions of 1t6 diffusions with drift
coefficients that can be decomposed into the sum of a bounded but merely measurable and a
Lipschitz part. Furthermore, we give explicit expressions for the corresponding Malliavin and
Sobolev derivative in terms of the local time of the diffusion, respectively. We then turn to
the main objective of this article and analyse the existence and probabilistic representation of
the corresponding Deltas for lookback and Asian type options. We conclude with a simulation
study of several regime-switching examples.
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1. INTRODUCTION

Throughout this paper, let T' > 0 be a given time horizon and (2, F, P) a complete probability
space equipped with a one-dimensional Brownian motion {B;}scjo,7 and the filtration {F;}4cjo,7y
generated by {B;}icjo,7] augmented by the P-null sets. Further, we will only deal with random
variables that are Brownian functionals, i.e. we assume F := Fr.

One of the most prominent applications of Malliavin calculus in financial mathematics concerns
the derivation of numerically tractable expressions for the so-called Greeks, which are important
sensitivities of option prices with respect to involved parameters. The first paper to address this
application was [I5], which has consecutively triggered an active research interest in this topic, see
e.g. [14], [4], [1]. See also [7], [11] and references therein for a related approach based on functional
1t6 calculus. Suppose the risk-neutral dynamics of the underlying asset of a European option is
driven by a stochastic differential equation (for short SDE) of the form

dXT = b(XT)dt + o(XF)dB;, X =z €R,

where b : R — R and ¢ : R — R are some given drift and volatility coefficients, respectively. Let
® : R — R denote the pay-off function and the expectation E[®(XF)] the risk-neutral price at
time zero of the option with maturity 7" > 0. For notational simplicity we assume the discounting
rate to be zero. In this paper we will focus on the Delta

0

— E[®(XF 1.1

 Blo(X3)), (1)
which is a measure for the sensitivity of the option price with respect to changes of the initial value
of the underlying asset. As is well known, the Delta has a particular role among the Greeks as it
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determines the hedge portfolio in many complete market models. If the drift b(-), the volatility o(+),
and the pay-off ®(-) are ”sufficiently regular” to allow for differentiation under the expectation,
the Delta can be computed in a straight-forward manner as

B | 0060)| = Bl (x5) 1] (12)

where the first variation process Z; := %X} is given by

Z, = exp {/Ot [ (x7) - %(d(xg))?] ds + /Ot a’(X;‘)dBS} , (1.3)

and where ®' V', 0’ denote the derivatives of ®,b, o, respectively. For example, requiring that
®, b, o are continuously differentiable with bounded derivatives would allow to hold (we refer
to [I8] for conditions on b and o that guarantee the existence of the first variation process), and
the expectation in could be approximated e.g. by Monte Carlo methods. In most realistic
situations, though, straight-forward computations as in are not possible. In that case, one
could combine numerical methods to approximate the derivative and the expectation in ,
respectively, to compute the Delta. However, in particular for discontinuous pay-offs ® as is the
case for a digital option this procedure might be numerically inefficient, see for example [15]. At
that point, the following result for lookback options obtained with the help of Malliavin calculus
appears to be useful, where the option pay-off is allowed to depend on the path of the underlying
at finitely many time points.

Theorem 1.1 (Proposition 3.2 in [15]). Let b(-) and o(-) be continuously differentiable with
bounded Lipschitz derivatives, o(-) > ¢ > 0, and ® : R™ — R be such that the pay-off
O(XF,. s XT ), Thy. .., Ty € (0,71, of the corresponding lookback option is square integrable.
Then the Delta exists and is given by

8 x €T
ZE[®(X% ..., X2 )| =E

T
5 @(X%l,...,X%m)/ a(t)o Y (XF) Z, dBy | , (1.4)
z 0

where Zy is the first variation process giwen in (1.3)) and a(t) is any square integrable deterministic
function such that, for everyi=1,...,m,

/OTi a(s)ds = 1.

While for notational simplicity we present the above result for one-dimensional X* we remark
that in [I5] the extension to multi-dimensional underlying asset and Brownian motion is considered.
If the option is of European type, i.c. the pay-off ®(X%) depends only on the underlying at T,
then is the probabilistic representation of the space derivative of a solution to a Kolmogorov
equation which is also referred to as Bismuth-Elworthy-Li type formula in the literature due to
[13], [6]. The strength of is that the Delta is expressed again as an expectation of the pay-off
multiplied by the so-called Malliavin weight fOT a(t)o~Y(X{F) Zy dB;. Computing the Delta by
Monte-Carlo via this reformulation then guarantees a convergence rate that is independent of the
regularity of the pay-off function ® and the dimensionality. Note that the Malliavin weight is
independent of the option pay-off, and thus the same weight can be employed in the computations
of the Deltas of different options. Also, in [I4] and [3] the question of how to optimally choose the
function a(t) with respect to computational efficiency is considered.

While the representation succeeds to handle irregular pay-offs by getting rid of the de-
rivative of @, the regularity assumptions on the coefficients b and o driving the dynamics of the
underlying diffusion are rather strong. Consider for example an extended Black and Scholes model
where the stock pays a dividend yield that switches to a higher level when the stock value passes
a certain threshold. Then, again with the risk-free rate equal to zero for simplicity, the logarithm
of the stock price is modelled by the following dynamics under the risk-neutral measure:

dX? =b(X?)dt + 0dB;, X{ =z €R,
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where o > 0 is constant and the drift coefficient b: R — R is given by

b(x) = —)\11(_007R)($) — )‘21[R,oo)(x)7

for dividend yields A;, A2 € Ry and a given threshold R € R. In [9], a (more complex) irregular
drift b is interpreted as state-dependent fees deducted by the insurer in the evolution of variable
annuities instead of dividend yield. Already, this simple regime-switching model is not covered by
the result in Theorem since the drift coefficient is not continuously differentiable.

Or allow for state-dependent regime-switching of the mean reversion rate in an extended
Ornstein-Uhlenbeck process:

dX{P =b(X7)dt+ 0dB:, X§ =z €R,
where o > 0 is constant and the drift coefficient b: R — R is given by

b(x) == =ML (_oo,r)(T) = AoT1[R 00y ()

for mean reversion rates A1, A2 € Ry and a given threshold R € R (here the mean reversion level is
set equal to zero). This type of model captures well, for instance, the evolution of electricity spot
prices, which switches between so-called spike regimes on high price levels with very fast mean
reversion and base regimes on normal price levels with moderate speed of mean reversion, see
e.g. [5l, [I7], [26] and references therein. Alternatively, an extended Ornstein-Uhlenbeck process
with state-dependent regime-switching of the mean reversion level (low and high interest rate
environments) is an interesting modification of the Vasi¢ek short rate model. Note that in that
case the Delta is rather a generalised Rho, i.e. a sensitivity measure with respect to the short end
of the yield curve. We observe that also these two extended Ornstein-Uhlenbeck processes are not
covered by the result in Theorem

Motivated by these examples, this paper aims at deriving an analogous result to Theorem
when the underlying is driven by an SDE with irregular drift coefficient. More precisely, we will
consider SDE’s

dXP =b(t, X[)dt +dB, 0<t<T, Xj=xz€R, (1.5)
where we allow for time-inhomogeneous drift coefficients b : [0,7] x R — R in the form
b(t,2) = b(t,a) + b(t, ), (o) € [0,T] x R, (1.6)

for b merely bounded and measurable, and b Lipschitz continuous and at most of linear growth in
z uniformly in ¢, i.e. there exists a constant C' > 0 such that

[b(t, ) = blt,y)| < Cle —y] (L.7)
[b(t, )| < C(1+|a]) (1.8)

for x,y € Rand t € [0, T]. Adding the Lipschitz component l;(t, x) in is motivated by the fact
that many drift coefficients interesting for financial applications are of linear growths. At present
we are not able to show our results for general measurable drift coefficients of linear growths, but
only for those where the irregular behavior remains in a bounded spectrum. However, from an
application point of view this class is very rhich already, and in particular it contains the regime
switching examples from above. In ([L.5) we consider a constant volatility coefficient o(¢,x) := 1,
but we will see at the end of SectionTheorem that our results apply to many SDE’s with
more general volatility coefficients which can be reduced to SDE’s of type (1.5)) (which for example
is possible for volatility coefficients as in Theorem [1.1)).

In order to be able to apply Malliavin calculus to the underlying diffusion, the first thing we
need to ensure is that the solution of SDE is a Brownian functionals, i.e. we are interested
in the existence of strong solutions of .

Definition 1.2. A strong solution of SDE (L.5)) is a continuous, {Fi}iepo,r)-adapted process
{X¥ }eepo,m) that solves equation (1.5)).
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Remark 1.3. Note that the usual definition of a strong solution requires the existence of a
Brownian-adapted solution of on any given stochastic basis. However, an {Fi}icpo1)-
adapted solution {X{ }iejo,1) on the given stochastic basis (2, F, P, B) can be written in the form
X? = Fy(B.) for some family of functionals F;, t € [0,T], (see e.g. [24] for an explicit form of
F,). Then for any other stochastic basis (0, F, P, B) one gets that XF := Fy(B.), t € [0,T], is a
B—adapted solution to SDE . So once there is a Brownian-adapted solution of on one
given stochastic basis, it follows that there indeed exists a strong solution in the usual sense. This
justifies our definition of a strong solution above.

To pursue our objectives we proceed as follows in the remaining parts of the paper. In Sec-
tion [2] we recall some fundamental concepts from Malliavin calculus and local time calculus which
compose central mathematical tools in the following analysis.

We then analyse in Section [3] the existence and Malliavin differentiability of a unique strong
solution of SDE’s with irregular drift coefficients as in (Theorem . It is well known that
the SDE is Malliavin differentiable as soon as the coefficients are Lipschitz continuous (see e.g.
[28]); for merely bounded and measurable drift coefficients Malliavin differentiability was shown
only recently in [25], (see also [23]). Here, we extend ideas introduced for bounded coefficients in
[25] to drift coefficients of type (|1.6). Unlike in most of the existing literature on strong solutions
of SDE’s with irregular coefficients our approach does not rely on a pathwise uniqueness argument
(Yamada-Watanabe Theorem). Instead, we employ a compactness criterium based on Malliavin
calculus together with local time calculus to directly construct a strong solution which in addition
is Malliavin differentiable. Also, we are able to give an explicit expression for the Malliavin
derivative of the strong solution of in terms of the integral of b (and not the derivative of b)
with respect to local time of the strong solution (Proposition. We mention that while existence
and Malliavin differentiability of strong solutions could be extended to analogue multi-dimensional
SDE’s as in [23], the explicit expression of the Malliavin derivative is in general only possible for
one-dimensional SDE’s as considered in this paper. Moreover, in this paper we replace arguments
that are based on White Noise analysis in [25] and [23] by alternative proofs which might make
the text more accessible for readers who are unfamiliar with concepts from White Noise analysis.

Next, we need to analyse the regularity of the dependence of the strong solution in its initial
condition and to introduce the analogue of the first variation process in case of irregular drift
coefficients. Using the close connection between the Malliavin derivative and the first variation
process, we find that the strong solution is Sobolev differentiable in its initial condition (Theorem
. Again, we give an explicit expression for the corresponding (Sobolev) first variation process
which does not include the derivative of b (Proposition .

In Sectionwe develop our main result (Theorem which extends Theoremto SDE’s with
irregular drift coefficients. To this end, one has to show in the first place that the Delta exists, i.e.
that E[®(XF, ,..., X% )] is continuously differentiable in z. At this point the explicit expressions
for the Malliavin derivative and the first variation process are essential. In the final representation
of the Delta we then have gotten rid of both the derivative of the pay-off ® and the derivative of
the drift coefficient b in the first variation process, whence the title " Computing Deltas without
Derivatives” of the paper. In addition to Deltas of lookback options as in Theorem [1.1} we further

consider Deltas of Asian options with pay-offs of the type ® (f;;z X7 du) for Ty, T € [0,7] and

some function ® : R — R. In case the starting point of the averaging period of the Asian pay-off
lies in the future, i.e. T7 > 0, we are able to give analogue results to the ones of lookback options.
If the averaging period starts today, i.e. T = 0, the Malliavin weight in the expression for the
Delta would include a general Skorohod integral which is neither numerically nor mathematically
tractable in our analysis (except for linear coefficients as in the Black and Scholes model where
the Skorohod integral turns out to be an It6 integral). However, we are still able to state two
approximation results for the Delta in this case.

In Section 5] we consider some examples and compute the Deltas in the concrete regime-switching
models mentioned above. We do a small simulation study and compare the performance to a finite
difference approximation of the Delta in the same spirit as in [I5].
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We conclude the paper by an appendix with some technical proofs from Section [3| which have
been deferred to the end of the paper for better readability.

Notations: We summarise some of the most frequently used notations:

e C!(R) denotes the space of continuously differentiable functions f : R — R.

e C5°([0,T] x R), respectively C5°(R), denotes the space of infinitely many times differen-
tiable functions on [0, 7] x R, respectively R, with compact support.

e For a measurable space (5, G) equipped with a measure p, we denote by LP(S,G) or LP(S)
the Banach space of (equivalence classes of) functions on S integrable to some power p,
p=>1

e P (R) denotes the space of locally Lebesgue integrable functions to some power p, p > 1,

loc

ie. [, |f(z)[Pdr < oo for every open bounded subset U C R.
e W P(R) denotes the subspace of LP. (R) of weakly (Sobolev) differentiable functions such

loc loc

that the weak derivative f’ belongs to L} (R), p > 1.
e For a progressive process Y. we denote the Doléans-Dade exponential of the corresponding

Brownian integral (if well defined) by

£ (/Ot b(u,Yu)dBu> = exp (/Ot b(u,Y,)dB, — ;/Ot b2(u7Yu)du> , te0,7]. (1.9)

e For Z € L*(Q, Fr) we denote the Wiener-transform of Z in f € L?([0,T]) by

7¢ ( /O ' f(S)st>

e We will use the symbol < to denote less or equal than up to a positive real constant C' > 0
not depending on the parameters of interest, i.e. if we have two mathematical expressions
E1(0), E5(6) depending on some parameter of interest 6 then Fq(0) < E2(9) if, and only
if, there is a positive real number C' > 0 independent of 6 such that E;(6) < CE3(0).

W(Z)(f) = E

2. FRAMEWORK

Our main results centrally rely on tools from Malliavin calculus as well as integration with
respect to local time both in time and space. We here provide a concise introduction to the main
concepts in these two areas that will be employed in the following sections. For deeper information
on Malliavin calculus the reader is referred to i.e. [28] 2] 22 [T0]. As for theory on local time
integration for Brownian motion we refer to i.e. [12} 29].

2.1. Malliavin calculus. Denote by S the set of simple random variables F' € L?(£2) in the form

T T
F:f(/ hi(s)dBs, ..., hn(s)st>, hi,... hn € L*([0,T)), f € C°(R™).

0 0

The Malliavin derivative operator D acting on such simple random variables is the process DF =
{D;F,t € [0,T]} in L?(Q x [0,T]) defined by

n T T
D\F = Zaif </0 hl(s)st,...,/o hn(s)dBS> hi(t).

Define the following norm on S:
T
/ |D.F|?dt
0

We denote by D2 the closure of the family of simple random variables S with respect to the
norm given in (2.1)), and we will refer to this space as the space of Malliavin differentiable random
variables in L?(Q) with Malliavin derivative belonging to L2(£2).

1/2

HF||1,2 = HFHL2(Q) + ”DFHL?(Q;L?([O,T])) = E[|F|2]1/2 +E (2.1)
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In the derivation of the probabilistic representation for the Delta, the following chain rule for
the Malliavin derivative will be essential:

Lemma 2.1. Let ¢ : R™ — R be continuously differentiable with bounded partial derivatives.

Further, suppose that F = (Fy,..., Fy,) is a random vector whose components are in D2, Then
o(F) € D2 and

m

Dip(F) =Y 0ip(F)DiF;, P —a.s., tel0,T).

=1

The Malliavin derivative operator D : DY? — L?(Q x [0,7]) admits an adjoint operator § =
D* : Dom(8) — L?(Q) where the domain Dom(d) is characterised by all u € L?(Q x [0,T]) such

that for all F' € DY2 we have
T
FE / DtF U,tdt
0

where C' is some constant depending on w.
For a stochastic process u € Dom(§) (not necessarily adapted to {F;}:e0,77) We denote by

< C[[F|1,2,

T
o(u) ::/O ud By (2.2)

the action of § on u. The above expression (2.2) is known as the Skorokhod integral of u and
it is an anticipative stochastic integral. It turns out that all {F;};c[0,rj-adapted processes in
L?(Q2 x [0,T)) are in the domain of § and for such processes u; we have

T
(5(’(14) = / 'U/tdBt,
0

i.e.the Skorokhod and It6 integrals coincide. In this sense, the Skorokhod integral can be considered
to be an extension of the It6 integral to non-adapted integrands.

The dual relation between the Malliavin derivative and the Skorokhod integral implies the
following important formula:

Theorem 2.2 (Duality formula). Let F' € DY? and u € Dom(3). Then

T T
F/ ut(SBt / utDtht
0 0

The next result, which is due to [8] and central in proving existence of strong solutions in the
following, provides a compactness criterion for subsets of L?(2) based on Malliavin calculus.

E =E . (2.3)

Proposition 2.3. Let F,, € D2, n = 1,2..., be a given sequence of Malliavin differentiable
random variables. Assume that there exist constants o > 0 and C > 0 such that

sup E[|F,|?] < C,

sup E [|D,F,, — Dt/FnH <Clt—-t|*

for0<t <t<T, and
sup sup F [\DtFn|2] <C.
n 0<t<T

Then the sequence F,, n = 1,2..., is relatively compact in L?(Q).

We conclude this review on Malliavin calculus by stating a relation between the Malliavin de-
rivative and the first variation process of the solution of an SDE with smooth coefficients that
is essential in the derivation of Theorem [I.1l We give the result for the case when the volatil-
ity coefficient is equal to 1, but the analogue result is valid for more general smooth volatility
coefficients. Assume the drift coefficient b(t,z) in the SDE fulfils the Lipschitz and linear
growth conditions —. Then it is well known that there exists a unique strong solution
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X7, t €1]0,T], to equation (1.5 that is Malliavin differentiable, and that for all 0 < s < ¢ < T the
Malliavin derivative D X[ fulfils, see e.g. [28, Theorem 2.2.1]

t
DoXF =14 / Y (u, X¥)D, X" du, (2.4)
S

where b’ denotes the (weak) derivative of b with respect to x.

Further, under these assumptions the strong solution is also differentiable in its initial condition,
and the first variation process 2 X¥, t € [0, 77, fulfils (see e.g. [I8] for differentiable coefficients
and [2] for an extension to Lipschitz coefficients)

O xe 1y /t W (u, X2 X dy (2.5)
ax t 0 )y < ax u N .

Solving equations (2.4)) and (2.5)) thus yields the following proposition.

Proposition 2.4. Let XF, t € [0,T], be the unique strong solution to equation when b(t, x)
fulfils the Lipschitz and linear growth condition (1.7)-(L.8)). Then X7 is Malliavin differentiable
and differentiable in its initial condition for oll t € [0,T], and for all s <t < T we have

t
D, X} = exp{/ b'(u,X{f)du} (2.6)

and
8 t
%Xf = exp {/0 b’(u,Xff)du} . (2.7)
As a consequence,
0 0
— X! =D, X —X7, 2.8
ax t t ax s ( )

where all equalities hold P-a.s.

2.2. Integration with respect to local-time. Let now X* be a given (strong) solution to SDE
. In the sequel we need the concept of stochastic integration over the plane with respect to
the local time LX" (t,y) of X*. For Brownian motion, the local time integration theory in time
and space has been introduced in [I2]. We extend this local time integration theory to more
general diffusions of type by resorting to the Brownian setting under an equivalent measure
where X?” is a Brownian motion. To this end, we notice the following fact that is extensively used
throughout the paper.

Remark 2.5. The Radon-Nikodym density

dQ T N
p = £ <—/0 b(s,Xs)st>

defines a probability measure Q equivalent to P under which X* is Brownian motion starting in x.
Indeed, because b is of at most linear growth we obtain by Gronwall’s inequality as in the proof of
Lemma[A.1 a constant Cyn > 0 such that |X[| < Cyo(1+|B]). One can thus find a equidistant
partition 0 = tg < t1... < t,, =T such that

tit1 tit1
E [exp{/ b2(s7X§)dS}:| <FE [exp{/ (C’1+C’2|BS|—|—C'3|BS|2) ds} <oo}
t; t

i

foralli=0,....m—1, where C1, Cy and C3 are some positive constants. Then it is well-known, see
e.g. [16} Corollary 5.16], that Q is an equivalent probability measure under which X7 is Brownian
motion by Girsanov’s theorem.
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We now define the feasible integrands for the local time-space integral with respect to LX" (t,y)
by the Banach space (H?,||-||) of functions f : [0,7] x R — R with norm

_ g 1 ly — = v
IIfI;I;—2</O /sz(s,y)%exp (— 55 )dyds>

+/T/| 2| 1f(5,9)] —— e ( 'y_f”|2)d ds
- , xp [ ————— .
) & Yy Yy s p 95 Y

We remark that this space of integrands is the same as the one introduced in [12] for Brownian
motion (i.e. the special case when the X is a Brownian motion), except that we have in a straight
forward manner generalised the space in [I2] to the situation when the Brownian motion has
arbitrary initial value x.

We denote by fa :[0,7] x R — R a simple function in the form

fA(S)y) = Z fijl(yi,yi+1](y)l(Sj,Sj+1](s)7

1<i<n—1,1<j<m—1

where (s;)1<j<m is a partition of [0,T] and (y;)1<i<n and (fij)1<i<n,1<j<m are finite sequences
of real numbers. It is readily checked that the space of simple functions is dense in (%7, |-||). The
local time-space integral of an simple function fa with respect to LX" (dt, dy) is then defined by

T
| [ ratsnr® @s,ay) =
o Jr
= Z fij(Lxm($j+layi+l) - Lxm(sjayi—i-l) - Lxm(sj+17yi) + Lxm(sjvyi))~

1<i<n—1

1<j<m—1
Lemma 2.6. For f € H”* let f,,n > 1, be a sequence of simple functions converging to f in
H*. Then fOT fR fn(s,9)LX"(ds,dy), n > 1, converges in probability. Further, for any other
approximating sequence of simple functions the limit remains the same.

Proof. Define FX" := fOT Jg fn(s,2)L*" (ds,dx). Now consider the equivalent measure @ from

Remark ﬁ under which X® is Brownian motion. Define FX" := fOT Jg f(s,2)LX" (ds, dz) to be
the time-space integral of f with respect to the local time of Brownian motion X* under ), which
exists as an L' (Q)-limit of F,f(z,n > 1 by the Brownian local time integration theory introduced
in [12] (since f,,,n > 1 converge to f in H*). We show that FX" n > 1 converge in probability to
FX* under P. Indeed,

T
ELA|FX —FX'||=E (1 A|FB" — Ff’|) £ (/ b(s,B;”)st>
0

- T 14e7 1/(+e) 1teq 75
<Ele </ b(s,Bg)st> E [(MFB’ _F,?’|) : }
0
< C’EE[(l A|FB" — FB° \)] e "2, (2.9)

where, in analogy to the notation FX" and FX" above, the notation FZ" and F2" refers to the
corresponding integrals with respect to local time of Brownian motion B* under P, and where in
the first equality we have used that (FZ", FB") has the same law under P as (FX", FX") under
Q. The inequalities follow by Lemma for some £ > 0 suitably small. Further, by [12] we
know that F5" n > 1 converge to FP* in L'(P), which implies the convergence in . Hence
EX" 'n > 1 converge to FX" in the Ky-Fan metric d(X,Y) = E[1A |X = Y]], X,Y € L°(Q),
which characterises convergence in probability. Finally, again by [12], FX" is independent of the
approximating sequence f,,n > 1. O
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Definition 2.7. For f € H® the limit in Lemma 2. is called the time-space integral of f with
respect to LX" (dt,dx) and is denoted by fOT Jg f(s (5,y)LX" (ds,dy). Further, for any t € [0,T] we

define fo Jg f(s,y) LY (ds, dy) : fo Je F(8, )10, (8)LX" (ds, dy).

Remark 2.8. We notice that the drift coefficient b(t,x) in (1.6]), which is of linear growth in x
uniformly in t, is in H®, and thus the local time integral of b(t, x) with respect to L (dt, dy) exists
for any x € R.

If X7 is a Brownian motion B. we have the following decomposition due to [12] that we employ
in the construction of strong solutions, and that also constitutes the foundation in the construction
of the local time integral in [12].

Theorem 2.9. Let f € H°. Then

//fsy " (ds, dy) =
i _

/fSB dB + f( _5;§§)dWs_ f(T—S,gg) D ds,
Tt T—s

where ét = Bp_4,0 <t < T is time-reversed Brownian motion, and W., defined by

LA
~ B,
Bt:BT+Wt_/ .

OT

ds,

—s
is a Brownian motion with respect to the filtration of B..

We conclude this subsection by stating three further identities for the local time integral of a
general diffusions X which will be useful later on.

Lemma 2.10. Let f € H" be Lipschitz continuous in x. Then for all t € [0,T]

_/Ot/Rf(s,y)LXw(ds,dy):/Otf’(s,xg)ds. (2.11)

where f' denotes the (weak) derivative of f(t,y) with respect to y.
If f € H* is time homogeneous (i.e. f(t,y) = f(y) only depends on the space variable) and
locally square integrable, then for any t € [0,T]

//f 5, 2) L5 (ds, dz) = —[f(-, XY, X7],. (2.12)

and
- / / £(5,9)LX" (ds, dy) = 2F(XF) — 2F(x) — 2 / F(XT)dX? (2.13)
0 R 0

where F is a primitive function of f and [b(-, X*), X*], is the generalised covariation process

m

XY, X7i= Pt S (F00 Xi) — F X)) (X2 - X7,

where for every m {t}7, is a partition of [0,t] such that lim sup |t]' — ;" 1| = 0. Note that

mog=1

(2.13)) can be considered as a generalised Ité formula.

Proof. If X* = x + B, then identities - are given in [12]. For general X*  we consider
the identities under the equivalent measure @ from Remark Then, by the construction of the
local time integral outlined in Lemma [2.6] the integrals in the identities are the ones with respect
to Brownian motion X?, for which we know the identities hold by [I2] (where such identities are
given in the case x = 0 but one can easily extend them to the case of the Brownian motion starting
at an arbitrary = € R). O
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3. EXISTENCE, MALLIAVIN, AND SOBOLEV DIFFERENTIABILITY OF STRONG SOLUTIONS

In this section we prepare the necessary theoretical grounds to develop the probabilistic rep-
resentation of Deltas. Being notationally and technically rather heavy, the proofs of this section
are deferred to Appendix [A]for an improved flow and readability of the paper. We first study the
existence and Malliavin differentiability of a unique strong solution of SDE before we turn
to the differentiability of the strong solution in its initial condition and the corresponding first
variation process. We state the first main result of this section:

Theorem 3.1. Suppose that the drift coefficient b : [0,T] x R — R s in the form (@ Then
there erists a unique strong solution {X{ }iepo,1) to SDE . In addition, X7 is Malliavin
differentiable for every t € [0,T).

The proof of Theorem [3.1] employs several auxiliary results presented in Appendix [A] The main
steps are:

(1) First, we construct a weak solution X* to by means of Girsanov’s theorem, that is
we introduce a probability space (2, F, P) that carries some Brownian motion B and a
continuous process X? such that is fulfilled. However, a priori X* is not adapted to
the filtration {F;}.c[0,7) generated by Brownian motion B.

(2) Next, we approximate the drift coefficient b = b+ b by a sequence of functions (which
always exists by standard approximation results)

by :=b, +b, n>1, (3.1)

such that {b,}n>1 C C5°([0,T] x R) with sup,,~; [|bnllec < C < 00 and b, — b in (t,) €
[0,7] x R a.e. with respect to the Lebesgue measure. By standard results on SDE’s, we
know that for each smooth coefficient b,,, n > 1, there exists a unique strong solution X
to the SDE

dX;"" =b,(t, X" )dt +dBy, 0<t<T, X" ==z€R. (3.2)

We then show that for each ¢ € [0, 7] the sequence X,"* converges weakly to the conditional
expectation E[XF|F;] in the space L%(£); F;) of square integrable, Fi-measurable random
variables.

(3) By Proposition [2.4] we know that for each ¢ € [0, 7] the strong solutions X;"*, n > 1, are
Malliavin differentiable with

t
D X["" = exp {/ b;l(u,ij’I)du} , 0<s<t<T, n>1, (3.3)

where b, denotes the derivative of b, with respect to z. We will use representation
to employ a compactness criterion based on Malliavin calculus to show that for every
t € [0,T] the set of random variables {X;"*},>1 is relatively compact in L?(; F;), which
then allows to conclude that X;"® converges strongly in L?(Q; F;) to E[X7|F;]. Further
we obtain that E[X[|F;] is Malliavin differentiable as a consequence of the compactness
criterion.

(4) In the last step we show that E[X[|F;] = X7, which implies that X7 is Fi-measurable
and thus a strong solution. Moreover, we show that this solution is unique.

Notation: In the following we sometimes include the drift coefficient b into the sequence {b, }n>0
by putting by :=by +b:=b—+b=0b.

The next important result is an explicit representation of the Malliavin derivative of the strong
solution XF, ¢t € [0,T]. For smooth coefficients b we can explicitly express the Malliavin deriva-
tive in terms of the derivative of b as stated in . For general, not necessarily differentiable
coeflicients b, we are still able to give an explicit formula which now only involves the coefficient
b in a local time integral:
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Proposition 3.2. For0 < s <t <T, the Malliavin derivative D; X of the unique strong solution
X7 to equation has the following explicit representation:

D X? exp{/:/Rb(u,y)LXm(du,dy)} P-a.s., (3.4)

where LXw(du,dy) denotes integration in space and time with respect to the local time of X7, see

Section [2-3 for definitions.

Next, we turn our attention to the study of the strong solution X7 as a function in its initial
condition x for SDE’s with possible irregular drift coefficients. The first result establishes Holder
continuity jointly in time and space.

Proposition 3.3. Let X7, t € [0,T] be the unique strong solution to the SDE ([L.5)). Then for
all s,t € [0,T] and x,y € K for any arbitrary compact subset K C R there exists a constant
C = C(K,||b]loo, | loc) > 0 such that

E[IX7 = XYP] < O(t = s+ |z —y).

In particular, there exists a continuous version of the random field (t,xz) — XF with Hélder
continuous trajectories of order o < 1/2 int € [0,T] and o < 1 in x € R.

If the drift coefficient b is regular, then we know by Proposition[2.4]that X} is even differentiable
as a function in x. The first variation process S%X ? is then given by in terms of the derivative
of the drift coefficient and is closely related to the Malliavin derivative by (2.8). In the following
we will derive analogous results for irregular drift coefficients, where in general the first variation
process will now exist in the Sobolev derivative sense. Let U C R be an open and bounded subset.
The Sobolev space W2(U) is defined as the set of functions u : R — R, u € L*(U) such that its
weak derivative belongs to L?(U). We endow this space with the norm

lullr2 = lull2 + ull2

where u’ stands for the weak derivative of u € WH2(U). We say that the solution X7, t € [0, 7],
is Sobolev differentiable in U if for all t € [0,T], X; belongs to W12(U), P-a.s. Observe that in
general X; is not in W12(R), e.g. take b = 0.

Theorem 3.4. Let b: [0,7] x R — R be as in (1.6). Let X7 , t € [0,T] be the unique strong
solution to the SDE and U C R an open, bounded set. Then for every t € [0,T] we have

(x— XF) € L*(Q,Wh2(U)).

We remark that using analogue techniques as in [27] one could even establish that the strong
solution gives rise to a flow of Sobolev diffeomorphisms. This, however, is beyond the scope of
this paper.

Similarly as for the Malliavin derivative, we are able to give an explicit representation for
the first variation process in the Sobolev sense that does not involve the derivative of the drift
coefficient by employing local time integration.

Proposition 3.5. Let b : [0,T] Xx R — R be as in (@ Then the first variation process (in
the Sobolev sense) of the strong solution X[, t € [0,T] to SDE has the following explicit
representation

t
QXf = exp{—/ /b(u,y)LXx (du,dy)} dt®@ P — a.s. (3.5)
aﬁr 0 R

As a direct consequence of Proposition [3.5] together with Proposition 3.2 we obtain the following
relation between the Malliavin derivative and the first variation process, which is an extension of
Proposition [2.4] to irregular drift coefficients and which is a key result in deriving the desired
expression for the Delta.
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Corollary 3.6. Let XF, t € [0,T], be the unique strong solution to , Then the following
relationship between the spatial derivative and the Malliavin derivative of X[ holds:
0 0

— X =D, X7 —X? P—a.s. 3.6
o aer @ (3.6)
for any s,t € [0,T], s < t.

Remark 3.7. Note that by Lemma the Malliavin derivative in (3.4]) and the first variation
process in (3.5) can be expressed in various alternative ways. Firstly, we observe that by formula
the local time integral of the regular part b in b can be separated and rewritten in the form

/ / w,y) L (du, dy) = / / w,y) LY (du, dy) + /St V (u, X%)du a.s. (3.7)

If in addition b(t,-) is locally square integrable and continuous in t as a map from [0,T] to
L? (R) or even time-homogeneous, then by Lemma also the local time integral associated
to the irregular part b can be reformulated in terms of the generalised covariation process as in

(2.12) or in terms of the generalised Ité formula as in (2.13)), respectively. In particular, these
reformulations appear to be useful for simulation purposes.

We conclude this section by giving an extension of all the results seen so far to a class of SDE’s
with more general diffusion coefficients.

Theorem 3.8. Consider the time-homogeneous SDE
dXP =b(X7)dt+o(X{)dBy, Xg=2z€R, 0<t<T, (3.8)

where the coefficients b : R — R and 0 : R — R are Borel measurable. Require that there exists
a twice continuously differentiable bijection A : R — R with derivatives A’ and A" such that

N(y)o(y) =1 for a.e. y €R,
as well as
A~ is Lipschitz continuous.

Suppose that the function b, : R — R given by
1
be(x) := A (A_l(a:)) b(A™! (z)) + §A” (A_l(a:)) o(A™ (2))?
satisfies the conditions of Theorem[3.1l Then there exists a Malliavin differentiable strong solution

X% to (@ which is (locally) Sobolev differentiable in its initial condition.

Proof. The proof is obtained directly from Ité’s formula. See [25]. O

4. EXISTENCE AND DERIVATIVE-FREE REPRESENTATIONS OF THE DELTA

We now turn the attention to the study of option price sensitivities with respect to the initial
value of an underlying asset with irregular drift coeflicient. Notably, we will consider lookback
options with path-dependent (discounted) pay-off in the form

(X, ..., X5 ) (4.1)

for time points T1,..., T, € (0,T], some function ® : R™ — R, and where the evolution of the
underlying price process under the risk-neutral pricing measure is modelled by the strong solution
X? of SDE (1.5) with possibly irregular drift b as in . In particular, for m = 1 the pay-off
is associated to a European option with maturity 77. Then the current option price is given

by E [(I)(X%l, e ,X%m)] and the main objective of this section is to establish existence and a
derivative-free, probabilistic representation of the Delta
0

5B (B, XF,)] -
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After having analysed lookback options, we will also address the problem of computing Deltas of
Asian options with (discounted) path-dependent pay-off in the form

T>
o ( X du> (4.2)
T

for Ty, T5 € [0,T] and some function ® : R — R.

We start with a preliminary result which shows that in case of a smooth pay-off function with
compact support the Delta exists for a large class of path dependent options that includes both
lookback as well as Asian options.

Lemma 4.1. Let X, ¢t € [0,T], be the strong solution to SDE and {X;""},>1 the cor-
responding approzimating strong solutions of SDFE , Let @ € C§(R™) and consider the

functions
Unp () </ X707 (du) / X7 g (du), / X707 o (du) >] (4.3)
and
u(x) (/ X (du) / X7 pa(du), / X3 o (du) )] (4.4)
where i, ...,y are finite measures on [0,T] independent of x € R. Consider also the function
Zacp (/ X pa (du) / XZ pa(du), / X2 iy (dur) >/ aaxm(du)]

(4.5)
where 9 X7 is the first variation process of X* introduced in . Then

n—oo

up(z) —= u(z) for all z €R,

and

n(@) == ()

uniformly on compact subsets K C R, where u), denotes the derivative. As a result, we obtain that
u € CY(R) with u' = 4. In particular, we obtain the result for lookback options by taking j; = &,
the Dirac measure concentrated on t;, i = 1,...,m, and for Asian options by taking m = 1 and

w1 = du.

u

Proof. First of all, observe that the expression in is well-defined. This can be seen by using
Cauchy-Schwarz inequality, the fact that ® € C§°(R™), and Corollary
It is readily checked that u,(z) — u(z) for all x € R since ® is smooth by using the mean-value
theorem and the fact that X;"* — X¥ in L?(Q) as n — oo for every t € [0,T] (see Theorem [A.6)).
We introduce the following short-hand notation for the m-dimensional random vector associated

to a process Y:
T T T
- < RN A I R Yuum(du))
0 0 0

For the smooth coefficients b,, we have u,, € C*(R), n > 1, and since 9;® are bounded for all
i=1,...,m and by dominated convergence we have

Zacp X” /X“Mdu)].

Moreover, we can take integration with respect to p;(du), i = 1,...m, outside the expectation.

Thus
(T 0
= E|0:0 (h(X"5)) x| py(du).
n=3 [ a0 (7)) g2 e
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Hence

“ 0 0

() — ()] = 3 / X1)) 5o X0 = 00 ((X2p)) 5= X2 | paldu)
P N Ox Ox
= Z/ n,i U xz ,U/z du)
where F,, ;(u,x) denotes the expectation in the integral. We will show that for any i =1,...,m
and compact subset K C R,
sup | i (u, )| 22255 0.

(u,z)€[0,T]x K

Indeed, by plugging in expression (3.5)) for the first variation process and Girsanov’s theorem we

get
E{aicb (h(B*7)) eXp{—/Ou/Rbn(v,y)LBw(dv,dy)}E (/OT bn(u,Bff)dBu>

_ 0,0 (h(B)) exp {_ /Ou/Rb(v,y)LB” (dv7dy)} £ (/OT b(u,B;f)dBu> )]‘
E[&-CI) (h(B*p)) € </OT b(u, Bff)dBu>

x <exp{/Ou/Rbn(v,y)LBm(dv,dy)} exp{Auéb(”vy)LBx(d”’dy)}>]’
E{&&I) (h(B® exp{ / / (0,y) L7 (dv dy)}

X (5 (/T bn(u,BmBu) -£ (/wa’ Bff)dBu)) ]|
0 0

=1, +II,

[ i, )| <

<

Here, we will show estimates for I1,,, for I,, the argument is analogous. Similarly to how we obtain
the estimate II! + I'12 in the proof of Lemma using inequality |e® — 1| < |z|(e® + 1) we get

11, S | (h(BfT))||Un|exp{—/0u/Rbn(v,y (v dy} (/ by (1, BE)dB >}
+E[|6i<1> (h(B"7)) |Un|exp{—/0u/Rbn(v,y) (dv,dy)}é’ (/O b(u, u)d&)}

=II} + 112,
where

T T
- - 1
U, = / (b (1, B) — b(u, BY))dB, — 5/ (82 (u, BY) — b%(u, BY))du.
0 0
We will now show that II! — 0 as n — oo uniformly in # on a compact subset K C R. The
convergence of II2 then follows immediately, too. Denote p = < with ¢ > 0 from Lemma
and use Holder’s inequality with exponent 1 4 ¢ on the Doléans-Dade exponential, then employ
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formula 1) on b in b, = b, + b and use Cauchy-Schwarz inequality successively. As a result,
. e 1/ 04)
1I'<E ¢ (/ bn(u,ij)dBu> E[|0,® (h(B*)) | E[|U, |57/ )
0

_— ) 1/(4p) . 1/(59)
x B exp{—4p/ /bn(v,y)LB (dv,dy)} E {exp {Sp/ b’(v,Bf}”)de )
0o JR 0

The first and fourth factor are bounded uniformly in n > 0 and 2 € K by Remark [A2 and Lemma
respectively. The second and and fifth factor can be controlled since 9;®, i = 1,...,m and ¥/
are uniformly bounded. It remains to show that

n—oo

sup E[|Un|8p] —=0
zeK

for any compact subset K C R.
Using Minkowski’s inequality, Burkholder-Davis-Gundy’s inequality and Hoélder’s inequality we
can write

T T
BV S [ Bl B2) — b, B+ [ B0 B 00, B, (46
0 0
Then write the integrand of the first term in (4.6) as

1 - - -
e / b, ) — b, )|

~ ~ 2
Using Cauchy-Schwarz inequality on |by, (u, y) — b(u,y)|*’e 7+ we obtain
E[lby(u, By)=b(u, BY)[*] <

1 2 - - 16 y2 1/2 yz 12 2y 1/2
< e 2w bn(u,y) — b(u, Pe~2ud /eiE u d ) .
< e ([t~ bwn e Eay) ([ y

Then for each u € [0, T], by taking the supremum over x € K and by dominated convergence, we
get

(y—

z)?2
2u dy.

E[|I~)n(u, Bg) - B(u7 B$)|8p] =

sup Bl|bn(u, BY) = b(u, BY)|*] “== 0,
reEK

and hence the result follows. Similarly, one can argue for the second term in (4.6]).

In sum,
n—oo

sup |Fpi(u, )] —— 0
(u,z)€[0,t]x K
for all i = 1,...,m and hence u,(z) ~—= %(z) uniformly on compact sets K C R, and thus
u € CHR) with v/ = @. O

We come to the main result of this paper, which extends Theorem to lookback options
written on underlyings with irregular drift coefficients. In particular, when plugging in expression
for the first variation process, we see that the formula for the Delta in below involves
neither the derivative of the pay-off function ® nor the derivative of the drift coefficient b. We
obtain this result for pay-off functions ® € L% (R™), where

L9 (R™) 1= {f . R™ - R measurable : / 1 ()| w(a)de < oo} (@.7)

for the weight function w defined by w(z) := exp(—z5|z[?), € R™, and where the exponent ¢
depends on the drift b. Note that all pay-off functions of practical relevance are contained in these
spaces.

Theorem 4.2. Let X7 be the strong solution to SDE (1.5) and ® : R™ — R a function in
LiP(R™), where p > 1 is the conjugate of 1 + € for e > 0 in Lemma . Then, for any 0 <17 <
- < T, <T, the price

u(z) == E [®(XF,,..., X7, )]
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of the associated lookback option is continuously differentiable in x € R, and its derivative, i.e.
the Delta, takes the form

T
u'(x) = E | ®(XF,,... ,X%m)/ a(s)agX;” dBs (4.8)
0 X
for any bounded measurable function a : R — R such that, for everyi=1,...,m,

T;
/ a(s)ds = 1. (4.9)
0

Proof. Assume first ® € C§°(R™). Then by Lemma[4.1| with y; = 6, i = 1,...,m, we know that
u(x) = E [®(XF.,..., X} )] is continuously differentiable with derivative

s 0
u'(x) == ;E [&@(X%l,...,X%m)&EX%
Now, by Corollary we have for any i = 1,...,m
a xr xr 8 xr
%XTi = DSXTL,%XS for all s < T;. (4.10)
Also recall that Ds X7, = 0 for s > T;. So, for any function a : R — R satisfying (4.9) we have

%XT, = ; a(s)DSXTi%XS ds.

As a result,

u'(x) = ZE

i=1

T
0;®(X7,,....,XT ) /0 a(s)DSX%iinds]

0

T
_F V a(s)Ds@(X%l,...,X%m)ades] ,
O x

where in the last step we could use the chain rule for the Malliavin derivative backwards, see Lemma
since ®(X7,,..., X7, ) is Malliavin differentiable due to Theorem Then a(s)%Xﬁ is an

Fs-adapted Skorokhod integrable process by Corollary with p = 2, so the duality formula for
the Malliavin derivative (see Theorem yields

u(r)=F :

T 9
@(X%l,...,X%m)/o a(s)%X;”st

Finally, we extend the result to a pay-off function ® € L*(R™). By standard argu-
ments we can approximate ® by a sequence of functions ®, € C§°(R™), n >0, such that
®, — ® in LP(R™) as n — oo. Now define up(z) := E[®, (X7 ,..., X7 )] and u(x) =
E[®(XF,,..., X5 ) i a(s)Z X?dB,). Then

T
= x xr T X a xr
lul,(z) — u(z)| = |E [ (Pn(XF,, ..., XF ) — ®(XF,, ..., XF ) a(s)=—XZdB;
0 Ox
T T o T 2]1/2 g 9 |2 v
<E {|<I>H(XT1,...,XT"L) —®(XE,, ..., X5 ) } B[ lals) g, Xelds

1/2
<CFE

)

T
|(I’n(B;:IE117 e aB%m) - (I’(Bim“lv s 7B%n)|2€ (A b(u’a Bﬁ)dBu>

where we have used Cauchy-Schwarz inequality, Ito’s isometry, Corollary [A29] and Girsanov’s
theorem in this order. Then we apply Holder’s inequality with 1+ ¢ for a small enough € > 0 and
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use Lemma [AT] to get

|up, () — ()| <

. 1+e] 20+
21te7 2(i+9) T
<CE [|<I>n(B%1,...,B%m)—tI)(B%l,...,B:”ﬁm)| . } E 5( b(u,ij)dBu>
0

< CE||®u(Bf,...., B}, ) ~ ®(Bf,,..., B, )|

For the last quantity, denote by Pt( ) : \/Le’yz/(m, y € R the density of By, and set Ty := 0

2mt

and yo := z. Recall that 0 < Ty < -.- < T,,. Using the independent increments of the Brownian
motion we rewrite

T xT xT xT 211»5
|®.(Bf,,...,Bf, ) — ®(Bf,,..., Bt )| ]

14e
=/ D0 (Y1, Um) — Py, -, ym) [P = HPT 1 1 (Yi — Yi—1)dy1 -+ dym,
" i=1

Furthermore, with ¢* := min;—1 . m—1(tiy1 — ;)

1+e
|®n(Bf,,...,Bf, ) — ®(Bf,,..., B}, )y 1

y2

m
*\ — 14¢ J— ,,1.
< (2nt") ’"/2/ @ (1,2 Ym) = @1,y [P [J e D
" i=1

2 2
Yi¥i—1 Yi—1

v;
x e HT;=T;— 1)+T —T;_1 2<Ti7Ti*1)dy1"'dym.

By applying Cauchy-Schwarz inequality we obtain

xT x x xT 21_:5
|®.(B%,,...,BY, ) — ®(Bf,,...,Bf, )| ]

1/2
w\—m 1+4e ly|?
S (27Tt ) /2 (/ |q>n(yl7aym) _¢(y17'-'7ym)|4 < e gT dyl dym>

1/2
+2yby’t 1 yl 1
([ fjreri e )
= II

For the second factor we have

m 1/2
a2 _yg T 7(yi—yi,1)2
II<e™ T e 2 T He 2T dy1dym

M)

and hence

sup Il < oo.
zeK

Thus, since factor I,, converges to 0 by assumption, we can approximate u uniformly in x € R on
compact sets by smooth pay-off functions. So u € C*(R) and v’ = 4. O

Next, we consider Asian options with pay-off given by (4.2)). If 77 > 0 we are able to give the
analogous result to Theorem by approximating the Asian pay-off with lookback pay-offs:

Corollary 4.3. Let X be the strong solution to SDE (L.5)) and ® : R — R a function in Lép(R)
where w is defined in (4.15) further below and where p > 1 is the conjugate of 1 + ¢ for e > 0 in
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Lemma . Then for any Ty, To € (0,T] with Ty < T3, the price

T
o Xedu
T

of the associated Asian option is continuously differentiable in x € R, and its derivative, i.e. the

Delta, takes the form
T> T: a
i) / XZds / a(s)=—X5dB,
T ’ 0 81‘

for any bounded measurable function a : R — R such that

T
/ a(s)ds = 1. (4.12)
0

u(z) =F

u(z)=F (4.11)

Proof. Assume first that ® € C*(R), and consider a series of partitions of [T}, T3] with vanishing
mesh, ie. let {T7 =5’ <" <... <ty =T} with limy, oo sup;—; _,, (t7* —ti* ) = 0. Then
we may write the integral using Riemann sums as follows

T
x — 1 T gm _ gm
A Xids = lim > XE ().
1 i=1,....,m
Then
T> ~
i A Xids| = lim & .,12 Xin(t7 —72y) | =0 Hm @ (X, .o, Xi).
By Theorem [£.2] we have
. T 0
/ _ s x x x
u'(x) fmlgnooE (I)m(th"""’Xti%)/o am(s)%Xsst
where a,, is a bounded measurable function such that f(f’m am(s)ds = 1 for each i = 1,...,m.
Then
. T 0
/ _ s x x x
u'(x) —nlgnooE <I>m(Xt1n,...,Xtm’)/0 am(s)%Xsst

=B

i

T> Ty 8
o XZds / a(s)=—X7dBs
T 0 81‘

where a is a function such that fOTl a(s)ds = 1.
For a general pay-off ®, we approximate ® in LIP(R) by a sequence of functions {®,},>0 C

CH(R) and define u(z) == E[®([;* X7ds)] and u(x) = E {cp( o Xffds) o a(s)%xgd&]
Consider uy,(z) = E[®,( quz X?ds)]. Finally, similarly as in Theorem [4.2| one has u,(x) — u(z)

as n — oo for all x € R and
Ts T> ) 1/p
@, / Blds | — @ / Bids | |7,
T1 Tl

which goes to zero uniformly in € K on compact sets K C R as n — oo by using the fact that
3 3

TT12 BZds has a Gaussian distribution with mean z(T, — T}) and variance 2 ng —(Ty — T))T?

which explains the weight w. O

Remark 4.4. From the proof of Corollary it follows that the Delta (4.11)) of an Asian option
can be approximated by the Delta

m Ts
¢<Zx; (ti—ti1)>/0 a(s)%deBs
=1

up () — u(2)| S B

E (4.13)
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of a lookback option for a fine enough partition Ty = tg <ty < --- < t,, = To, where f(f a(s)ds =1
for each i = 1,...,m.. From a numerical point of view, this might make a difference since the
function a in can be chosen to have support on the full segment [0, Ts], while in the
function a can only have support on [0,T4].

If the averaging period of the Asian option starts today, i.e. T; = 0, then formula
does not hold anymore. Instead, one can derive alternative closed-form expressions for the Asian
delta for smooth diffusion coefficients, see e.g. [I5] and [3], which potentially can be generalised
to irregular drift coefficients. However, except for linear coefficients (Black & Scholes model),
these expressions involve stochastic integrals in the Skorokhod sense which are, in general, hard
to simulate. Instead, we here propose to enlarge the state space by one dimension and to consider
a perturbed Asian pay-off. In that case we are able to derive a probabilistic representation for
the corresponding Delta that only includes It6 integrals. More precisely, we consider the (strong)
solution to the perturbed two-dimensional SDE

AXF = b(t, XP)dt + dBy, X§ =z €R,

Ay, "V = XPdt + edW, ) Y3™Y =y eR, 0<t<T, (4.14)

for € > 0, where W is a one-dimensional Brownian motion independent of B. The idea is now
to consider the perturbed Asian pay-off with averaging period [0,T»], T» € (0,7] as a European
pay-off on Y%

Ty T>
d < ngs) ~ (YY) =@ ( XZ%ds + eWT2> .
0 0

We then get the following result, where we now consider the slightly differently weighted pay-off
function space

LI(R):= {f : R — R measurable: / |f (z)|%0(x)dz < oo}
R

for the weight function @ defined by
w(x) = ex —L reR (4.15)
—P\ a2z ) ‘ ‘

Theorem 4.5. Let Y. be the second component of the strong solution to [&14) and ® € L (R),
where p > 1 is the conjugate of 14+¢ fore > 0 in Lemma . For a given maturity time Ty € (0,7
and 0 < € < 1, the price

uc(w) = E[@(Y5"")]
of the associated perturbed Asian option is continuously differentiable in x € R, and its derivative,
i.e. the Delta, takes the form

20 T a . T s a
(Y™ /Oa(s)%Xsst+e /Oa(s)/o %Xudu aws |1, (4.16)

where a : [0,T] — R is a bounded measurable function such that fOT a(s)ds = 1.

u(z)=FE

Proof. The proof is a straight forward generalization of the proof of Theorem to the (partic-
ularly simple) two-dimensional extension of the underlying SDE. Therefore, we here only
give the main steps.

First observe that the strong solution (XF,Y,""Y) is clearly differentiable in y, and by Theo-
rem [3.4] also (weakly) differentiable in x, and we get

z 0 vz
Da:y( )e(éy) = ( thXt 0)7
Y, O Xedu 1

for all ¢t € [0,T], where D, , denotes the derivative.
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Assume first ® € C5°(R). Then it follows from Lemma [4.1| that E[®(Y;"")] is continuously

differentiable in (z,y) with
0 " Xz,
(v0grm) 2o (Vi)

where * indicates the transposition of a matrix.

On the other hand, if we denote by D the Malliavin derivative in the direction of (B, W), it
follows by means of the estimate in and Corollary [3.6|that Y;*¥ is Malliavin differentiable
and that for 0 < s <T

-1
Xz \ (1 0 X\ Xz
B ()6 pal) pa()

dx ® ds ® P—a.e. Then, using (4.17)), the chain rule from Lemma [2.1| and the duality relation for
the Malliavin derivative, we see that

0 * T X% 10 -1 X;E
(worgen) [ o2 (o) (0 ) 2o (5750 2

)

Dy y EIO(YE™)] = E

Dy y E[@(YE"™)] = E

T *
1 o Xz B
— €,2,Y s s
=70 )/0 a(s)(<0 61> Da (Y”>) d(Ws>
Thus
2E[<1>(Y67””’y)]—157 d(Y™Y) /T ()QX%B + —1/ / 5 Xudu AW
8.T T2 o T2 0 s a:r s s ¢ Y

for all x,y,e > 0.

For general ® € L (R) one pursues an approximation argument analogously to the one in the
proof of Theorem where we now use the Gaussian distribution of fOT2 B?ds+ eWr, with mean
Ty and variance Ty /3 + €Ty, which explains the weight for0 <e<1. O

Finally, we address the question whether both (4.11)) for 77 — 0 as well as (4.16)) for ¢ — 0 are
indeed approximations for the Delta of the Asian option with averaging period starting in 0. We
here give an affirmative answer for a class of pay-off functions ® in spaces of the type

WaR) = { e Wit®) [ I@lateds + [ 1@l < oo

for some g > 1, where f’ denotes the weak derivative of f and the weight function w is defined in
- See [? for more information on weighted Sobolev spaces.

Theorem 4.6. Let X* be the strong solution to SDE and ® € WU%AP(IR), where p > 1 is the
conjugate of 1+ ¢ for e > 0 in Lemma[A.dl Further, require that the points of discontinuity of the
distributional derivative ® are contained in a Lebesgue null set and that the following conditions
are satisfied

/ /]Ril% |®(y) — (y — €2)|* @ (y) Pr(z)dydz < o (4.18)
and
/ /R sup 1D/ (y) — @' (y — e2)| ™ @(y) Pr(z)dydz < oo, (4.19)

where P;(z) = 2= exp(—4;2%), t > 0, z € R is the Gaussian kernel. Then

V2nt
Ts
o XZds
0

u(z) :=F
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is continuously differentiable in x € R, and

T 6 T s (9
(@) = lim B | (V) ( /O a(s) - XdB, + 7! /0 a(s) /O - Xdu dWsﬂ, (4.20)
as well as
u'(z) = lim E cp( b X””du) / " a(U)iX””dBu : (4.21)
T, —0 Ty “ 0 81‘ “

Proof. By Theorem we have that u. € C*(R) for all € > 0. Hence,

0 e,x,0 ’ e,x,0 0 e,x,0

S ER(E ] = B @ (i) v

for all € > 0, dz-a.e. Let J C R be a compact set. Then, using the same line of reasoning just as
in the proof of Theorem using Cauchy-Schwarz inequality, Girsanov’s theorem, and Lemma

[A1] we find the estimates

0 €,x,0 0 0,z,0 4 4 i 1/ )
sup o Bl@(viy™)] - 5B <€ (| [ |0/0) - @'ty - awa)| " atw)dy
zeJ 833 8l' R
and

sup | BI®(Y;"")] - E[o(v0)| < K (E VR |B(y) — By — Wi, w(y)dy] > -

for constants C', K depending only on 75, J, p (and not on €).
Finally, using dominated convergence in connection with (4.18]) and (4.19)), the proof follows.

To prove (4.21)) define up, (z) := E[D( TTf XZdu)]. Since ® € L (R), we have by Corollary
that up, € C1(R) for every T} > 0. Moreover, since ® € W2*(R) we have

w

Ts Ts 8
o' Xdu / 2 Xdu .
T T a Ha

Consequently, for every compact J C R we have

ur, () =FE

0 T2 0 T2
sup |—F |® Xidu|| —=—E |2 Xidu
zeJ ox T ox 0
To Ts T 6
<sup|E || P XZdu | — @' XTdu —X¥du
zeJ T 0 T Ox
Ty oy
+sup |E |9 XTdu —X¥du
xzeJ 0 0 or
=:A; + Ay

where A; and Ay denote the respective summands. It is clear that A goes to 0 uniformly in x
on J as T1 — 0. To show the corresponding convergence for A;, similar computations as in the
beginning of the proof, using Cauchy-Schwarz inequality, Girsanov’s theorem, Lemma and
that @' € Lijp (R), give for some constant C. > 0

. 1 1/49)
ol Bidu
0

Hence (4.21) follows. O

Example 4.7. We conclude this section by verifying the conditions in Theorem[{.6 for a pay-off
function that is used in the next section. Consider the function ® : R — [0, 00) given by

®(y) = exp(—y)(Cexp(y) — K)+,

22

< Ce||(b/||L4GP(R)/R€7de 520,

Ay =C.supFE
xzeJ

0.
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where C';, K > 0 are constants and (x)+ := max(xz,0) for x € R. We immediately see that
® € WEP(R) N L2 (R) and that

® (y) = — exp(=y)(Cexp(y) = K)+ + Cliog(/0),00)(9) d — ae.
On the other hand we have that

#(0) - @'y —ex)| " < a0 )" +sup @y - ez

< M((2C + K exp(|y]))*™ + (2C + K exp(ly| + |2]))").
So condition 1s fulfilled. In the same way one verifies condition . Hence ® satisfies

the assumptions of the previous theorem.

‘4p

sup
e>0

5. EXAMPLES AND SIMULATIONS

We complete this paper by applying the results from Section [] to the computation of the
Deltas in the regime-switching examples mentioned in the Introduction. More complex examples
of state-dependent drift coefficients (see e.g. [9]) can be treated following the same principles. To
implement the methodology, we first employ Remark [3.7]and observe that all drift coefficients from
the regime switching examples in the Introduction can be written in the form b(t, ) = b(z) + b()
as in such that identity (2.11) holds for b(z) and identity holds for b(z). We thus get
the followmg rewriting of the first variation process :

aixgc = exp {2B(Xf) ~23(x) - 2 /0 ey dxe + /0 t 6’(Xff)du} , (5.1)

where B 0)+ fo ) dy is a primitive of b( ). This form is convenient for simulation purposes.

5.1. Black & Scholes model with regime-switching dividend yield. Consider an extended
Black & Scholes model where the stock pays a dividend yield that switches to a higher level when
the stock value passes a certain threshold R € R, . That is, under the risk-neutral measure the
stock price S is given by the SDE

t t
S50 = 5o + / B(S50) S0 du + / 7S2dB, ,
0 0

where o > 0 is constant and the drift coefficient b : R — R is given by
b(z) := —Xll(foo’ﬁ)(ac) - Xgl[ﬁ’m)(l‘>,
for dividend yields A\;, Ay € R,.. We are interested in computing the Delta of a European option
written on the stock with given pay-off function ® : R — R and maturity 7"
0
ST
5 BIB(S7)].
In order to fit the computation of the Delta in our framework, we rewrite the stock price with the

help of Ito’s formula as

In(sq)/o
S0 __ O'X
Sy =e?r ,

where X} is the solution of the SDE
t
Xy =x+/ b(X7)du + By, (5.2)
0

with -
b(x) := —M1(—oo,r) (%) — A2l [R,00) (T) — 5

and A\ := X—l, Ao = &, R := 2B We see that SDE (5.2) is in the required form (1.5) with

b(t,z) = —(\g — A1)1[R,00)(2) and b(t,x) = =\ — 2. With ® := ® o expoo- we thus get by the
chain rule

0 =/ aso 0 n(so) /o 1 0
9 ER(SE)] = 5 - Bo(Xp ™) = — - S BIO(XF)] |, -
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If ® € L (R) we know by Theorem that the Delta exists, and we can compute %E[(ID(X%)]
by (4.8]) to obtain

2 pla(sy)) - B

T
B(S50) / @ﬂxgn(%)/ ?dB, (5.3)
0s0 0

So0 Ox

for any bounded measurable function a : R — R such that fOT a(s)ds = 1, and where %X;” is
given by (5.1) with b’ = 0 and

We now consider the Delta for a call option, i.e. ®(z):= (r — K),, and for a digital option, i.e.
®(z) := 1y;>ky, for some strike price K > 0. It is easily seen that in both cases ® € LiP(R).
To compute by Monte Carlo, X¥ is approximated by an Euler scheme (see [30], Theorem
3.1 on the Euler scheme approximation for coefficients b which are non-Lipschitz due to a set of
discontinuity points with Lebesgue measure zero). As in [I5] we compare the performance of
to the approximation of the Delta by a finite difference scheme combined with Monte Carlo:

9 g5 ~ Z2EET) = BOSFTI]
O 2e

(5.4)

for e sufficiently small. We set the parameters T = 1, so = 100, A\; = 0.05, A\, = 0.15, R = 108,
o =0.1 and K = 94. Our findings are analogue to the ones in [I5]: for the continuous call option
pay-off function the approximation seems to be more efficient (see Figure [1)), whereas for
the discontinuous pay-off function of a digital option, the approximation via the Malliavin
weight exhibits considerably better convergence (see Figure .

043 T T T
04z
=
[iF)
[=]
- 041 -
2
©
£
5 04 _
£
<t — Delta with finite difference method
O'ng — Delta via Malliavin weight B
0.38 | 1 | | | | 1 | 1
o] 1 2 3 4 5 8 7 3 9 10
Number of simulations st

FIGURE 1. Delta of a European Call Option Black & Scholes model with regime-
switching dividend yield.
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FIGURE 2. Delta of a European Digital Option under the Black & Scholes model
with regime-switching dividend yield.

5.2. Electricity spot price model with regime-switching mean-reversion rate. Typically,
electricity spot prices exhibit a mean-reverting behaviour with at least two different regimes of
mean-reversion: a spike regime with very strong mean-reversion on exceptionally high price levels
and a base regime with moderate mean-reversion on regular price levels. These features can be
captured by modelling the electricity spot price S (under a risk-neutral pricing measure) by an
extended Ornstein-Uhlenbeck process with regime-switching mean-reversion rate:

t
S50 = 5o+ / B(SE)du + o B, (5.5)
0
where the drift coefficient is given by
b(z) := —Xla:l(fooﬁ)(x) - )\72331@00) (x) (5.6)

for mean reversion rates A\;, \» € R, a given spike price threshold R € R, and ¢ > 0. In order
to guarantee positive prices, one could alternatively model the log-price by , or one could
introduce another regime with high mean-reversion as soon as the price falls below zero (we recall
that short periods of negative electricity prices have been observed).
Since electricity is a flow commodity, derivatives on spot electricity are written on the average
price of the delivery of 1 kWh over a future period [T1,7T3], i.e. the underlying is of the type
;;2 S;° dt for Ty > 0. The most liquidly traded electricity derivatives are futures and forwards. In
that case the pay-off is linear and the computation of the Delta can be reduced to the computation
of the Deltas of European type options:

9
880

1 T
T, =11 Jp,

T>
- 9 Eisoar.

Spodt| = ——
¢ T2_T1 T (980

For derivatives with non-linear pay-off ®, the Delta

Ts
9 g lo ( / S50 dt)]
T
is of Asian type.

—F
880

Again, in order to fit the computation of the Delta in our framework we rewrite the stock price

with the help of It6’s formula as

S0 = o X;/7,
where X% is the solution of the SDE

t
X7 =gt / b(XT)du + By, (5.7)
0

with
b(x) :== — (M1(Coo,r) (@) + A21[R,00) (@) T, (5.8)
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0 01 0z 083 04 05 06 07 08 09 1
FIGURE 3. Three versions of the functions for a(s) from Remark

where R = R/o. We see that the SDE (5.7) is in the required form (T.5) with b(z) =
— (A2 = A1) R1jp oc)(z) and b(z) = b(x) — b(z). As in the previous example, by the chain rule

we get that
9 T O Nz ™ oo 1o |-(//"
—F|® Sodt || = =—F | X0%dt || = ——FE |® X[dt 5.9
880 ( T t >] aso ( T ¢ g 3:5 T ¢ 0 ( )

r=-2
2

with @ := ®o-0. Note that in this example the first variation process B%X 7 is given by (5.1) with

Blz) = /O "By dy = — (Ao — A1) Re — R)Line) ()
and

t t t
/ B (u, XT)du = — Ay / Loy (XE)du — Ao / 1.0y (X2)du.
0 0 0

We compare the performance of the formula for the Asian Delta in Corollary with the
approximation presented in Remark [£.4] and with a finite difference approximation analogous to
when @ is a call option pay-off and a digital option pay-off, respectively. Obviously, in both
cases the pay-off in terms of X7* fulfils the assumptions in Theorem @ In the approximation
presented in Remark an optimal (in the sense that it minimises the variance of the Malliavin
weight) choice for a(s) could improve the convergence rate of the method. In the simulations we
compared the following possible choices for a(s):

1 .
a(s)': i if 0<s<ty
1 . .
0 if t1<s<Ty

& if 0<s<ty
as(s) =4 k if ;,‘z:Tfl'Qm =0 mod2 and t; <s<Thy
—k if | ZE2m|{=1 mod2 andt; <s<Th
1 if 0<s<t;
as(S)::{tlsTl P [ g
To—T1 2 To—T1 2 2 1 >~ 12

see Figure[3] However, the different choices of function a above did not produce relevant differences
in the results. Note, that implementing the approximation from Remark with function ay(s)
is essentially the same as the implementing the Delta from Corollary We thus only compare
the Delta from Corollary [£.3] with a finite difference scheme for parameters: Ty = 0.4, T = 1,
59 =100, \; = 0.2, A\ = 0.4, R =101, 0 = 5 and K = 87. We remark that if 7} approaches zero,
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FIGURE 4. Delta of an Asian Call Option under the Electricity spot price model
with regime-switching mean-reversion rate.
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FIGURE 5. Delta of an Asian Digital Option under the Electricity spot price
model with regime-switching mean-reversion rate.

the variance of the Malliavin weight increases, and thereby the Monte Carlo method becomes less
effective. As for the European option in Subsection also for these Asian type options the finite
difference method seems to be more efficient for the continuous call option pay-off, see Figure [4]
whereas for the digital option pay-off, the approximation through the Malliavin weight provides
better convergence, see Figure [f]

5.3. Generalised Black & Scholes model with regime-switching short rate. Consider a
generalised Black & Scholes model where under the risk-neutral measure the stock price S*° is
given by

t t
S50 = g + / 770 550 du, + / 0S50dB, (5.10)
0 0

and the stochastic short rate r° is given by an extended Vasi¢ek model where the mean-reversion
level switches between a high interest rate regime and a low interest rate regime when the short
rate passes a certain threshold R € R:

t
% =10 +/ b(r;®)du + By, (5.11)
0

where B} = pét + /1 — p?B; and the drift coeflicient is given by

b(z) = =Mz —m1l(_ r)(T) — M2l[g o0) (7)) (5.12)
for a mean-reversion rate A € R, and mean-reversion levels mi,ms € R, and where Bis a
Brownian motion independent of B, i.e. we allow for a correlation coefficient 0 < /1 — p2 <

1 with the stock price. Note that we set the volatility coefficient in (5.11)) equal to one for
notational simplicity. We see that the drift of the SDE (5.11)) is in the required form (1.5 with
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b(z) = —\(my —my) 1R, o) (7) and b(z) = = (z — my). Further, we mention that the SDE
has a Malliavin differentiable unique strong solution with respect to the filtration F;,0 <t < T,
generated by the Brownian motions B. and B.. Moreover, there exists an 2* with probability
mass 1 such that for all w € Q* and 0 < ¢t < T : (z — r*(t,w)) € ﬁp>0VVllof( ). The proofs of
these properties are essentially the same as in Section [3] For example, Girsanov’s theorem in the
previous proofs is applied to the Brownian motion B} := th +/1—-p2B;,0<t<T.

Now consider the price of a European option with pay-off function <I> written on the stock at
maturity 7"

o O |
In this example we are interested in computing the generalised Rho
aiE {e’ Jo rivdsg (s elo T dSJ“’BT**UQT)} , (5.13)
To

that is, the sensitivity of the option with respect to the initial value ¢ of the short rate (i.e. a
sensitivity with respect to movements of the short end of the yield curve). We see that (5.13)
has the form of a Delta with respect to an Asian pay-off in the short rate r”° which, however,
additionally depends on the factor Brp.

Although the extension of the results in Section [4] is straight forward to this simple two-
dimensional setting, we can still remain in the one-dimensional setting from Section [4] by con-

sidering the Malliavin derivative D only with respect to Brownian motion B. and by applying
relation (3.6]) from Corollary E in the form

0
8’[”0

We here intend to analyse the performance of the approximation (4.20) from Theorem for
an Asian Delta. Under the corresponding assumptions from Theorem [£.6] for the pay-off function

_ T T T )
P / ri°dt, By | :==exp — / rrodt » ® [ soexp / rodt + o Br — 5O_2T 7
0 0 0

and by following the argument in the proof of Theorem we then obtain that the function

B T
P (/ T:Odt,BT>
0

is continuously differentiable in ro € R, and that

T
o (/ riods +n_1WT,BT>
0
Ta(s) 0 TO o
(/0 ; 57‘0 dB —|—n/ </ 3—ror du) dW (5.15)

where a : R — R is as in Theorem. Note that in this example the first variation process air

is given by (5.1] . with

Blz) = / "By) dy = <A (my —mo) (& — B) Lo (@)

t
/ b (u, X%)du = —\t.
0

We compare the performance of the approximation of the generalised Rho %u presented in
with a finite difference approximation analogous to when @ is a call option pay-off,
see Figure [(] The parameters are T =1, s =2, 0 =0.1, A =03, m; = 0.5, my =12, R=14
and K = exp(0.4) and we choose a(s) = 1/T. Note that for a call option pay-off ® we know
from Example [£.7] that the assumptions in Theorem [£.6] are fulfilled. Further, we also compute

0
Ty = D ST 0 — 87“0 ri0 for all s <t. (5.14)

u(rg) == F

3} .
a—rou(ro) = nll)rr;o E

and
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the Delta of a digital pay-off, see Figure 7] even though the conditions of Theorem are not
satisfied. Our conjecture is that the result of Theorem also holds for discontinuous pay-offs, and

the simulation reinforces that. As n from Theorem {4.6| increases ® ( fOT 7o (s)ds +n "W, BT)

becomes a better approximation of ® ( fOT r’o(s)ds, BT) but at the same time the variance of the
Malliavin weight increases, thus, the convergence of the Monte Carlo simulation becomes slower.
The experience of several simulations is that n ~ 20 gives the best balance between these two
opposite impacts. However, we can see that in both cases the finite difference method seems
considerably more efficient.
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FIGURE 6. Approximation: Generalised Rho of a European Call Option under
the Generalised Black & Scholes model with regime-switching short rate.
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FIGURE 7. Approximation: Generalised Rho of a European Digital Option under
the Generalised Black & Scholes model with regime-switching short rate.

APPENDIX A. PROOFS OF RESULTS IN SECTION [3]

In this appendix we recollect the proofs of the results in Section

A.1. Some auxiliary results. We start by giving some auxiliary technical lemmata which pro-
vide relevant estimates that will be progressively used throughout some proofs in the sequel.

Lemma A.1. Letb: [0,T]xR — R be a function of at most linear growth, i.e. |b(t,z)| < C(1+]|z|)
for some C >0, all x € R and t € [0,T]. Then for any compact subset K C R there exists an
€ > 0 such that

T 14¢
sup E € (/ b(u,Bi)dBu> < 00 (A1)
0

rzeK

where BY =z + DB;.
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Proof. Indeed, write

1+e

E|€ (/T b(u,Bg)dBu> —E

4 1 r 2 T
exp{/o (14 ¢e)b(u, BY)dBy, — 5/0 (I1+¢e)b (u7Bu)du}]

T T
exp{/ (1+¢)b(u, BX)dB,, — %/ (1+¢)*b*(u, BX)du
0

0

1 T
+ 3 / e(1 +e)b*(u, BY)du
0

1 r 2 £,x
exp{2/0 e(1 + £)b?(u, X° )duH

where in the last step X% denotes a weak solution of the SDE

=F

X7 = (14 )b(t, X *)dt +dBy, ¢ €[0,T]
X5t =u,

which is obtained from Girsanov’s theorem in the same way as in the first step of Subsection [A72]
in equation (A.8). Observe that, since b has at most linear growth, we have

t
[ XPf < |zl + C(1+e) / (1+ [X57])du + | By
0
for every ¢ € [0,T]. Then Gronwall’s inequality gives

[ XE7] < (2] + O+ )T + |By) eCUHT, (A.2)

and due to the sublinearity of b and the estimate (A.2)) we can find a constant C. r depending
only on €, T such that lim.\ o Cc 7 < 0o and

[b(u, X5 )| < Cer (1 + || + | By

As a result,

E[exp {s(1+a) /OT b2(u, Xﬁ’w)du}} <E

exp {5(1 +e)C2 /T (1+ |z + |Bu)? duH
0

T T
exp{zcs,T(H |m|)/ |Bu|du+cs,T/ Bu|2duH
0 0

where C~'€7T =e(1+ 5)C€2’T > 0 is a constant such that lim.\ o C~'€7T = 0. Clearly, from the above
expression we can see that for every compact set K C R we can choose € > 0 small enough such
that

< eCerT(+12)? B

sup E[exp {5(1 +¢€) /OT bz(u,vaf)du}} < 0.

rzeK
O
Remark A.2. From Lemma it follows immediately that if the approximating functions b,
n >1 are as in then for any compact subset K C R, one can find an € > 0 such that

T 1+
supsup £ € (/ b (u, Bﬁ)dBu> < 00, (A.3)
0

rzeK n>0

where we recall that by := b.
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Lemma A.3. Let f:[0,T] xR — R be a bounded measurable function. Then for every t € [0,T],
A € R and compact subset K C R we have

sup B {exp{/\ /O t /]R f(s,y)LB”(ds,dy)H <0 (A4)

zeK

where LB" (ds,dy) denotes integration with respect to local-time of the Brownian motion BF :=
B+ in both time and space, see Section[3 or [12] for more information on local-time integration.

Proof. By virtue of decomposition (2.10]) from the Section [2| and Cauchy-Schwarz inequality twice
we have

E [exp{/\/Ot/Rf(s,y)LBz(ds,dy)H <E {exp{—ZA/Otf(s,Bg)st}r/g

. 1/4
x E |exp {4)\ f(T —s, B%S)dWS}l
T—t
- B, 1/4
x E |exp < —4\ f(T —s,Bf_)—=—ds
T—t T—s
=T1-IT-1II.

where W, := fot E;T:; ds+ Br_; — Bt is a Brownian motion with respect to the filtration generated

by B.. For factor I, Holder’s inequality gives

E[exp{ — 2\ /Otf(&Bf)dBSH <
<F [5 (/Ot(—4/\f(s,Bf))st>} 1/2E [exp {/Ot(S)\QfQ(s,BZF))dsH v
=& [ow{ [(@27 6. B0} "

E
C,

IN

where C' > 0 is independent of z since f is bounded. Analogously, we obtain a bound for I1.

Finally, 111 follows from
T
exp{k/ |Bs|ds}] < 00 (A.5)
0 S

for any k € R, see Lemma below. O

E

Lemma A.4. Let B be a one-dimensional Brownian motion on [0,T]. Then for any integer p > 1
and 0 < e < 1/(4p)

"Bl I
E = d
A u1+£ u

] < 00. (A.6)
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Proof. Indeed,

T 14e P P| .p P
By, B,
E / | 1‘ du| | <FE sup |B,|° / | S | du
o ulte u€el0,T] o utte
1/2
5]y ] e[| 12
w€[0,T] “ UHE
” ‘B | 2% 1/2
<CFE / 1: du
0o wTE
for a positive constant C' > 0. Now, set d := 2p then we may write
B T ‘B d) E |Bu1| ‘BUd”d d
o u1+€ 1+a. -u}l—‘ra Uy - dug
= d!/ L 2 duy - dug (A7)
0<ur <+-<ug<T U&JFE Utli—i_a

where the last equality follows from the fact that the integrand is a symmetric function.

Then for a centered random Gaussian vector (Z1,. .., Zq) with covariances Cov(Z;, Z;) = 0; j,
i,7=1,...,d we have the following estimate that can be found in [20, Theorem 1]
J 1/2
ElZ1- Zal < | Y 1 oimii
TeSy j=1

where Sy denotes the set of permutations of (1,...,d). Applying the above inequality to the

integral in (A.7))

d 1/2
E[|Bu,|-- |B 140, U N Un(y)
/ TTe = s dua < Z H Tre, 1te duy - - - dug.
O<ur <---<ug<T  Up ~ - Ud reSy Y 0<ur < <ua<T 5257 \ Uy Un(jy

Given a permutation m € S; we have that, if 0 < uy < ug < ---ug < 7T then

d 1/2 ay/2 aq/2
H(“j/\”w(j)> Uy Uy
1+e, 1+¢ - 1+e  , 14e
=1 \ % Ux(j)

where the «;’s, depend on 7 and have the property that Zle a; = d and «; € {0,1,2} for all

i=1,...,d. Moreover, observe that a; > 1 independently of 7 since u1 A1) = u; for all m € Sy.
So, if we now integrate iteratively we obtain
/ E Hf:«sl‘ . |1€1;d|] dU1 d’LLd < Z 1 Td(%_s)
. 1N ;
O<us <-<ug<T  Up “u) = HJ . (5 S o — ]5)

if, and only if % 25:1 a; —je >0 forall j =1,...,d which holds by just observing that

for every j =1,...,d where we used a; > 1. So it suffices to take € > 0 such that € < ﬁ. (]
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A.2. Proof of Theorem [3.1 We now develop the proof of Theorem [3.1] according to the four-
step scheme outlined in Section (3 I In order to construct a weak solution of in the first
step, let (9, F, P) be some given probability space which carries a Brownian motlon B and put
X7 := B+, t € [0 T]. Aswe already noted in Remark it is well-known, see e.g. [16, Corollary
5.16), b . g (fo (u, ij)dBu)
defines an equivalent probability measure P under which the process

t
By =X/ -z —/ b(s, X%)ds, t €[0,T], (A.8)
0

is a Brownian motion on (2, F, P). Hence, because of , the pair (X*, B) is a weak solution
of on (Q, F, P). The stochastic basis that we operate on in the following is now given by the
filtered probability space (2, F, P, {Ft}ie[0,17), Which carries the weak solution (X*, B) of (1.5)),
where {F};ep0,r) denotes the filtration generated by By, t € [0,7], augmented by the P-null sets.

Next, we prove that for given ¢ € [0, 7] the sequence of strong solutions { X;"*},>1 of the SDE’s
with regular coefficients b,, from converges weakly in L?(Q; F;) to E[XF|F].

Lemma A.5. Let b, : [0,T] x R — R be a sequence of functions approzimating b a.e. as in
and X;"" the corresponding strong solutions to , n > 1. Then for everyt € [0,T] and function
¢ € L2 (R) where the space L?P(R) is defined as in with p being the conjugate exponent of
1+e¢e,e>0 from Lemma[AZd, we have

P(X["") 72 Blo(X])|F)
weakly in L?(Q; Fy).

Proof. First of all, we shall see that o(X,;""), E[p(X¥)|F:] € L?(Q; F;), n > 0. Indeed, Girsanov’s
theorem, Remark and the fact that » € L2P(R) imply that for some constant C. > 0 with
€ > 0 small enough we have

n,xr 1te
sup Ellp(X;" )] < C-Ellg(x + By)[> <]
nz

)

1 14e |22
=C, 7/ r+2)?F e Tdz < o0o. (A9

To show that
E [p(X{"")Z] == E[Blp(X{)|F)Z]
for any Z € L?(2; F;) it suffices to show

WX (f) 222 W(EBLXT|FOI(f)

for every f € L?([0,T])
Indeed, by Girsanov’s theorem we can write

(wxz”)—E[ (XA e (/ f(u )

<g ( (u, BY) + f(u ) _¢ </O (b(u, BT) +f(u))dBu>>
5(/0 (u, BY) + f(u))dB

))dB
T
x(s ( / (b, BE) + f(w)) Bu> / £ ( / <b(u,B:f>+f<u>>dBu>1>]

E

=K
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Then, using inequality |e* — 1| < |z|(e® + 1) we have

T
E (wxm —E[go(anft])e ( / f(U)dBu>
T
<P w(BZ”)IUnIrS( / <bn<u,B:f>+f<u>>dBu>
T
+ B |o(BY)| Ual € ( / (b(u, BZ) + f(U))dBu>
=1, +1II,
where
U, = / (b, B2) — b{u, B))dBo — 1 / bu s BE) + F()? — (b, BE) + £(w)?du
n 0 n 9 u 9 u u 2 o n ’ u ’ u °

For the term I,,, Holder’s inequality with exponents p = 1% and ¢ = 1 + ¢ and then again for

p=q =2 yields

. . T 14e | T+e
I <E|leBNU. | B € ( / <bn<u,Bz>+f<u>>dBu>

o212 ] 20T 9lte] 30T T - e
< B[l B[00 BD) + s(w)aB,

=JI'.12. 13,

where I'', I2 and I3 are the respective factors above and € > 0 is such that I? is bounded uniformly
inn > 0 (see Remark [A.2)). We can then control the first factor I due to the fact that ¢ € L2 (R)
as it is shown in (A.9).

Finally, for the second factor I? define p := 2 Then using Minkowski’s inequality,
Burkholder-Davis-Gundy’s inequality and Hélder’s inequality we can write

1+¢
- -

2\p _ r U Y _ bl T _1 r U T U 2 U T U 2 up
@2y = || [ (b B2 = b BB~ 5 [ (bl B + ) = (b B + ()l ]
T p
<2 B || [ (outu, B) ~ blu, BB,
T p
+rp|| [(bn(u,Bff)Jrf(u))Z—(b(u,Bff)Jrf(U))Z]du]

T p/2
52p71E (/ |b7l(u7B$) _b(ua ij)|2 du)
0

T 2
+ zT/ B [|(bu(u, BE) + £ ())* = (b(u, BE) + f(u))*[*] du

T
< ogp-1pp/2-1 / E b (u, BE) — b(u, BE)|”] du
0

T .
2221t [ ([0, 80) 4+ 0 = O B + )]

and by dominated convergence we obtain I2 — 0 as n — oo. Similarly, we obtain the result for
II,. O
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We now turn to the third step of our scheme to prove Theorem The next theorem gives the
L?(8; F;)-convergence of the sequence of strong solutions X;" to the limit E[XF|F;] which, in
addition, is Malliavin differentiable. The technique used in this result is the compactness criterion
given in Proposition [2.3| due to [§].

Theorem A.6. Let b, : [0,T] xR =R, n > 1, be as in and X% the corresponding strong
solutions to (3.9). Then, for each t € [0,T)]

L% (Q;F,
n,xr ( ”

X E[X7|Fi (A.10)

as n — co. Moreover, the right-hand side of is Malliavin differentiable.

Proof. The main step is to show relative compactness of {X;"*},>1 by applying Proposition
Let t € [0,T], 0 < s < s’ <t and a compact set K C R be given. Using the explicit represen-
tation introduced in , Girsanov’s theorem, the mean-value theorem, Holder’s inequality with
exponent 1+ ¢ for a sufficiently small € > 0 and Cauchy-Schwarz inequality successively we obtain

E[(D X" — Dy X{"")*] =

t s’ 2 T
=FE |exp {2/ b;(u,Bi)du} (exp{/ b'n(u,Bi)du} - 1) & (/ bn(u,Bi)dBu>
s’ s 0
S/ 2
exp{ / v, (u, BE du < sup exp{ / b;(u,Bﬁ)du}>
0<a<l1 s
s T
x(/ o, (u, B)d ) (/ bnuB"’”dB)
s 0

1 t
<FE exp{? +€/ b/n(u,B;f)du} sup exp{ / b (u, BX)d }
€ s’ 0<a<1
o 2t o e - +e =
X / bl (u, BY)du E (& (/ (u, BY)d )
s 0
1 t R 2(1+€)
< |exp {4155 [ @00 + (0 B}

[ 1+e ¢ 7’ T 77 T e
x E| sup exp{ 8 P ), (u, BE) + b'(u, BY))du

0<a<1

r 81+5

’

/ ’ (0, (u, B®) + b’ (u, B))du

x B

Iy 1L I,

where I}, 12, I3 and I} denote the respective factors shown above.
Here, by Remark € > 0 is chosen such that

sup sup Iﬁ < 00.
zeK n>0

For I! and I? we use Cauchy-Schwarz inequality and the fact that b’ is bounded and get

e
I'<FE {exp{ +€/ v, (u, BY) du}] = II}
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and

1+e s 4(157+5)
I?<E| sup exp {Sa/ b;(u,Bl’f)du}] = IT2.
€ S

0<a<l

For I?, Minkowski’s inequality and the boundedness of 1% give

r 81+€

4 €

I3<E / v, (u, BY)du +

glte ] IaFe)

4 €

S
/ V (u, B®)du
S

r glte 4(16+a)

SE||[ BB +FT —o

<11+ [¥%T1s — sl.

Now we want to get rid of the derivatives b/, in II} 112 and II3. In order to do so, we use
integration with respect to the local time of the Brownian motion, see Theorem [2.9]in the Section
or e.g. [12] for more information about local-time integration. We obtain

14e [t [- . BeE)
E[(DX,"* — Dy X{"*)?] SE [exp {—4 / / bn(u, y) L7 (du, dy)H
s’ JR

€

L4e s FIgE=y
sup exp{—S a/ /bn(u,x)LB (du,dy)}]
0<a<l € s JR

x B
, 81+€
s ~ x
/ /bn(u,x)LB (du, dy)
s R

x (E + 8’|||s/—s|>.

Observe that factors IT} and II2 can be controlled uniformly in n > 1 and # € K by virtue
of Lemma Now, denote p. := 4%. Then for factor II3 we use representation from
Theorem in connection with in Section [2|and apply Minkowski’s inequality, Burkholder-
Davis-Gundy’s inequality and Holder’s inequality with exponent (¢ + 2)/e’ for a suitable &’ > 0
in order to obtain

r , N 2pe l/pa
st T—s N R T—s B . B
I} <E / bn(u,ij)dBu—/ bn(T—u,Bg)quJr/ b (T — u, BY) =—"—du
s T—s’ T—s’ T—u
: S/ Pe 1/ps T_s Pe 1/p5
<E (/ |En(u,Bg)|2du> +E </ |Bn(Tu,Bg)|2du>
s T—s’
T—s ~ 2175 1/]?5
+FE / bn (T — u, BS) —"—du
T—s’ —u
, 2pe 7 1/Pe
’ ’ s ~ ’ <42
<|s' —s[f/EHDE (/ by (u, BE)|* T2du
2pe 1/175
’ ’ T—s ~ A ’ &'+2
+ s —sf/EDE / by (T — u, BE)|* T2du
T—s'
4pe 1/]75
) T—s|_ . (e'+2)/2 742
' — s/ EE b (T — u, By ) = d
s o | =B u
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The last expectation is bounded by taking ¢’ < 8p3_1 and applying Lemma

Altogether, we can find a constant C' > 0 such that

sup sup E [(Dy X{"* — D X{"")?] < Cls' — 5|/ E'+2) (A.11)
rzeK n>1
for 0 < s <s<twhere 0<e&'/(e'+2) <1.
Similarly, one also obtains

sup sup sup E [(DsX["")%] <C (A.12)
zeK 0<s<tn>1

for a constant C > 0.

Then (A.9) with ¢ = id, (A.11), (A.12) together with Proposition imply that the set

{X""}n>1 is relatively compact in L?(£2; F;). Since the sequence of solutions X;"" also converges
weakly to E[X7|7;] due to Lemma [A-5] with ¢ = id, by uniqueness of the limit we have that

2
xper 2870, BIX;|F
for a subsequence ng, k > 0.

In fact, one observes that the L2(£2; F;)-convergence holds for the whole sequence. Indeed,
assume by contradiction, that there exists a subsequence n;, 7 > 0, such that there is an € > 0
with E[| X" — XF|?] > ¢ for all j > 0. Then {by, } ;>0 is a sequence of approximating coefficients
as required in (3.1). Thus, by the previous results there exists a subsequence n;,,, m > 0, such
that X™m* — X% in L?(Q;F;), which gives rise to a contradiction.

Moreover, since the sequence of Malliavin derivatives {D;X;""},,>1 is bounded uniformly in n
in the L2([0,7] x Q)-norm because of (A.12), we also have that the limit F[XF|F;] is Malliavin
differentiable, see for instance [28, Lemma 1.2.3]. O

Remark A.7. Note that we have proved the estimates and uniformly in x € K for
a compact set K even though this is not needed to apply Proposition [2.3. We will, however, use
this uniform bounds later on in the proofs of Lemma[A-§ and Theorem [3.

We are now ready to complete the proof of Theorem by use of the previous steps.

Proof of Theorem[3.1] It remains to prove that X is Fj-measurable for every ¢ € [0,T] and by
Remark it then follows that there exists a strong solution in the usual sense that is Malliavin
differentiable. Indeed, let ¢ be a continuous bounded function, then by Theorem we have, for
a subsequence ng, k > 0, that

P(X;™") = (BE[X]|F]), P—as.

as k — oo.
On the other side, by Lemma [A.5] we also have

(X)) = E[p(XF)|F]
weakly in L?(Q; ;). By the uniqueness of the limit we immediately have
¢ (E[X{|F]) = E[p(X{)|F], P—a.s.

for all continuous, bounded functions ¢, which implies that X7 is F;-measurable for every ¢ € [0, T'.
To show uniqueness, assume that we have two strong solutions X® and Y* to the SDE (|L.5]).
Then using the Cameron-Martin formula shows that

W(XE)(h) = E[X{ (h)],

for h € L*(]0,T]) where we recall that W(X{)(h) denotes the Wiener transform, and the process
XF(h),0 <t <T satisfies the SDE

dX?(h) = (b(t, XF(R)) + h(t))dt + dB;, XZ(h) == (A.13)
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for a Brownian motion B;,0 < ¢ < T. In the same way, the process Y;*(h),0 < ¢t < T solves

(A.13). On the other hand, it follows from the linear growth of the drift coefficient b that X[ (h)
and Y*(h),0 <t < T, are unique in law (see e.g. Proposition 3.10 in [I6]). Hence

W(XE)(h) = W(Y)(h)

for all ¢, h. Thus X* and Y7 are indistinguishable. O

A.3. Proof of Proposition By equation (3.3)) and formula (2.11]), we can write for regular

coefficients b,
t n,xr
DSXZMI = exp {_/ / bn(u7y)LX ’ (du7dy)} .
s R

Then, since X;"*, n > 0 is relatively compact in L?(Q; F;) and ||DsX;""||12(0,11xq) is bounded
uniformly in n > 0 due to the proof of Theorem we know that the sequence D;X;"", n > 0
converges weakly to Dy X in L%([0,T] x ), see [28, Lemma 1.2.3]. Therefore, it is enough to
check that our candidate is the weak limit. So we must prove that

<W<eXP {— I e by y) LX (du, dy)} — exp {— It blu,y) LX7 (du, dy)} ) (f), g> —0

L2([o0,T])

as n — oo for every f € L%([0,7]) and g € C§°([0,T]). It suffices to show that the Wiener
transform goes to zero.
Then, as we did for Lemma [AJ5] using Girsanov’s theorem we have

E [5 (fOT f(u)dBu) (exp {— f: Jr b (u, y) LX"" (du,dy)} — exp {— f; Jg 0(u, y)LXm(du,dy)})} ‘

E{exp{— / t / bn(u,y)LBz(du,dy)}S ( / T(bn(u,ijHf(u))dBu)
con{- [ [ e wnan b ([ 06050+ span.) |
EKexp{_ / t / Bn(u,y)LBw(du,dy)} —exp{— / t / z}(wy)LB”(du,dy)})
<o { [ BBl e ( [ o050+ f(u))dBu> }
| (5 ( [ a4 f(U))dBu> . ( [ o050+ f(u)>dBu>>
con {= [ Bt i yoso { [ 0 52100} |

=1, +II,.

<

+

For term I,, we define p := 1? for a suitable € > 0 and then apply Holder’s inequality with

exponent 1 + € on the stochastic exponential. Then we apply Cauchy-Schwarz inequality and
bound the factor with ||b||~, and finally we use inequality |e* — 1| < |z|(e* + 1). As a result we
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obtain

oo - [ [ anan} (oo {- [ [ b - bnme ana) 1)
xexp{/s b(waj)du}e(/OT<b(u,Bz>+f< ))dB )H
plew{ - [ [Hune” i)

(oo { [ [Gutnn s a@nan} 1) r/@p)

xE[S ( / (b, B2) + F(u))dB QHT(HE)

! <exp{— / t / an(u,y)LB“(du,dy)}
e { / t /R ,0) 27 ) )] o

(us ) L7 (du, dy)

where in the last inequality we choose € > 0 small enough so that the stochastic exponential is
bounded due to Lemma [A:1] Then Minkowski’s inequality gives

(1 s W exo {2 | t [t )2 )

. (A.14)
s Wren{-2 [ [#n® @man})
s JR
where
V= / / b(u,y)) L (du, dy).
Then Cauchy-Schwarz inequality and Lemma give
¢ ~ x
e =2 [ [ G @uan}] < (A15)
s JR

<E [\Vn|4p]l/2E [exp{—4p/:/RBn(u,y)LB’”(du, dy)}]1/2

1/2
SE[IVal?]

Finally, using representation (2.10)) in the Section [2, Minkowski’s inequality, Burkholder-Davis-
Gundy’s inequality in the first two terms and Holder’s inequality in the last term we obtain
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B[V, "] = ‘/ (u, BY) B(u,Bg))dBu+/Ts(Bn(Tu,Bw) B(T — u, BY))dW,

T—t

"1

T-s _ . _ R Bu
7/ (bn(T—u,qu)fb(Tfu,Bi))T_udu

T—t

t p T—s p
s T—t
T—s _ R _ R B P
+E / (b (T — u, BY) — b(T — u, B®)) ———du
T—t T'—u
t p/2 T—s p/2
<E U by, (u, BY) —b(u,Bff)Zdu] +E / |bn (T — u, B) —b(T—u,B§)|2du] 1
s T—t
T-s _ R _ R B P
+E / (b (T — u, BY) — b(T — u, BY)) ———du| |.
T—t T'—u

By dominated convergence, all terms converge to zero as n — oco. In order to justify that the third
term also converges to 0 one needs to use the estimate in Lemma The second term in ((A.14)
is estimated in the same way. Similarly, one can also bound I1,.

Lemma A.8. Let b, : [0,T] xR = R, n > 0 be as in and X;"" the corresponding strong
solutions with drift coefficients b,,. Then, for any compact subset K CR and p > 1

0 )\’
sup sup sup E [( X, z) ] < Ck,p
n>1xz€K te[0,T) Ox

for a constant Ck, > 0 depending on K and p. Here, %th,:c 1s the first variation process of
X"®, n>1 (see Proposition [2.4).

Proof. The proof of this result relies on the proof of (A.12) in Theorem [A.6] by observing that
B%Xf " = Dy X;"" by Proposition Then following exactly the same steps as in Theorem |A
we see that all computatlons can be done for an arbitrary power p > 1. Finally, from the term [ ]n

in the proof of Theorem H one can see that sup,,>q Sup,cx Supycjo,r) & {(G%XZW)P} <oc0. O
A.4. Proof of Proposition First, start observing that, for any given p > 1, we have
t t
B P Slap + [ B Bt Xpo)Pduct [ B[ X3P ] du-+ B (1B
0 0
t
SlaP 1P+ € [ B(XP) du
0

due to the uniform boundedness of b, the continuity of b and Holder continuity of the Brownian
motion. Then, Gronwall’s inequality gives

sup E [| X{""|P] < C. (A.16)
n>1
Now, assume that 0 < s <t <7T. Then
t s
XXM =g —y+ / by (u, X" )du — / b (u, XY)du + By — Bs
0 0

t S
= a:—y—|—/ bn(u,Xg’z)du—F/ (b (u, X0%) = by (u, XY))du + By — Bs.
s 0
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Now since b,, has linear growth together with (A.16), the uniform boundedness of b, and Holder
continuity of the Brownian motion yield
2]

Then we use the fact that X, is a stochastic flow of diffeomorphisms (see e.g. [18]), the mean
value theorem and Lemma[A-§]in order to obtain
2]
2]

E [ [ bl 2% = b X2
0
s 1 a
/ / b, (u, Xt w=m)) = x et =)y dr dy,
0 0
2
]dT

E[X"" =X Sle—yfP +t—s|+ B

/0 (b (1 X2%) — by (1, X7))

2
= — E o
|z -y 5

/S b/ (u Xn,er‘r(yfz))an,IJrT(y*I))du
0 n ) u 8 u

1
§C\mfy|2/ E
0 X
2
]dT

1
:C\m—y|2/ E
0

0

<Clz—y/* sup E ‘X;””
s€[0,T Oz
zeK

‘aX:,m+T(yz) _ (1 _ 7_)

ox
2]

B(|X7 = X2 < C (jt = 5|+ |o — yl?)

for a finite constant C' > 0 independent of n.
To conclude, we use Fatou’s lemma applied to a subsequence and the fact that X" — XZ in
L?(Q) as n — oo due to Theorem [A.6

< Clz -yl
Altogether

A.5. Proof of Theorem First of all, observe that for any smooth function with compact
support ¢ € C5°(U,R) and ¢ € [0, 7], the sequence of random variables

(XP. ) = /U X p(2)de

converges weakly in L?(£2) to (X, ) by using the Wiener transform following the same steps as
in Lemma
Then for all measurable sets A € F, ¢ € C§°(R) and using Cauchy-Schwarz inequality we have

1/2
E[La(X/*" = XT, N < ¢ |l 2| U2 ( sup B [L4(X"" — X{:T)Q]) < o0
zesupp (V)

where the last quantity is finite by Proposition [3.3] Then by Theorem we see that
lim E[14(X;"™" — X7, )] = 0.
k— o0 ’

In addition, by virtue of Lemma we have that

sup E|| X} 51217y < 00,
n>0

that is z — X, is bounded in L?(Q, W12(U)). As a result, the sequence X;"" is weakly relatively
compact in L2(Q, W2(U)), see e.g. [19, Theorem 10.44], and therefore there exists a subsequence
ng, k > 0 such that X;"* converges weakly to some element Y; € L?(Q, WH2(U)) as k — oo. Let
us denote by Y, the weak derivative of Y;.

Then

€T . Nk, T . 8 Nk, T
B[La(X7,¢)] = lim E[Ly(X]*",¢)] = = lim BlLa(z X" )] = ~E[La(Y/,¢)].
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So
(X1, ¢") = —(Y/,9), P—a.s. (A.17)

Finally, we need to show that there exists a measurable set {2y C 2 with full measure such that
X; has a weak derivative on this subset. To this end choose a sequence {¢,} in C*°(R) dense in
W12(U). Choose a measurable subset €2, of Q with full measure such that (A.17) holds on Q,
with ¢ replaced by ¢,. Then Qg := N, >1£2,, satisfies the desired property.

Corollary A.9. Letb: [0,T] xR — R as in @) and X the corresponding strong solution of
(1.5). Then, for any compact subset K CR andp > 1

a p
sup sup F KX?> ] <Ckp

v€K t€[0,T] Ox

for a constant Ck , > 0 depending on K and p. Here, %Xf is the first variation process of X[,

(see Proposition [3.5).

Proof. This is a direct consequence of Lemma [A78]in connection with Fatou’s lemma. O

A.6. Proof of Proposition By Theorem we know that the sequence {X;"*},>0 con-
verges weakly to X7 in L%(Q, W12(U)). Therefore, it is enough to check that our candidate is the
limit of a%Xt”’m in the weak topology of L?(U x ) for any open bounded U C R, i.e.

/U W(exp{— /O t /R bn(u,y)LX“(du,dy)} —exp{— /0 t /R b(u,y)LX’”(du,dy)})(f)g(x)dx

converges to 0 as n — oo for every f € L?([0,7]) and g € C§°(U). This can be shown following
exactly the same steps as in Proposition by integrating I,, and I, against g(x) over = € U.
The only difference here is that we need all bounds to be uniformly in z € U. At the end, one
needs to show that

sup  sup E{|Vn|2pe_2pf3fm?’"(“’y)LBm(d“’dQ) <
n>0 zesSuppU)

where
= b —b(u B (du
Vi -—/0 /R(bn(wy) b(u,y))L” (du,dy)

which holds by Lemma and the fact that b,, n > 0, is uniformly bounded. For II,, one can
follow similar steps and use Remark
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