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Abstract

The purpose of this paper is to present a general stochastic calculus approach to
insider trading. We consider a market driven by a standard Brownian motion B(t) on
a filtered probability space (Ω,F , {F}t≥0 , P ) where the coefficients are adapted to a
filtration G = {Gt}0≤t≤T , with Ft ⊂ Gt for all t ∈ [0, T ], T > 0 being a fixed terminal
time. By an insider in this market we mean a person who has access to a filtration (in-
formation) H = {Ht}0≤t≤T which is strictly bigger than the filtration G = {Gt}0≤t≤T .
In this context an insider strategy is represented by an Ht-adapted process φ(t) and
we interpret all anticipating integrals as the forward integral defined in [23],[25].
We consider an optimal portfolio problem with general utility for an insider with ac-
cess to a general information Ht ⊃ Gt and show that if an optimal insider portfolio
π∗(t) of this problem exists, then B(t) is an Ht-semimartingale, i.e. the enlargement
of filtration property holds. This is a converse of previously known results in this field.
Moreover, if π∗ exists we obtain an explicit expression in terms of π∗ for the semimartin-
gale decomposition of B(t) with respect to Ht. This is a generalization of results in
[16], in [20] and in [2].
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1 Introduction

How do we model the hedging by an insider in finance? Let {B(t)}t≥0 = {B(t, ω)}t≥0,ω∈Ω be a

standard Brownian motion on a filtered probability space (Ω,F , {F}t≥0 , P ) . By an insider

we mean a person who has access to a filtration H = {Ht}0≤t≤T which is strictly bigger than

the filtration F = {Ft}0≤t≤T of B(t). Therefore the question is how to interpret integrals

of the form ∫ T

0

φ(t, ω)dB(t) (1.1)

where φ is assumed to be adapted to Ht ⊃ Ft.
A natural, and the most common, approach to this question is to assume that Ht is such
that B(t) is a semimartingale with respect to Ht. In this case we can write

B(t) = B̂(t) + A(t), 0 ≤ t ≤ T (1.2)

where B̂(t) is a Ht-Brownian motion and A(t) is a continuous Ht-adapted finite variation
process.
If A(t) has the form

A(t) =

∫ t

0

α(u)du (1.3)

then the process α(·) is called the information drift. In general, if a relation of the form
(1.2) holds, then it is natural to define

∫ T

0

φ(t, ω)dB(t) =

∫ T

0

φ(t, ω)dB̂(t) +

∫ T

0

φ(t, ω)dA(t) (1.4)

because both terms of the right-hand side are well-defined.

Example 1.1 Let T0 ≥ T and

Ht = Ft ∨ σ(B(T0)); 0 ≤ t ≤ T. (1.5)

In other words Ht is the σ-algebra generated by Ft and the terminal value B(T0). Then it
can be shown that (see e.g. [14])

B̂(t) := B(t)−
∫ t

0

B(T0)−B(s)

T0 − s
ds; 0 ≤ t ≤ T (1.6)

is an Ht-Brownian motion, and in this case (1.2) holds with

A(t) :=

∫ t

0

B(T0)−B(s)

T0 − s
ds; 0 ≤ t ≤ T. (1.7)
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In general, there are several difficulties with this approach:

(i) How do we know if (1.2) is possible?
(ii) If (1.2) is possible, how do we find A(t)?
(iii) What do we do if (1.2) is not possible?
Partial answers to (i) and (ii) can be found in the contributions to the book of Jeulin and
Yor ([14]). See also [12].
The purpose of this paper is to present a more general approach to insider trading which
does not assume that (1.2) holds. One of our main results is in fact a kind of converse:
we consider a market where the coefficients are adapted to a filtration G = {Gt}0≤t≤T with
Ft ⊂ Gt for all t ∈ [0, T ]. In this market we study an optimal portfolio problem with general
utility for an insider with access to the information Ht ⊃ Gt. We show that, if an optimal
insider portfolio π∗(t) of this problem exists, then in fact (1.2) and (1.3) hold, with α(t)
closely related to π∗(t).

2 Some preliminaries

Here we recall the definition and some properties of the forward integral. For more informa-
tion, see [23], [25], [26],[27].

Definition 2.1 Let φ(t, ω) be a measurable process. The forward integral of φ is defined by

∫ ∞

0

φ(t, ω)d−B(t) = lim
ε→0

∫ ∞

0

φ(t, ω)
B(t+ ε)−B(t)

ε
dt (2.1)

if the limit exists in probability, in which case φ is called forward integrable. If the limit
exists also in L2(P ), we write φ ∈ Dom2δ

−.

Note that if φ is càglàd (i.e. left continuous with right limits) and forward integrable,
then

∫ T

0

φ(t, ω)d−B(t) = lim
∆tj→0

∑
j

φ(tj) ·∆B(tj) (2.2)

To see this, we argue as follows. We may assume that φ(t, ω) =
n∑

j=1

φ(tj, ω)χ(tj ,tj+1](t). Then

∫ ∞

0

φ(t, ω)d−B(t) = lim
ε→0

∫ ∞

0

φ(t, ω)
B(t+ ε)−B(t)

ε
dt =

n∑
j=1

φ(tj) lim
ε→0

∫ tj+1

tj

B(t+ ε)−B(t)

ε
dt =
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n∑
j=1

φ(tj) lim
ε→0

1

ε

∫ tj+1

tj

(

∫ t+ε

t

dBu)dt =

n∑
j=1

φ(tj) lim
ε→0

1

ε

∫ tj+1

tj

(

∫ u

u−ε

dt)dBu =

n∑
j=1

φ(tj) lim
ε→0

1

ε

∫ tj+1

tj

ε dBu =

n∑
j=1

φ(tj)(B(tj+1)−B(tj)).

We now explain how the forward integral appears naturally in insider modeling.

Remark 2.2 (i) First, consider a buy-and-hold strategy ψ(t, ω) = I{τ1<t≤τ2}, where τ1, τ2
are bounded random times. As an immediate consequence of (2.2) we obtain that

∫ T

0

ψ(t, ω)d−B(t) = lim
∆tj→0

∑
j

ψ(tj) ·∆B(tj) =

∫ τ2

τ1

dB(t) = B(τ2)−B(τ1). (2.3)

Hence, if B(t) is interpreted as the price process, then the forward integral of ψ gives exactly
the money gained by this strategy, as it should. We also remark that this property holds even
if τ1, τ2 are not necessarily stopping times.
(ii) Second, let Ht ⊃ Ft as in Section 1 and assume that B(t) is a semimartingale with
respect to Ht, so that (1.2) holds, i.e.

B(t) = B̂(t) + A(t); 0 ≤ t ≤ T

where B̂(t) is a Ht-adapted Brownian motion, A(t) is a Ht-adapted finite variation con-

tinuous process. Let φ(s, ω) be forward integrable and càglàd. Then
∫ T

0
φ(t)dB(t) exists as a

semimartingale integral and

∫ T

0

φ(t)dB(t) =

∫ T

0

φ(t)d−B(t) (2.4)

Proof. By equation (1.2) we get

∫ T

0

φ(t)dB̂(t) +

∫ T

0

φ(t)dA(t) = lim
∆tj→0

∑
j

φ(tj) · (∆B̂(tj) + ∆A(tj)) =

lim
∆tj→0

∑
j

φ(tj) ·∆B(tj) =

∫ T

0

φ(t)d−B(t)

¤

In view of (2.4) we see that if (1.2) holds, then it is natural to interpret “
∫ T

0
φ(t, ω)dB(t)”

as
∫ T

0
φ(t, ω)d−B(t) in insider trading models.
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In view of the above, from now on we adopt the forward integral as our mathematical
model in insider trading in general, without assuming that (1.2) holds. Thus in (1.1) we put

∫ T

0

φ(t, ω)dB(t) :=

∫ T

0

φ(t)d−B(t) (2.5)

for all processes φ(t, ω) ∈ Dom2δ
−.

3 Optimal portfolio of an insider with general utility

Let B(t) be a Brownian motion on a filtered probability space (Ω,F , {Ft}t≥0 , P ). Let
{Gt}t≥0, {Ht}t≥0 be filtrations such that

Ft ⊂ Gt ⊂ Ht ⊂ F ∀t ∈ [0, T ] (3.1)

where T > 0 is a fixed terminal time. Consider the following financial market, with two
investment possibilities:

1. A risk-free investment, with price

dS0(t) = r(t, ω)S0(t)dt; S0(0) = 1 (3.2)

2. A risky investment, with price

dS1(t) = S1(t)[µ(t, ω)dt+ σ(t, ω)d−B(t)]; S1(0) = x > 0. (3.3)

We assume that the coefficients r(t) = r(t, ω), µ(t) = µ(t, ω) and σ(t) = σ(t, ω) satisfy
the following conditions:

r(t), µ(t) and σ(t) are Gt-adapted (3.4)

E

[∫ T

0

{|r(t)|+ |µ(t)|+ σ(t)2
}
dt

]
<∞ (3.5)

σ(t) is càglàd and forward integrable (3.6)

The corresponding anticipating integral on the right hand side of (3.3) is interpreted as a
forward integral. This models a market which is influenced by large investors with insider
information, i.e., with access to the information Gt or, more generally, a market possibly
influenced by other random events than those described by Ft.
In this insider market we consider an agent with access to a filtration Ht ⊃ Gt.
Let π(t) be a portfolio denoting the fraction of the wealth invested in the stock at time t
by an insider. Thus π(t) is a Ht-adapted stochastic process. If σ(t)π(t) is càglàd, forward
integrable and ∫ T

0

(|µ(s)− r(s)||π(s)|+ σ2(s)π2(s))ds <∞ a.s.
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holds, then the corresponding wealth X(t) = X(π)(t) of the insider at time t will satisfy the
stochastic forward equation

dX(t) = X(t)
[{r(t) + (µ(t)− r(t))π(t)} dt+ σ(t)π(t)d−B(t)

]
; X(0) = x0. (3.7)

Fix a generalised utility function

U : [0,∞) −→ [−∞,∞) (3.8)

assumed to be continuously differentiable on (0,∞). If the function U is also concave and
non-decreasing, it is an utility function in the regular sense, but these assumptions are not
needed in our argument.
We now introduce the set A of admissible strategies for the insider trader.

Definition 3.1 An Ht-adapted stochastic process π(t) = π(t, ω) is called admissible if

1. π(t) is càglàd.

2. σ(t)π(t) is forward integrable.

3.
∫ T

0
(|µ(s)− r(s)||π(s)|+ σ2(s)π2(s))ds <∞ a.s.

4. U ′(X(π)(T )) > 0 a.s. and E
[
U ′(X(π)(T ))X(π)(T )

]
<∞, where U ′(x) =

d

dx
U(x).

We denote by A the set of all admissible portfolios π.

For π ∈ A define

Mπ(t) =

∫ t

0

{
µ(s)− r(s)− σ2(s)π(s)

}
ds+

∫ t

0

σ(s)d−B(s). (3.9)

We assume that the following holds:
5. For all π, θ ∈ A with θ bounded there exists δ > 0 such that the family

{
U ′(Xπ+εθ(T ))Xπ+εθ(T )|Mπ+εθ(T )|}

0≤ε≤δ
(3.10)

is uniformly integrable, and
6. for all t ∈ [0, T ] the process π(s) := χ(t,t+h](s)θ0(ω), with h > 0 and θ0(ω) a bounded
Ht-measurable random variable, belongs to A.

Remark 3.2 It is clear that many choices of such spaces A are possible. For example, let
A = A0 be the set of all step processes of the form

φ(ω, t) =
N−1∑

k=0

ψk(ω)χ(tk,tk+1](t)

where 0 = t0 < t1 < · · · < tN = T is a partition of [0, T ] and ψk(ω) is Htk-measurable
and bounded. Then the space A0 satisfies 1.,2.,3., 6. and also 4. and 5. for many choices

of utility functions U (e.g. U(x) = ln x, U(x) =
1

γ
xγ for γ ∈ (−∞, 1)\ {0} constant or

U(x) = −e−βx with β > 0 constant). Or let Ā0 be the closure of A0 in the norm
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‖φ‖2 := E

[∫ T

0

(|µ(t)− r(t)||π(t)|+ φ(t)2σ(t)2)dt+ (

∫ T

0

φ(t)d−B(t))2

]

and choose A to be the set of càglàd processes φ(t) in Ā0 which satisfy 2., 4. and 5.

Consider the following insider optimal portfolio problem:

Problem 3.3 : Find V G,H
T ∈ R and π∗ ∈ A such that

V G,H
T := sup

π∈A
E

[
U(X(π)(T ))

]
= E

[
U(X(π∗)(T ))

]
(3.11)

We call V G,H
T ≤ ∞ the value of the optimal portfolio problem and π∗ ∈ A the optimal portfolio

(if it exists).

This problem was first studied by Pikovsky and Karatzas ([16]) in the special case when
Ft = Gt. They assume that

U(x) = log x (3.12)

and that Ht has the form

Ht = Ft ∨ σ(L); 0 ≤ t ≤ T (3.13)

for some fixed random variable L. They also assume that there exists a Ht-adapted process
α(t) such that

B̂(t) = B(t)−
∫ t

0

α(s)ds (3.14)

is a Ht-Brownian motion.
Subsequently, this problem has been studied by many authors, but to the best of our knowl-
edge they all assume that (3.13) and (3.14) hold. See for example Leon, Navarro and Nualart
[20] and Imkeller [12] and the references therein. The recent paper Corcuera et al. [4] has
a different, but related assumption. The purpose of our paper is to study Problem 3.3 for
general filtrations Ft ⊂ Gt ⊂ Ht and for a general utility function U , without assuming
(3.12), (3.13) or (3.14).

We first recall the following result ([27]):

Theorem 3.4 Let ξ(t) and η(t) be Gt-adapted processes such that
∫ t

0
(|ξ(s)|+ η2(s)) ds <∞

a.s. for all t > 0 and η is forward integrable. Then the equation

dX(t) = X(t)[ξ(t)dt+ η(t)d−B(t)]; X(0) = x0 (3.15)

has the unique solution

X(t) = x0 exp

(∫ t

0

{
ξ(s)− 1

2
η2(s)

}
ds+

∫ t

0

η(s)d−B(s)

)
; t ≥ 0 (3.16)
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We now return to Problem 3.3.

Theorem 3.5 (i) Suppose that there exists an optimal portfolio π ∈ A for the problem

V G,H
T := sup

π∈A
E

[
U(X(π)(T ))

]
. (3.17)

Then the process Mπ(t) of (3.9) is an (H, Qπ)-martingale, where

dQπ(ω) = Fπ(T )dP (ω) on HT (3.18)

with
Fπ(T ) = E

[
U ′(X(π)(T ))X(π)(T )

]−1
U ′(X(π)(T ))X(π)(T ) (3.19)

(ii) Conversely, suppose that there exists π ∈ A such that the process Mπ(t) of (3.9) is
an (H, Qπ)-martingale. Then π is an optimal portfolio for problem (3.17).

Proof. In the following we may assume x0 = 1 without loss of generality. (i) By Theorem
3.4 the solution X(π)(t) of the wealth equation (3.7) is

X(π)(t) = exp

(∫ t

0

{
r(s) + (µ(s)− r(s))π(s)− 1

2
σ2(s)π2(s)

}
ds+

∫ t

0

σ(s)π(s)d−B(s)

)

(3.20)
where t ≥ 0. Hence

E [U(X(T ))] = H(π) :=

E

[
U(exp

(∫ T

0

{
r(s) + (µ(s)− r(s))π(s)− 1

2
σ2(s)π2(s)

}
ds+

∫ T

0

σ(s)π(s)d−B(s)

)
)

]

(3.21)

for π ∈ A. Now suppose π maximizes H(π) over A. Then if y ∈ R and θ(t) is another
(Ht-adapted) process in A we have that the function

y −→ H(π + yθ)

is maximal for y = 0. Therefore

0 =
d

dy
H(π + yθ)|y=0 =

E

[
U ′(X(π)(T ))X(π)(T )(

∫ T

0

{
µ(s)− r(s)− σ2(s)π(s)

}
θ(s)ds+

∫ T

0

σ(s)θ(s)d−B(s))

]
.

(3.22)

Now fix t ∈ [0, T ) and apply (3.22) to the process

θ(s) = χ[t,t+h)(s)θ0(ω); 0 ≤ s ≤ T

where h > 0 is a constant such that t+h ≤ T and θ0(ω) is a bounded Ht-measurable random
variable. Then (3.22) and (3.10) give
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0 = E

[
Fπ(T )

(∫ t+h

t

{
µ(s)− r(s)− σ2(s)π(s)

}
ds+

∫ t+h

t

σ(s)d−B(s)

)
θ0(t)

]
(3.23)

Since this holds for all bounded Ht-measurable θ0(ω) we conclude that

E

[
Fπ(T )

(∫ t+h

t

{
µ(s)− r(s)− σ2(s)π(s)

}
ds+

∫ t+h

t

σ(s)d−B(s)

)∣∣∣∣Ht

]
= 0. (3.24)

Then, with Mπ(t) as in (3.9) and Qπ as in (3.18)-(3.19) we get, by Bayes’ Theorem,

EQπ [Mπ(t+ h)−Mπ(t)|Ht] =

E [Fπ(T )|Ht]
−1E [Fπ(T )(Mπ(t+ h)−Mπ(t))|Ht] = 0 (3.25)

Since Mπ(t) is Ht-adapted, this gives

EQπ [Mπ(t+ h)|Ht] = Mπ(t). (3.26)

Hence Mπ(t) is an (Ht, Qπ)-martingale, as claimed.
(ii) Conversely, if π ∈ A is such that (3.26) holds, then (3.25) follows and hence (3.24) and
(3.23) also. By linearity it follows that (3.22) holds for all θ ∈ A of the form

θ(s) =
N∑

j=1

θtj(ω)χ(tj ,tj+1](s); 0 ≤ s ≤ T (3.27)

where θtj is Htj -measurable and bounded. Let A0 denote the set of such θ. Then we can
conclude that the directional derivative of H(·) at π is 0 in all the directions θ ∈ A0. Since
H(·) is concave, the result follows from this by a density argument. ¤

We proceed to prove the main result of this paper:

Theorem 3.6 (i) A process π ∈ A is optimal for the problem (3.17) if and only if the
process

M̂π(t) := Mπ(t)−
∫ t

0

d[Mπ, Z](s)

Z(s)
(3.28)

is an (H, P )-martingale, where

Z(t) = E [Fπ(T )|Ht]
−1 , (3.29)

with Mπ(t) and Fπ(T ) given by (3.9) and (3.19) respectively.
(ii) In particular, If an optimal π ∈ A exists, then the process

N(t) =

∫ t

0

σ(s)d−B(s) (3.30)

is an (H, P )-semimartingale.
(iii) If an optimal π ∈ A exists and

σ(s) 6= 0 for a.a. (s, ω) ∈ [0, T ]× Ω (3.31)

then
B(t) is an (H, P )-semimartingale. (3.32)
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Proof. By Theorem 3.5 we know that Mπ(t) of (3.9) is an (H, Qπ)-martingale, with the
notation of (3.19) and (3.19). Hence

dP (ω) = Gπ(T )dQπ(ω) on HT ,

where
Gπ(T ) = Fπ(T )−1.

Let Z(t) be the (H, Qπ)-martingale defined by

Z(t) = EQπ [Gπ(T )|Ht] = E [Fπ(T )|Ht]
−1E [Fπ(T )Gπ(T )|Ht] = E [Fπ(T )|Ht]

−1 .

By the Girsanov Theorem we get that the process M̂π(t) of (3.28) is an (H, P )-martingale,
as claimed. The argument goes both ways.
(ii) is a direct consequence of (i).
(iii) By (ii) we know that

N(t) =

∫ t

0

σ(s)d−B(s)

is an (H, P )-semimartingale. Then if (3.31) holds, we get that

∫ t

0

σ−1(s)dN(s) =

∫ t

0

σ−1(s)σ(s)d−B(s) = B(t)

is an (H, P )-semimartingale also. ¤

Remark 3.7 This result is related to Theorem 7.2 on page 504 of [6], where it is proved
that if there is no arbitrage for an insider using simple integrands, then the price process is
a semimartingale. However, our result is not a consequence of the result in [6], since we are
considering a generalised utility function which may not be even concave and non-decreasing
(see 3.8).
Theorem 3.6 is also related to a result of [19], where it is proved that the existence of an op-
timal strategy for some insider having strictly monotonic continuous and convex preferences
implies the absence of free lunches. This again implies the semimartingale property for the
asset prices [7], [21].

Theorem 3.8 Suppose σ(t) 6= 0 for a.a. (t, ω). Suppose that there exists an optimal port-
folio π∗(t) for Problem 3.3. Then B(t) is a semimartingale with respect to Ht and P , i.e.
there exists an Ht-adapted finite variation process A(t) such that

B̂(t) := B(t)− A(t) is an Ht-Brownian motion. (3.33)

Moreover, we have the following explicit relation between A and the optimal portfolio π∗

π∗(t) := σ−2(t)

[
µ(t)− r(t)− Z−1(t)

d

dt
[M∗

π , Z]ac(t) + σ(t)
d

dt
Aac(t)

]
(3.34)

where Aac(t) denotes the absolutely continuous part of A(t), given by the Lebesgue decompo-
sition theorem, and similarly with [M∗

π , Z]ac(t).
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Proof. The statement (3.33) follows from Theorem 3.6. Then (3.34) is obtained by
combining (3.33) with (3.28), (3.3) and (3.9) and solving for π∗. ¤

Note that this result gives an explicit expression for the semimartingale decomposition
of B with respect to H in terms of the optimal portfolio π∗.

Remark 3.9 If the filtration Ht is generated by B̂(t), then by Girsanov Theorem and by the
representation property of Brownian martingales it follows that there exists an Ht-adapted
integrable process α(t) such that

B̂(t) := B(t)−
∫ t

0

α(s)ds is an Ht-Brownian motion. (3.35)

In this case (3.34) provides an explicit representation of the optimal portfolio π∗(t) in terms
of the information drift α(t).

We can apply Theorem 3.6 to the particular case of logarithmic utility and get

Corollary 3.10 (Logarithmic utility case) Suppose that there exists an optimal portfo-
lio π∗(t) for Problem 3.3 when U(x) = log x.

1. Define α∗ by

π∗(s) =
µ(s)− r(s)

σ2(s)
+
α∗(s)
σ(s)

(3.36)

and put

β(s) =
µ(s)− r(s)

σ(s)
. (3.37)

Then

B̂(t) := B(t)−
∫ t

0

α∗(s)ds is an (H, P )-Brownian motion

and

V G,H
T = log x0 + E

[∫ T

0

{
r(s) +

1

2
(β(s) + α∗(s))2

}
ds

]
=

V F,FT + E

[∫ T

0

(β(s)α∗(s) +
1

2
(α∗(s))2)ds

]
. (3.38)

2. Suppose in addition that β(s) is Fs-measurable, 0 ≤ s ≤ T . Then

E

[∫ T

0

β(s)α∗(s)ds
]

= 0 (3.39)

and the corresponding value is

V G,H
T = log x0 + E

[∫ T

0

{
r(s) +

1

2
[β(s)2 + (α∗(s))2]

}
ds

]
=

V F,FT +
1

2
E

[∫ T

0

(α∗(s))2ds

]
(3.40)
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Proof. First we note that since π∗ is admissible, then the corresponding optimal value
function in (3.38) is finite.
It only remains to prove (3.39). If β(·) is F -adapted, then by (3.33)

E

[∫ T

0

β(s)α∗(s)ds
]

= E

[∫ T

0

β(s)(dB(s)− dB̂(s))

]
=

E

[∫ T

0

β(s)dB(s)

]
− E

[∫ T

0

β(s)dB̂(s)

]
= 0.

¤

Here V F,FT represents the value of the honest trader when G = F and

1

2
E

[∫ T

0

(α∗(s))2ds

]

is the additional value (utility) obtained by the insider. Theorem 3.10 represents a con-
verse of Theorem 2.1 in [12].
Under certain assumptions, including the one that B(t) is a Ht-semimartingale, the optimal
portfolio Problem 3.3 has been studied by many authors, also for other utility functions than
the logarithm. See e.g. [9] and the references therein. We note in particular that in [9] the
following general approach is used. Suppose that there exists an H-adapted process α(s)
such that the process

B̂(t) := B(t)−
∫ t

0

α(s)ds (3.41)

is an (H, P )-Brownian motion. Then we have

∫ t

0

φ(s)d−B(s) =

∫ t

0

φ(s)dB̂(t) +

∫ t

0

φ(s)α(s)ds (3.42)

for all the forward integrable processes φ. Hence the Problem 3.3 reduces to a classical
optimal portfolio problem with the process B̂(t) as the driving Brownian motion and with

µ̂(t) := µ(t) + σ(t)α(t) (3.43)

as the new mean rate of return in the stock price model (3.3), i.e.

dS1(t) = S1(t)[(µ(t) + σ(t)α(t))dt+ σ(t)d−B̂(t)] (3.44)

Under certain conditions one can now apply the classical martingale method to solve optimal
consumption and portfolio problems in the new setting (3.44). We refer to [9] and [18] for
details.
Combining this approach with Theorem 3.6 we obtain explicit formulas for the optimal in-
sider portfolio without the assumption (3.41), but with the only assumption that an optimal
portfolio exists. We illustrate this by giving the solution in the power utility case.

Corollary 3.11 (Power utility case) Suppose

U(x) =
1

γ
xγ;x ∈ [0,∞) (3.45)
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where γ ∈ (−∞, 1)−{0} is a constant. Suppose σ 6= 0 for a.a. (t, ω). Let Gt ⊂ Ht be general
filtrations as before. Suppose that there exists an optimal portfolio π∗ ∈ A for the problem

ΦH := sup
π∈A

E

[
1

γ
(X(π)(T ))γ

]
. (3.46)

Then there exists an H-adapted process α(s) such that (3.33) holds and hence the optimal
insider portfolio can be found as follows.
Define the (modified) market price of risk, θ(t), by

θ(t) =
µ(t)− r(t)

σ(t)
+ α(t).

Assume that

E

[
exp

(
1

2

∫ T

0

θ2(t)dt

)]
<∞

and define

H0(t) = exp

(
−

∫ t

0

θ(s)dB̂(s)− 1

2

∫ t

0

(θ2(s) + r(s))ds

)

and

X∗(t) = H−1
0 (t)E

[
H

γ
γ−1

0 (T )
]−1

E
[
H

γ
γ−1

0 (T )
∣∣∣Ht

]
. (3.47)

Let ψ(t) be the unique Ht-adapted process such that

∫ T

0

ψ2(t)dt <∞ a.s.

and

E
[
H

γ
γ−1

0 (T )
]−1

H
γ

γ−1

0 (T ) = 1 +

∫ T

0

ψ(t)dB̂(t).

Then

π∗(t) = σ−1(t)

[
ψ(t)

H0(t)
+X∗(t)θ(t)

]
(3.48)

is the optimal insider portfolio and X∗(t) = X(π∗)(t) is the corresponding optimal insider
wealth process.
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