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Abstract

We propose a hedging approach for general contingent claims when liquidity is a concern
and trading is subject to transaction cost. Multiple assets with different liquidity levels
are available for hedging. Our risk criterion targets a tradeoff between minimizing the risk
against fluctuations in the stock price and incurring low liquidity costs. Following |Cetin
et al. (2004) we work in an arbitrage-free setting assuming a supply curve for each asset. In
discrete time, following the ideas in Schweizer et. al. (Schweizer, [1988; [Lamberton et al.,
1998)) we prove the existence of a locally risk-minimizing strategy under mild conditions on
the price process. Under stochastic and time-dependent liquidity risk we give a closed-form
solution for an optimal strategy in the case of a linear supply curve model. Finally we show
how our hedging method can be applied in energy markets where futures with different
maturities are available for trading. The futures closest to their delivery period are usually
the most liquid but depending on the contingent claim not necessary optimal in terms of
hedging. In a simulation study we investigate this tradeoff and compare the resulting hedge
strategies with the classical ones.
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1 Introduction

In this paper we deal with the problem of hedging general contingent claims under illiquidity.
Stochastic liquidity cost is incurred by hedging with multiple assets with possibly different levels
of liquidity. Our main motivation comes from energy markets. Consider for example an agent
hedging an Asian-style call option written on the average spot price S = (Sy)o<u<7t, Of energy.

Such an option has the payoff
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for a strike K, with a so-called delivery period [T1,T5]. The instruments available for hedging
such options are futures delivering over the same or a different time period. Hedging is a
challenge though since these futures are either not trading in their delivery period at all (such
a setting was considered in Benth & Detering, 2015) or are very illiquid such that hedging
incurs large transaction costs. In addition, futures are usually very illiquid for ¢ < T}, so their
liquidity has a delicate time-structure. In the market, multiple futures with different delivery
periods (week, month, quarter, year) and different levels of liquidity are available as hedging
instruments. The results of our paper can be applied to hedging options in energy markets with
multiple futures by accounting for their different levels of liquidity. The Asian-style option is
a particular example but other payoffs as for example Quanto options (see Benth et al.l 2015
can be handle d equally.

The effect of illiquidity on hedging and optimal trading is a very active research topic in
mathematical finance. Still, there is neither an agreed notion of liquidity risk, which is roughly
speaking the additional risk due to timing and size of a trade, nor a standard approach for
hedging under liquidity costs. A good overview on existing liquidity models in continuous and
discrete time can be found in |Gokay et al.| (2011]).

There are basically two different approaches how to model liquidity risk. The first one is
a class of models incorporating feedback effects, that is when the trade volume has a lasting
impact on the asset price (see e.g. | Bank & Baum), 2004)), also known as permanent price impact
or lasting impact. The second approach considers smaller agents whose transactions have no
lasting impact on the price of the underlying (see e.g. |Cetin et al., [2004, and the references
therein).

In this paper we stay within the small agents approach and understand liquidity costs as the
transaction costs incurred from the hedging strategy by trading through a fast recovering limit
order book. In particular we follow the arbitrage-free model suggested by Cetin et al.| (2004),
who introduced the so called supply curve model. There, the asset price is a function of the
trade size and the authors developed an extended arbitrage pricing theory.

In addition to the vast majority of papers on illiquid markets dealing with optimal execu-
tion, there are also many papers investigating hedging under illiquidity, most of them consider
super-replication (see for example [Bank & Baum), [2004; |Cetin et al., 2010; |Gokay & Soner,
2012)). As super-replication is often too expensive we use a quadratic risk criterion. In the clas-
sical frictionless theory without transaction costs, there are two main approaches for quadratic
hedging (see |Schweizer], 2001, for a survey). First, the mean-variance approach, which was
introduced in [Follmer & Sondermann| (1986), relies on self-financing strategies which produce
as final outcome the portfolio Vi := ¢ + fOT X, dS, for some initial capital ¢ € R and a trading
strategy X in the risky asset S = (Sy)o<u<7. The goal of this method is to look for the best
approximation of a contingent claim H by the terminal portfolio value Vp, that is minimizing

the quadratic hedge error
T 2
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under the real world probability measure and over an appropriately constrained set of strate-
gies. This is also called global risk-minimization. In discrete time, this problem was solved
in |Schweizer| (1995) in a general setting and relaxing the assumptions imposed earlier in [Schél
(1994). Later on, this was extended to the multidimensional case with proportional transaction
cost in Motoczynski| (2000)) and Beutner| (2007) where the authors show existence of an optimal
strategy. The papers Rogers & Singh! (2010), |/Agliardi & Gengay| (2014) and [Bank et al.| (2017)
can be seen as an extension under illiquidity of the mean-variance hedging criterion, which is
based on minimizing the global risk against random fluctuations of the stock price incurring
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low liquidity costs.

A second quadratic method for hedging in an incomplete market is local risk-minimization
first introduced in Schweizer| (1988) and later extended in|Lamberton et al. (1998) by accounting
for proportional transaction costs in the discrete time case. For discrete time k£ = 0,...,T this
method does not insist on the self-financing condition but instead the goal is to find a strategy
(X,Y) = (Xkt1, Yi)k=o,...,7 With book value Vj, = X} 115, + V) (the risk-free asset is assumed
constantly equal to 1) such that H = Vp, the cost process Cy = Vi, — 22:1 Xm(Sm — Sm—1)
is a martingale and the variance of the incremental cost is minimized. Here, the strategy Xji1
represents the number of shares held in the risky asset and Yj; the units held in the bank
account in the time interval (k,k + 1]. In our paper, we extend the work of Schweizer| (1988)
by considering a multidimensional asset pri ce process in discrete time. Secondly we extend the
local risk-minimizing quadratic criterion to an illiquid market in the spirit of Rogers & Singh
(2010) and |Agliardi & Gengay| (2014).

In contrast to the existing literature our approach and setting is designed to address the
above mentioned problem in energy markets. For this we need a multi-dimensional setup to
allow for hedging with multiple futures. Second, the assets price dynamics has to be general
enough to capture the characteristics of energy markets and we need a time dependent liquidity
structure. Our risk criterion is chosen such that it allows for more explicit formulas for the
optimal strategy than existing approaches. Furthermore, as shown in a case study, they are
also computationally tractable. Our main result is the existence of a locally risk-minimizing
strategy under illiquidity requiring only mild conditions on the asset price. These conditions
are quite technical but they can be reduced to conditions on the covariance matrix of the price
process, which can be checked easily for most processes relevant in practice. Furthermore, the
strategies can be calculated backwards in time by using a least-squares Monte Carlo algorithm.

Our setup allows us to explore the tradeoff between liquidity and hedge quality of available
hedge instruments. For example, consider the Asian-style option in a market where different
futures with different delivery periods and different liquidity levels are available for hedging.
In such a situation, there are futures with delivery period well matching the delivery period of
the option payout resulting in a strong correlation between the future and the option to hedge.
However, in certain time periods these hedge-optimal futures are very illiquid and futures which
are less correlated but more liquid might be better for hedging. Our framework allows us to
explore this tradeoff and provide market-makers with a more profound tool for risk management.

The paper is structured as follows. Section [2]explains the model framework and describes the
basic problem. In Section [3|we focus on a linear supply curve and impose necessary assumptions
on the price process to prove our main existence Theorem[3.10] Sufficient conditions to check the
assumptions are also provided. Section [4] considers an application to energy markets. Optimal
strategies under illiquidity are simulated by means of a least-squares Monte Carlo method. This
allows us to explore the tradeoff between liquidity and hedging performance of futures available
for hedging.

2 The Model

Given a filtered probability space (£, F,F,P) consider a financial market consisting of d+ 1 as-
sets. We denote by P the objective probability measure and by F the filtration F = (Fy)g=0.1,.... 7
which describes the flow of information. We shall use the indices &k = 0,1,...,T to refer to a
discrete time grid with time points {yp < t; < --- < t7 and sometimes use both interchangeably.
An F-adapted, nonnegative d-dimensional stochastic process S = (Sk)r=0,1,.,7 describes the
discounted price of d risky assets (typically futures or stocks). We use Si to refer to the price



of asset j at time t;. Furthermore, a riskless asset (typically a bond) exists whose discounted
price is constantly 1.

Similar as in (Cetin et al.| (2004) we assume that a hedger observes an exogenously given
nonnegative d-dimensional supply curve Sy(x) where Sy(x)’ := S{(7) represents the j-th stock
price per share at time k for the purchase (if 7 > 0) or sale (if 7 < 0) of |27| shares. We
call S(0) = S the marginal price. The supply curve determines the actual price that market
participants pay or receive respectively for a transaction of size x at time k. This curve is also
assumed to be independent of the participants past actions which implies no lasting impact of
the trading strategy on the supply curve. The only assumption that we need for the moment
is measurability of the supply curve w.r.t. the filtration F and that it is non-decreasing in the
number of shares x, i.e. for each k and j, Sg(x)? < Sk(y)?, P—a.s. for 27 < 7. This will ensure
that the liquidity costs are non-negative.

In Cetin et al.| (2004) the authors develop a continuous time version of such a supply curve
model and an extended arbitrage pricing theory. They show that the existence of an equivalent
local martingale measure Q for the marginal price process S rules out arbitrage. A similar
results can easily be seen to hold in our setting as liquidity cost is always positive.

However, even a unique martingale measure (and state space restrictions in a discrete setting)
do not necessarily ensure completeness if one incorporates illiquidity. Since we cannot hedge
perfectly, we want to minimize locally the risk of hedging under illiquidity according to an
optimality criterion introduced in Definition

In the following we shall consider an investor who aims at hedging an Fpr-measurable claim
H. For z € R%, let |x| denote the Euclidian norm and x* the transpose of z. Further, (z,v)
denotes the inner product of z,y € R? Adapting Schweizer| (1988) we define the investor’s
possible trading strategies. For this we denote by L%(Rd) (in short ]L%d), the space of all Fp-
measurable random variables Z : Q — R? satisfying | Z||P = E(|Z|P) < oo. We abbreviate
ASy = Sp — Sg_1. Furthermore, we denote by ©4(S) the space of all R%valued predictable
strategies X = (Xj)k=12,.. 7+1 so that X;AS, € ]L%l and AX}[Sk(AXpy1) — Sk(0)] € L#l
fork=1,2,...,T.

Definition 2.1. A pair ¢ = (X,Y) is called a trading strategy if:
(i) Y = (Ya)k=01,..,7 is a real-valued F-adapted process.
(i) X € 04(9).
(iif) Vi(p) == X}, Sp + Yy € L3 for k=0,1,...,T.

We call Vi.(¢) the marked-to-market value or the book value of the portfolio (Xpi1,Y%) at
time k. We interpret Xj 41 as the number of shares held in the risky asset S/ and Y} the units
held in the riskless asset (bank account) in the time interval (k, k+1]. Note that with a non-flat
supply curve, there is no unique value for a portfolio, as the value that can be realized depends
on the liquidation strategy.

2.1 Cost And Risk process

Consider an L?p’l—contingent claim of the form H = X}HST + Y7, where X}HST € L%l,
XT—i—l € ]L%’d and the components of the pair (XT+17 YT) are Fp-measurable random variables
describing the quantity in risky assets and bonds respectively that the option seller is committed
to provide to the buyer at the expiration date T of the financial contract H E|

'For example, in the 1-dimensional case one could set XT+1 =0and Yr = (St — K)Jr for a call option with
strike K without physical delivery.



Assuming that at time k € {1,2,...,T} an order of AY}, := Yy —Yj_1 bonds and AXyq :=
Xj11 — X shares is made, then the total outlay (under liquidity costs) is

AYy + AXp 1 Sp(AXky1) = Ay + AX 1 Sk + AXp 0 [Sk(AXgq1) — Se(0)]. (3)

Note that Si(0) = Sk is the marginal price, such that the last term can be seen as the transaction
cost resulting from market illiquidity. Furthermore, using the definition of the book value the
previous equation can be written as

For a self-financing trading strategy the total outlay at time k& would be zero.

Now, by defining C’o(w) = Vo(y), the initial cos we can define the cost process under
illiquidity C(¢) = (C(@))k=01,...,7 as

ZAY " ZA et 1Sm(A X 4) + V(). (5)

It quantifies the cumulative costs of the strategy ¢ = (X,Y). A simple calculation using the
definition of Vj(¢) shows that

Cr(¥) Z X ASy + Z AX m(AXmi1) = Sm(0)], (6)

which will be needed later. If we can ensure that the cost process is square integrable, then we
can define the quadratic risk process under illiquidity R(yp) = (Rk(¢))k=0.1,...7 by

Ri(¢) :==E[(Cr(p) — Cilp))?|Fx] - (7)

At this point we would like to mention that the classical local risk-minimization approach aims at
finding a locally risk-minimizing strategy ¢ = (X,Y) such that Vy(¢) = H with X741 = X741
and Y7 = Y7 (see Section for more details).

We denote by C(¢) = (Ck(¢))k=0,1,...,1 the classical cost process without liquidity costs (i.e.,
S(xz) = S(0)), that is

k
Cil(p) == Vilp) = Y X1 ASm, (8)
and obtain the relation
Cr(p) = Cilp) = Cr(v) Z AX m(AXmi1) = Sm(0)]. (9)
m=k-+1

Furthermore, we denote by R(y) = (Rk(¥))k=o0,1,...7 the classical risk process, defined as in (7))
but with C replaced by C.
One could also define the linear risk process under illiquidity

Ri(¢) = E[ICr(p) — Cr(9)IIF4] (10)

2For simplicity we do not account for any liquidity costs paid to set up the initial portfolio.




which is motivated in |Coleman et al.| (2003).

Remark 2.1. A linear local risk-minimization criterion might be more natural than a quadratic
one from a financial perspective. The L?-norm overemphasizes large values even if these values
occur with small probability. Nevertheless, by minimizing over the L?-norm, it is possible to
get explicit results.

A combination of the two, that means measuring the quadratic difference of the classical cost
process and linearly the liquidity costs, yields the quadratic-linear risk process under illiquidity.

T
Ti() == B[(Cr() = Chl(@))*|Fu] + B[ D> AXy 1 [Sm(AX i) = S (0)]|F4]- (11)
m=k+1

As we will see later on, by minimizing the expression in ([11)) we will be able to construct an
explicit representation of the LRM-strategy under illiquidity where large values of liquidity costs
are not overemphasized by the L?-norm.

2.2 Description of the basic problem

The aim of the classical local risk-minimization is to minimize locally the conditional mean
square incremental cost of a strategy. Our criterion is targeting on minimizing locally the risk
against random fluctuations of the stock price but at the same time reducing liquidity costs. It
balances low liquidity costs against poor replication. Such an approach is similar to |Agliardi &
Gengay| (2014) or [Rogers & Singh| (2010) and yields a tractable problem.

In minimizing locally the risk process at time k, we only minimize in Y and Xy in order
to make the current optimal choice of the strategy by fixing the holdings at past or future times.
Definition [2.2] and Definition [2.3] give us the optimality criterion that the minimization problem
is based on.

Definition 2.2. A local perturbation ¢ = (X',Y’) of a strategy ¢ = (X,Y) at time k €
{0,1,...,T — 1} is a trading strategy such that X,,,1 = X/, ; and Yy;, =Y}/, for all m # k.

m

By a slight abuse of notation let
T3 () = E[(C1(9) — C(0))*[Fi] + aB[AX] 5 [Sks1 (AXps2) = S (O] F]. (12)

We specify in Definition what we call local risk minimizing (LRM) strategy under illiquidity
for some o € RT.

Definition 2.3. A trading strategy ¢ = (X,Y) is called locally risk-minimizing under illiquidity
if
T(e) <TR(¢)  P-as (13)

for any time k € {0,1,...,7 — 1} and any local perturbation ¢’ of ¢ at time k.

Definition [2.3] assumes that for any strategy the classical cost process C is square-integrable
and the liquidity costs are integrable. By Definition this is ensured. Note also that in
Definition we have only taken into account the liquidity costs at the current time. This is
equivalent to minimizing over T} in equation since we minimize only locally.

Remark 2.2. The choice = 1 represents an equal concern about the risk to be hedged
as incurred by market price fluctuations and the cost of hedging incurred by liquidity costs.
Otherwise, & < 1 means a major risk aversion to the risk of miss-hedging and « > 1 a major
risk aversion to the cost of illiquidity. One could also generalize by having a deterministic
R-valued process a = (a)r=0,1,. 7 and trivially our results will still hold.



So in the following we assume « is given and we aim at finding a locally risk-minimizing
strategy ¢ = (X,Y) under illiquidity such that V() = H with X771 = X741 and Y = Yr.
Some useful Lemmas follow, which even in the multi-dimensional case, can be shown by means
very similar to those used in |Lamberton et al.| (1998). For completeness we provide their proofs
in Appendix [6]

The first Lemma shows that a main property of a local risk-minimizing strategy, namely
that its cost process is a martingale, generalizes to our setting. The reason is that a strategy
¢ can be perturbed to ¢’ such that C(¢’) is a martingale by changing only the Fj-measurable
risk free investment. This in turn reduces the first term in but leaves the second term
unchanged.

Lemma 2.4. For a LRM-strategy ¢ under illiquidity, the cost process C(y) is a martingale.
Furthermore, from the martingale property of the cost process we get the representation,

Ri(p) = E[Rp+1(0)[Fi] + Var(ACk41(9)| Fr) P - as. (14)

for k=0,1,...,7T — 1.

So, for ¢ a LRM-strategy under illiquidity, the quadratic-linear risk process (QLRP) under
illiquidity has the representation

T (p) = E[Rps1 (@) F] + Var(ACk11(9) | Fi) + aB[AXE [ Sk 41 (AXky2) = Sea (0)]| ] (15)

The next lemma provides a representation for the QLRP process of a perturbed strategy.

Lemma 2.5. If C(y) is a martingale and ¢’ a local perturbation of ¢ at time k then

T3 (@) =E[Rp41(0)| Fi] + E[(ACk41(¢"))?| Fk)
+ oE[(Xpt2 — Xpp 1) [Ser1(Xng2 — Xppq) — Sk1(0)][F] - (16)

Remark 2.3. Since Ry11(¢) = Ri41(¢’) for any local perturbation ¢’ of ¢ at time k, it follows
from equation that one needs to minimize over

Var(ACk+1(9)|Fr) + aE[AX g 5[Sk+1(AXkt2) — Skt1(0)]]Fk] (17)

at time k (see also Proposition [2.6)).

Proposition 2.6. A trading strategy ¢ = (X,Y) is LRM under illiquidity if and only if the
two following properties are satisfied:

(i) C(yp) is a martingale.
(ii) For each k € {0,1,...,T — 1}, X}+1 minimizes

Var(Visa (@) = (Xp41)" Akt | Fi)
+ 0B[(Xp+2 — Xpy1)" [Ser1(Xnr2 — Xpp1) = Sier1 (0)]| Fi) (18)

over all F-measurable random variables X; ., so that (X;,)*ASk1 € L%’l and (Xpi0—
X} 1) [Sher (X — Xy ) — Sk (0)] € L'

Proposition [2.6] is quite general since it holds for any supply curve. For the existence and
recursive construction of a LRM-strategy under illiquidity we will consider in the next section
a special case of the supply curve that is motivated from a multiplicative limit order book. For
this model we can construct explicitly the optimal strategy and we are able to state conditions

that ensure that the optimal strategy belongs to the space ©4(.5).



3 Linear supply curve

When trading through a limit order book (LOB) in an illiquid environment, liquidity costs are
related to the depth of the order book. We do not take into account any feedback effects from
hedging strategies, so we assume that the speed of resilience, i.e., the ability of the order book
to recover itself after a trade, is infinite. We choose the form of the supply curve Si(x) =
(Si(zh),...,S¢(x%)* to be

Si(a7) = 8] +aiels] (19)
and assume that the price process S is a non-negative semimartingale and € = (e )k=0,1,..7 is
a positive deterministic R%valued process. Note that it is possible for Sy (z) to take negative
values for some x, but in practice this is unlikely to happen for small values of £; and reasonable
values of zx.

Now let us describe a (multiplicative) limit order book for the specific form of the supply
curve. A symmetric, 1-dimensional, time independent (for simplicity) LOB is represented by
a density function ¢, where ¢(z)dx is the bid or ask offers at price level 2S;. Denote by
F(p) = flp q(x)dx the quantity to buy up through the LOB at price pSi. If an investor makes
an order of x = F(p) shares through the LOB at time k then some limit orders are eaten
up and the quoted price is shifted up to Sg(z)" := g(x)Sk where g(x) solves the equation
x = flg(m) q(y)dy, that is g(z) = F*I(x) Since we do not account for any price impact, then

after the trade, the price returns to Sk The cost of an order of = shares will be S, flg(x) pdF(p)
which for an appropriate choice of the function ¢, should be equal to 2Sy(z) = xSk + x?Sk.
Choosing an, independent from price, density

q(z) = (20)

does the job. The process € can be thought as a measure of illiquidity. For ¢ tending to zero
the market becomes more liquid and the liquidity cost vanishes.

Remark 3.1. Recall that the supply curve Si(x) is increasing in the transaction size x which
ensures non-negative liquidity cost, that is z[Si(z) — Sk(0)] > 0. The specific choice of a linear
supply curve implies €Sy |z|? liquidity costs for a transaction of size x at time k. Note that it is
essential to assume that the marginal price process S is non-negative in order to avoid negative
liquidity costs. Note that when the price process Si increases, then naturally also the liquidity
cost increases but not the availability of assets in the LOB since the depth of the order book
qr(y) = ﬁ depends only on &y.

Proposition [2.6] tells us how to construct an optimal strategy according to the LRM-criterion
under illiquidity. Going backward in time we need to minimize at time k

Var(Vig1(p) — (Xj01)"ASky1]Fr)
d

+ QE[Z 5i+15£+1(XIZ+2 — (Xis1))? | 7] (21)
j=

3Note the multiplicative way of shifting up the price. In an additive LOB this would be of the form Sy (z)" :=
Sk + g(x) as for example in [Roch| (2011)). For a description of multiplicative and additive limit order books see
for example |[Lgkka) (2012).

“In the literature, this is the so-called resilience effect, measuring the proportion of new bid or ask orders
filling up the LOB after a trade. In our case we have infinite resilience.



over all appropriate X;_ ; (see Definition [2.1) and choose Y}, so that the cost process C' becomes
a martingale.
Before continuing let us first introduce some notation:

AR = Var(AS] | Fr) 5 = Elel, 1 Sh, 1 Fu) Apj = Ay + AL
bi.; = Cov(Vir1, ASy_ 4| Fi) 5 = Ele], 1St XT ol Fil brsj = bRy + by
Diji := Cov(AS] |, ASy 1| Fr)  fori#j (22)

foralli,j=1,...,dand k=0,...,7T — 1.
Furthermore, we can rewrite the expression by defining the function f; : R4 x Q — Rt
as

Zlca! Apyj(w —22%% W)+ Y ¢jciDpyji(w)

JF

+ Var (Vi | Fi) (W) + Z Ele] 1S, 1X7 o1 7] (). (23)
j=1

Fixing w one can easily calculate the gradient of the multidimensional function f;. We need to
solve grad(fi) = 0 to calculate the candidates of extreme points which translates into solving
a linear equation system of the form

Fj kC = bk (24)

where Fj, € R¥4 with Fi.ij = Dy j for @ # j, Fr.ij = Ap;j for i = j and by, = (by1, ..., bkq) €
R, Let Ff = diag(Ai;l, e ,Ai;d) and denote by FY the matrix Fj, with €i+1 = 0 for all j,
that is the covariance matrix of the marginal price process S. Then the symmetric matrix Fj,
is the sum of two real symmetric, positive semidefinite matrices Fj = F] ,? + Fj;. This implies
that the matrix F} is also positive semideﬁniteﬂ and therefore also the Hessian matrix which
calculates as Hy, (c¢) = 2F},. So, assuming that the covariance matrix F, ,? is positive definite, this
implies that F} is invertible and equation h as a unique solution. Furthermore, since also
the Hesse matrix is positive definite the function ¢ — fi(c,w) is strictly convex, which implies
that ¢* := F Ly is a global minimizer. Furthermore, since the matrix F, 1 and b, are both
Fr-measurable it is clear that the minimizer ¢* is also Fj-measurable.

3.1 Properties of the marginal price process S

In order to show that the optimal strategy ¢* calculated above belongs to the space ©4(S), we
need slightly stronger assumptions on the matrix Fj, which can be reduced to assumptions on
the covariance matrix of S. We will impose these assumptions now. It will turn out that they
hold for independent increments as well as for independent returns.

Definition 3.1. We say that S has bounded mean-variance tradeoff process if for some constant
C>0

Fl
(EIASL,,|Fi])? <C P-as. forallj=1,...,d (25)
Var(ASkH]]:k)
uniformly in k and w.
®In fact, Fy is positive definite if Ei_,'_l is positive for all j =1,...,d.



Definition 3.2. We say that S has modified above bounded mean-variance tradeoff process if

for some constant C' > 0
(B[S}, |1 Fk))?
Var(Sé+1 | Fk)

<C P-as. foralj=1,...,d (26)

uniformly in & and w. Furthermore S has modified below bounded mean-variance tradeoff process
if for some constant C' > 0

(E[S], 11 F])?
Var(SiH | Fk)

v

C P-as. forallj=1,...,d (27)
uniformly in & and w. If both bounds hold then we say that S has modified bounded mean-
variance tradeoff.

Remark 3.2. Note that for the case of S being a submartingale then the property of modified
above bounded mean-variance tradeoff implies that of bounded mean-variance tradeoff, since
by using (a + b)? < 2a? + 2b% we can estimate

(E[AS] | Fr])* < 2(B[SL,, | Fk])? + 2/ Sk|” < 4(B[SL, | Fk])? (28)
where we have also used the fact that Slz is positive.

Definition 3.3. We say that S satisfies the F-diagonal condition if for some constant C' > 0

E[SIZ+1“7:k]
Var(SiH\fk)

\/Var(AS,‘Z;H\Fk) + >C P-as. forallj=1,...,d (29)

uniformly in k and w and if for some constant C' > 0

Var(S?. | Fi) 1 .
ias >C P-as forallj=1,....d (30)

BIStalFl - /Var(aS], 1)
uniformly in k& and w.

Remark 3.3. The name F-diagonal condition in Definition [3.3] comes from the diagonal terms
of the matrix F', since

-2

FO - Eled g7 iy
Rijd \/Var(ASgHyfk) + e ’?“’ d
Var(Sj, || Fr)

| Flsj,512
. 2
FO \/Var(S_ | Fx) 1
|F]§7J7]’2 k;j.J _ k+1 ) (31)

2 j ' '
| F 551 E[5i+15i+1|}_’€] \/VQT(ASIJq-i-l"Fk)

Writing SiH = Si;(l + pZH_I) for j = 1,...,d , we denote by p = (pr)k=01,.7 the d-
dimensional return process of S.

The next two Propositions [3.4] and give sufficient conditions for the previous properties
on the marginal price process S to hold.
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Proposition 3.4. For S satisfying C' < Var(AS,zHLFk) < C for some positive constants C,C
and for all j = 1,...,d, then the F-diagonal condition holds. In particular, if S has independent
increments then S has bounded mean-variance tradeoff and satisfies the F-diagonal condition.

Proof. The claim follows directly from the fact that C' < Var(ASi lFr) <C. O]

Proposition 3.5. For S having modified bounded mean-variance tradeoff then the F-diagonal
condition holds. In particular, if S has independent returns then S has bounded mean-variance
tradeoff and satisfies the F-diagonal condition.

Proof. The claim follows directly from the fact that S has modified bounded mean-variance

tradeoff. ]

Remark 3.4. Consider the 1-dimensional Black-Scholes model of a geometric Brownian motion
W, that is
Skn = Soexp (bkh + oWyp) (32)

with discretization time step At = h. Then the return process p, can be defined by,

1+ pr = O (33)
Sk—1)n

and is lognormally distributed. This is also a process of i.i.d. random variables. By Proposition
S has bounded mean-variance tradeoff and satisfies the F-diagonal condition.

3.2 Some preliminaries

Now let us state some useful Lemmas needed in the proof of Theorem [3.10| in order to show
that the integrability conditions are fulfilled. In what follows we will use the notation

. 10 0 -1 2 € — 0 e |121p—1 2
ki = Fryj i il Pl Ohsij = Frijig il Flg i
. 170 -1 2 € I e 121p—1 2
Briij = Fk” Fk;j,i 51:;@',]' = |Fk”| |Fk;;j7i (34)
fori,j=1,...,d and k =0,...,T when the inverse matrix Fk_l of F}, exists.

In the following we will denote by My.; ; the matrix Fj without the i-th row and j-th
column. Recall also from linear algebra that if the inverse of a symmetric matrix Fj, exists then

-1 (—1)it7 det(My;; ;) . .
ki = dt(Fy) which we use in Lemma |3.9

Lemma 3.6. For all d € N>o:

d
det(Myi ;)* < CFQ; i Fai T 1Frsal? for all 4,5 =1,...,d with i # j  (35)
g
|Flj i1 det(My;5)% < C det(F¢)? forall j=1,...,d (36)
Fyj i Frii det(My ;)? < C det(Fi)? foralli,j=1,...,d (37)
for some positive constants C, C' and C' where FA = diag(Ak1, . - -, Arsa)-

Proof. First note that the last inequality follows from the first two. Indeed for the case
i # j and since F,S_jj < Fy.;; (since 5?#1 and Sljc+1 are non-negative) for all j, then from

11



inequality we have

d
det(Mp;ij)* < CFijjFiiq [ [ 1Fraal®. (38)
i

Since the matrix F,f is a diagonal matrix then it is clear that now inequality 1) follows for
i # j. The case ¢ = j follows directly from inequality .

For showing the inequalities and for d = 2 is trivial. We will show for the case
d = 3 the inequality . Inequality follows then analogously. Let w.l.o.g. ¢ = 1. For

7 = 2 we have
det(My.12)? = (Di.124k3 — Di23Di13)? < 2|Dia 2| Arsl? + 2| Dros|?| D | (39)

where we have used the inequality (a+ b)? < 2a? +2b?. Now, applying the conditional Cauchy-
Schwarz inequality we get,

det(M/ﬁl,?)Z < 2A2;1Ag;2|"4k53‘2 + 2A2;2A2;3A2;1A2;3 < 4A2;1A2;2’Ak§3|2 : (40)

The case j = 3 follows analogously and so inequality holds.
A generalization of the proof for an arbitrary d can be done using the Laplace’s formula and
the symmetry of the matrices Fj and F,? . O

The next Definition of the F-property is crucial, not only for extending the LRM-criterion
of |Schweizer| (1988]) to the illiquid case (i.e. € # 0) but also (especially) for the extension to the
multidimensional case. In the 1-dimensional case the F-property translates to Var(ASky1|Fi)+
Elek+1Sk+1|Fk]) > 0 for a one-dimensional price process S which is always fulﬁlledﬁ Also if we
are dealing with independent components, i.e., S and S7 are independent for i # j, then it
reduces to det(F, ,f) > 0 which also always holds since the matrix F; 124 is positive semi-definite.
So the next property is essentially linked to the covariance matrix of the multidimensional price
process S. We will see later on in Section [3.4] that this property can be reduced to a property on
the covariance matrix of S. In what follows, C' denotes a generic positive constant that might
change from line to line.

Definition 3.7. We say that the process S has the F-property if there exists some 6 € (0,1)
such that
det(Fy) — (1 — &) det(F{) >0 (41)

for all k =0,1,...,T where F{! := diag(Ag.1, - - ., A.a)-

Lemma 3.8. Assume that S has the F-property and satisfies the F-diagonal condition. Then
the terms i j, Briij oy ; and B;;M are uniformly bounded in k£ and w for all 4,5 =1,...,d.

Proof. For the first term ay; ; we have

det(F{)? 1

det(Mk ')2
3.9 == FO 0 itJ < C
ki det(Fp)2 = 7 (1—0)2

W <c
kv.jvj ksiyi det(Fk)z -

(42)

by using first the inequality from Lemma and then the F-property. For the second

5Recall the assumption that the price process S and the process e are both non-negative.
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term (j,; ; we can estimate for the case i = j

det Mkzz 2 F;?“ det FA 2 1
Brsii = Flg;i,i (Mr, ’2) < > (F} )2 <C 5 (43)
det(Fy) | Fhii]? det(Fy) (1—9)

using inequality from Lemma and then the F-property and inequality . For the
case 1 # j and using inequality from Lemma we have

O
det(Fk)QBk;iJ kadet(Mli) <Cij]’szz‘2 H ‘Fk,l,l’ <C’ kJJ det(Fk) (44)
7]’.7

l#m

and from the F-property and inequality , Bk, is uniformly bounded. Furthermore and by
the same arguments as for the term f3y.; ; we have for the case i = j

o det(My)?

FQ. . det(FA)? 1
Wii = [Pl Fresii ki Aoty )
0] 3] 2 det(Fk)2

< 4
P ? det(Fn)? = C =) (45)

2
using the F-property and inequality . For i # j we can estimate
d
2 2 10 2 2 170 0 |2 2
det(Fk) ai;i,j = |Flf;i,z‘| Fk;j,j det(Mk;i,j) < C|F1§;i,z‘| Fk;i,i‘Fk;j,j’ H ’Fk;l,l|
i
0

‘F Z’L|2

< C’|F,§”| det(Fy')? (46)
and from the F-property and inequality , ag.; ;s also uniformly bounded. For the last term
ﬁ,f:w- we have for ¢ = j

det(Mk;i,i)Q < |Fl§;i,i’2 det—’(‘F]?)2 1

i L <C 47
Brig = |Fial det(Fy)? = 7 [Flyal? det(Fy)? = (1 —9)? o

by the F-property. Moreover for i # j

d
det(Fk)Qﬁli;i,j = ‘Fli;i,i|2 det(Mk;iJ) < C|Fk g1 z| Fk: ) sz]] H ‘Fk il l|

Lz
.. FO
— C FE.. . 2 k,'L,Z JJ d t F 48
| k,z,z’ ‘Fk“| ‘FkJJ e( k) ( )

where from the F-property and the F-diagonal condition the last term [, is uniformly
bounded. We also made use of the fact that the process ¢ is deterministic and that we have a
finite number of hedging times. O

Lemma 3.9. Assume that F} ! exists for k € {0,1,...,T} and S has bounded mean-variance
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tradeoff. Let (X,Y’) be any trading strategy. Then there exists some constant C' > 0 such that

E[((E}, br);AS] 1))

d d
< CEVar(Vis1|Fi) Y kg + > _(c(eht1)hiig + g ) B XA 4o ] (49)
i=1 i=1
E[((Fy or)5)%)
d d ‘
< CE[Var(Vis1|Fk) Z Br:ij + Z(C(%H)ﬁk;z‘,j + B ) Bl Xk 2| ] (50)
=1 =1

for all j = 1,...,d where (F, 'by); is the j-th component of the vector (F, 'b;). The term
c(ex+1) denotes a positive constant depending on the process € at time k + 1 such that for
ex+1 — 0, c(eps1) converges to zero.

Proof. First note that from the definition of the variance and using bounded mean-variance
tradeoff, it follows directly that

E[|AS], |2 Fk] = Var(AS], | Fr) + (E[AS], | Fi])? < CAY; . (51)

Furthermore, denoting F' = Fj and b = b, we have from the tower property and using inequality

(1)
E[(F~'0);A8],,)%] = E[(F _1(b°+b€))')2 [ASE 1 P1F]]

<2CEZ] SRR + (5P EY) (52)

Moreover, using the conditional Cauchy-Schwarz-Inequality for the term b? and the conditional
inequality (E[XY|G])? < E[X?|G]E[Y?|G] on the term b together with the definition of the
variance yields

E[((F _1b) JAS] )7

< CE| Z I3y Y2 (Var (Vieer [ Fi) FY; +]Eii5ic+1sli+1|2|fkiEiiXii+2|2|fki)Fg('),ji

Z |E7 P (Var (Vi | Fi) F + el PGB X g1 Fr) + [FL PEI X Fr)) F7) -
(53)
The other inequality follows analogously. ]

Remark 3.5. For the Ex1stence of a LRM-strategy under illiquidity we will use Lemma
together with Lemma For the optimal strategy X (under the LRM-criterion under illig-
uidity) we will need to show that X 4 _HASi 41 € LT and X,]c 41 € IL,2 ' The first integrability

property shows that the strategy X belongs to @d(S) the space of all R%-valued predictable
strategies X = (Xp)r=12,. 741 so that X;AS, € L7 2 for k = 1,2,...,T. The second one is
needed to show the first one. Nevertheless, both integrability properties are needed in order to
show that the liquidity costs of the optimal strategy are integrable.

In the infinite liquidity case, that is € = 0, since the terms c(ej41)g,; j and o, ; vanish, we
do not need the second inequality of Lemma This implies that in the multidimensional case
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without liquidity costs, one needs to show only that X € @d(S ) by using bounded mean-variance
tradeoff and the F-property.
Also, in the 1-dimensional case (d = 1) we have

|A2;1‘2 o A%l e Ag;l ‘AI&;;1|2

Q11 = T 1,1 05 = A5 Be =B (54
[Aga|? AP 0 S =Aapgop o Paa=pop G4

where the terms a1 1, 6}3;171 are bounded by 1 and the terms 8.1 1, ai;m are uniformly bounded
by the F-diagonal property. Moreover for ¢ = 0 one would only need to show the first inequality
of Lemma [3.9] which reduces to

E[((F; 'bk)1AS411)?] < CE[[Viya 7] (55)

as in the classical 1-dimensional case in [Schweizer| (1988]). Recall that in this case only the
assumption of bounded mean-variance tradeoff is essential.

We continue with the main Theorem where we show the existence of a local risk-minimizing
strategy under illiquidity and under some mild conditions on the marginal price process S.

3.3 Existence and recursive construction of an optimal strategy

Using the assumptions imposed in the previous Section [3.1| we are able to prove the existence of a
local risk-minimizing strategy under illiquidity and additionally to give an explicit representation
by means of a backward induction argument.

Theorem 3.10 (Existence result). Assume that S has the F-property, bounded mean-
variance tradeoff and satisfies the F-diagonal condition. Let further the covariance matrix
F ,8 be positive definite at all times k = 0,1,...,7 — 1. Then for any contingent claim H =
X}HST +Yr e L?ﬁl with X}HST € L%l and X7,1 € ]L2’d, there exists a local risk-minimizing
strategy ¢ = (X ,f/) under illiquidity with XT-H = X741 and Y7y = Yp. Furthermore, the
strategy has the representation

Xpp1=F by P-as.fork=0,...,7—1 (56)
Vi, = E[Wi|Fe] — Xi1 Sk P-as. fork=0,1,...,7 —1 (57)

where W), = H — Zﬁ:k—i—l X5 ASp,.

Proof. The proof is a backward induction argument on k = 0,1,...,7. First set XT+1 = X741
and Y7 = Yr. So, fix some k € {0,1,...,T — 2} and assume that at times [ = k,...,T — 2

N ; 2.1 o 2.1
(i) X/ ,AS] , €Ly and X/ ,clLy
(ii) |X7,,17S7,, € Ly

(iii) ka+251+1 + Yl+1 € L%l 3 Yl-s—l € Fi

forall j =1,...,d holds. At time k we want to minimize the expression over all X ,; 41 and
show that the following properties are fulfilled for all j =1,...,d:

(i) XJ,A8],, €Ly and X7

2.1
pi1 € L7

. X ; 1,1
(ii) |Xk11’251i €Ly
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(i) (X, )*Sk+Y, €Ly | Y, €F

Properties |(i)| - will then ensure that (X,Y) € ©4(S). First we define the function f;, as in
equation and note that all the terms in f; are integrable by induction hypothesis. Since
F}. is positive definite then there exists a unique solution to the minimization problem and an
Fir-measurable minimizer Xk;+1 can be constructed, which equals F~ 1p,. Furthermore define
Yk as in equation . Then it is clear that Yk. is Fr-measurable. The fact that X re19k + ffk =
E[Wy|Fi] € I[J%l follows from H € IL , the induction hypothesis Zm ft2 X*AS,, € ILT and
Xi 1 ASj41 € L3, which we will show below.

Now let us show first that X]JC HAS% 41 € L;’l. By inequality of Lemma we know
that for a constant C > 0,

E[(X],,A8],1)7)

d d
< CEVar(Xi oSkt + YeralFr) Y kg + Y (cleri1) ks + b EIIXE | Fil[58)
=1 i=1

holds. Since by the induction hypothesis X rroSk+1 + f/kﬂ and X}c 4o both in L%l for all
¢t =1,...,d, then it remains to show that the terms ay, j, ai,ij are uniformly bounded in k

and w. This follows from Lemma Similarly one can show that X ,JC 41 € L%l using inequality

of Lemma
Next we show that the liquidity costs E[Z

From the minimization problem of expression and since X k+1 1s a minimizer, we know that
(w.lo.g. a=1):

€k+1 k+1|Xk+2 X,jf+1|2|]-'k] are integrable.

VGT(X;;HSI@H + Yk+1 (Xk:+1) ASky1|Fk) + E[ 25k+15i+1|Xk+2 XIZ+1|2|]:I<:]
7j=1

d
< Var(X7y 9861 + Yirrl Fe) T ED el 1511 XT o[ F] (59)
j=1
holds, where the right hand side corresponds to choosing X;.; = 0. Taking expectation on
both sides and since by definition the conditional variance is non-negative, we get

d
Z 5k+15i+1|Xk+2 Xli+1|2] < E[|X;+2Sk+1 + Yk+1|2] + E[Z 5i+15i+1 |Xli+2|2] (60)
j=1 j=1

where we have used the fact that Var(X) < E|X |2. Now, since by the inductive hypothesis,
Xi oSkt + Yipr € L7 and S |X7 1% € Ly for all j = 1,...,d then it is clear that the
liquidity cost ZJ 1 5k+1Si+1’Xk+2 k+1|2 is in ]L 1 In partlcular €k+151i+1‘Xk+2 )A(,ZH\Q €
1Tl for all j = 1,...,d. This holds from the fact that the deterministic process € and the
marginal price process S are both non-negative by assumption. 4
In order to complete the proof, it remains to show that \X 1 +1|QS£ € I[J;Jl. This is needed in
order to complete the induction argument and be able to show that the liquidity costs in the
next step are again integrable. So, from the equality

‘XZ;HFS] = _’Xlz;+1|2ASi+1 + |X +1| Sk+1 (61)
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we need to show that \Xk+1|2AS£+1 and |X£+1\25i;+1 are both in ]L#l. Since, as already
shown, the liquidity costs are integrable for all j = 1,...,d and since by induction hypothesis

\X’g+2|2Si+1 € I[‘,;’l then the inequality

0< \Xk;+1| Si < 2|Xk+2 k-}—l‘ Sl]c 1 +2‘X£+2|25i+1 (62)

follows. Since 5,; > 0 this implies that ]X,f: 1\25,1 1 is integrable for all j = 1,...,d. The term

|X,€H|2AS,€Jrl is also integrable by the fact that X7 ASiH and X/ZH are both in L%l. Indeed
we have

k+1

EHX +1‘ ASk+1] < EHXIJcH’zl{\AsJ' \<1}] +E[’XkﬂASiH’21{\A5i+1\21}]
<E[ XL+ E[X], A8, ] (63)

and this proves and completes the induction step at time k.
The base case at time k =T where X7, ;S + Yr = H is clear by the same arguments and

by the assumptions on H and )_(T+1, Yr. Indeed, since XT +1ST + }A’T and XT-H are both square
integrable, then from Lemma and Lemma it follows that X J ASJ € LT and X% € ngl
for all j. Moreover, note that Wlth the assumptlons X% SJ € IL2T1, XJT 41 € L ! one can show
that \X% |2SJ € Ll L By the same arguments as above, this will imply the integrability of

the liquidity costs. The fact that |XJ |25’J 1 € ILT can be shown by using exactly the same
arguments as in the proof for the inductive step.
Finally, by defining

Yy 1 = E[H — X3AS7|Fi] — X3S (64)
then it is clear that Yy_; is Fr_i-measurable and X}ST,l +Yr_1 = E[H—X}ASTU:;C] belongs
to ]L%Jl.

The martingale property of C(¢) follows from the construction of Y since at each time k we
have

E[CT(¢) — Cr(P)|Fr] =0 (65)

and so by Proposition [2.6] since both properties are satisfied, then the trading strategy ¢ =
(X Y) is local risk-minimizing under illiquidity and the proof is complete. O

Remark 3.6. In the 1-dimensional case, the LRM-strategy ¢ = (X , f/) under illiquidity has
the representation

Xt = Cov(Vis1(8), ASkr1|Fi) + Eler1Ska1 Xu2| Fi) (66)
* Var(ASg11|Fk) + Elegt15%+1]F]
T
Vi(@)=E|H— )  XnASy, fk] (67)
m=k+1

For ;11 tending to zero we get the classical local risk minimization strategy without accounting
for illiquidity. Let us denote this by ¢ = (X,Y). Also, one can easily note that in the case
where S is a martingale, then Vi (¢) = E[H|F)| = Vi(®). That means the two book values are
equal.

One can easily check that when €41 goes to infinity, i.e. infinite liquidity costs, then

Spt1 - St X741
E[Sk11|Fk] - - - E[ST|Fr-1]

Xk:+1 —E

]—‘k] . (68)
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Consider cash settlement, i.e. XTH =0 and YT = H, where the value of the option has to be
paid out in cash as it is usually the market standard. Then we clearly have X g+1 — 0 for all
k=0,1,...,T when ;11 — co. From a financial point of view this makes sense since for the
investor the best choice is to invest nothing to avoid infinite liquidity cost. A similar observation
can be made in the d-dimensional case.

3.4 A sufficient condition for the F-property in terms of the covariance ma-
trix F°

Recall that the F-property from Definition was used in order to show the integrability
properties of Proposition [2.6] for the local risk-minimizing strategy under illiquidity calculated
backwards in time in the proof of Theorem In this section we show how this condition is
related to the covariance matrix F°. Before we continue let us recall the definition of a principal
submatrix (see |[Horn & Johnson, [2012]).

Definition of a principal submatrix: In general let P € R™" be a real matrix with m
rows and n columns, and let « C {1,...,m}, 8 C {1,...,n} be index sets. Denote by P|a, ]
the (sub)matrix of entries that lie in the rows of P indexed by « and the columns indexed by £.
For oo = 8 denote by Pla] = P[a, o] the (sub)matrix of entries that lie in the rows and columns
of P indexed by . Then Pla] is called a principal submatriz of PE]

The following Lemma [3.11] yields a sufficient criterion in terms of the covariance matrix F©.

Lemma 3.11. S has the F-property if there exists some § € (0, 1) such that
det(P?) — (1 — 6) det(PA") > 0 (69)

for all principal submatrices PIS of F; ]? and principal submatrices PkAO of F; kAO where F; ,;40 =
diag(A? ,,..., A% ) of size | x | where | € {2,...,d} and for all k =0,1,...,T.

Proof. Let d € N>o, fix k € {0,1,...,T} and omitting the time k denote F = Fy,.

Furthermore we denote by FAmAL .= pAmA (A%,A?nﬂ, . 7A?_17Al+1’Al+27 ..., Ag) for
m,l € {1,...,d}, m <, the (d—m)x(d—m) symmetric matrix where fori = j, j € {1,...,l—m}
0. 0.
we set Fl.f;"“Al = A?nﬂ.fl and for j € {{ —m,...,d —m — 1} we set Fi‘z’”’Al = Ay j41 for the
AL

diagonal elements of the matrix. Otherwise for ¢ # j we set Fi‘j‘j’” = Dpti-1,m4j—1 for

i, €{1,...,1 —m} and F:‘j?”;Al = Dptitimyj+1 fori,je {l—m,...,d—m —1}. For m =1
we set FAAL .= pALA (Aj41, Aig2, - - ., Ag) which is equal to F' without the first [ rows and
columns. Also note that for | = d we have FAmiAd .= FAniAa(A0 A ..., AY ) which is
equal to FY without the first m — 1 rows and columns and without the last row and the last
column.

Since A; = Ag + A5 and using the fact that the matrices F' and F' U are symmetric then one

"A matrix P € R™" has (7) distinct principal submatrices of size | x [.
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can calculate that

det(F) — (1 — 0) det(F4)

= det(F°) — (1 — &) det(FA")
+ AS[det(FATA1 (Ay, A, Ay, ...
+ A5[det(FAT42( 49, Ag, Ay, ..
+ A5[det(FATA3 (49, A9, Ay, ..
+ et

+ AS[det(FATA4( A9, A9, A9,

(&.,141%_1) = PY[{1,2,...

a-1) — (1

where FO is the (g) = 1 principal submatrix P°[{1,2, ...
,d — 1}] one of the (df
(d —1). The remaining d — 1 principal submatrices of size (d — 1)

,Ag)) — (1 — ) det(diag(As, Az, Ay, ..., Ag))]
L Ag)) — (1 —6) det(diag(AY, Az, Ay, ..., Ag))]
L AQ) — (1= 6)det(diag(AY, AY, Ay, ..., Ag))]

— 0) det(diag(Af, A9, A3,..., AY )],  (70)

,d}] of size dx d and FATA4 (A9, A9, A9,
1) = d principal submatrices of F° of size
x (d — 1) can be

calculated recursively as in equation for the d — 1 terms in the R.H.S of the equation. For

example we have

AS[det(FATA1 (A, As, Ay, . ..

- Ai{Ag [det (FA$42 (A, Ay, As, ..
A5 [det(FA%43 (A9, Ay, As, . ..

+ A% [det (FA%

A5 [det(FA%4( A9, AD, A9, ..
(1—5)det(PY[{2,3,...

+det(P°[{2,3,...,d}]) —
Note that FAg?Ad(Ag,Ag,Ag, .
submatrices of F° of size (d — 2)
size (d — 2) x

A1(A9, AY, A5, ...

JAY ) = PY{2,3,...,d —
X (d —2). The remaining (df2)
(d — 2) can be calculated recursively in the same way as above.

;Ag)) — (1 —6) det(diag(Az, Az, Ag, ..., Ag))]
5 Ag)) — (1 —6)det(diag(As, Ag, As, ..., Ag))]
JAg) — (1 = 6) det(diag (A9, Ag, As, ..., Ag))]
L Ag)) — (1 —6) det(diag(AY, AY, As, ..., Ag))]
7A2—1)> - (1 - 6) det(diag(Agv Agv on s 7‘42—1))]

A} (71)

1}] is one of the (diZ) principal

— 1 principal submatrices of

Continuing the calculation recursively (for each of the terms) we get,

det(F) — (1 —
=det(P°[{1,2,

+A§{Ag{ .. Ag,g{

+AS

+...

That means, we have rewritten the term det(F') —
principal submatrices PY of F of size [ x | where I € {3,...

) —
[det(FAd 2d=2(Ay 1, Ag)) — (1
[det(FAd-234a-1( 40
+Afz[det(FAd 24445 5, AY ) -
+ det(P°[{d — 2,d —

9) det(FA)

(d}]) — (1 — 8) det(PA"[{1,2,

- d}])
— 6) det(diag(Ag_1, Aq))]

)
42, Ad)) — (1 — ) det(diag(Aq_o, ))]
1)

(1-19) det(dlag(Ad 9, A )]
— §) det(PA"[{d — 2,d —

Ldj]) - (1 Ld}])

—
N——

(72)

(1 — §) det(F4) into terms of (?) (distinct)
,d}. Moreover, we are dealing with
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the determinants of the 2 x 2 matrices as follows: for example and since Ay > Ag we have

det(FAa-244-1(AY 5, Ag)) — (1 — 6) det(diag(AY_,, Ag))

=649 yAg — |Dy_s.ql?
> §Aq_2Aq — |Da—2.4l?
= det(P°[{d — 2,d}]) — (1 — &) det(PA"[{d — 2,d}]). (73)

The same holds analogously for the other 2 x 2 principal submatrices by the fact that A; > A0
for j =1,...,d. So, since A7 > 0 for j =1,...,d and since by assumption the inequality 1@’
holds, then we can estimate
det(F) — (1 — 0) det(F4)
>det(P°[{1,2,...,d}]) — (1 —9) det(PAO {1,2,...,d}])
e 0
+as{as] . Ag {45 oldet(POI{A,, AGH) — (1 — 6) det(PA"[{ A%, AG}))]
+AG 1 [det(PO[{AG 5, AD) — (1) det (P [{4G . AD))]
+A5[det(P[{AS_5, AG_1})) — (1= 8) det(PA"[{AG_5, AG_, }])]
+det(PY[{d — 2,d — 1,d}]) — (1 — §) det(PA°[{d — 2,d — 1, d}])} . }
+...
> 0. (74)

That means the quantity det(F) — (1 — ) det(F4) can be estimated from below by the deter-
minants of principal submatrices by terms as in of F¥ and so by assumption the claim
follows. O

Proposition [3.12] gives us an example when the F-property is fulfilled.

Proposition 3.12. Assume that the covariance matrix F,? is positive definite at all times
k =0,1,...,7 and S7 has independent returns for each j = 1,...,d. Then the F-property
holds.

Proof. Let d € N>s.

Fix k < {0,1,...,T}. First we introduce the notation flg;j = Var(pfc+1), Dk;m =
(Cov(piﬂ,p?c_i_l) for i # j where Flg;i,j = A%;j for i = j, FIS;M = Dy ; otherwise. Our aim
is to make use of Lemma [3.11] For simplicity we omit the time k and denote F' = Fj.

First note that since the covariance matrix F© is positive definite then

det(F%) > 0 and det(F4") > 0. (75)

Now using ASiH = Sipiﬂ, the fact that p{u.ﬂ is independent of Fj, for all j = 1,...,d, the
properties of the determinant and the symmetry of the covariance matrix F° we get

det(F°) = |SL[%---|SZ)? det(F°) > 0

det(FA") = [SH2- -+ |SE det(FA°) > 0 (76)
with the obvious notation F,fo = diag(/_lg;l, e ,flg;d). Since Si > 0, this implies
det(FO) — (1 — 6) det(FA") > 0 <= det(F°) — (1 — &) det(FA") > 0 (77)
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for § € (0,1). Furthermore, since F© and F4" are deterministic matrices with det(F°) > 0 and

det(F4") > 0, then
det(F°) — (1 — ) det(FA") > 0 (78)

for some § € (0,1). For the 1 principal submatrix of F© of size d x d which is again the matrix
F° we want to show that

det(F°) + (1 — §) det(F4°) > 0 (79)

which for independent returns and positive marginal price process is equivalent to det(F°) +
(1 — 6)det(FA") > 0 as shown in the equivalence relation . So it remains to show that for
the all (distinct) (f) principal submatrices P? of FY of size | x | where [ € {2,...,d — 1} we
have that det(P?) + (1 — ) det(PA") > 0 for some & € (0,1). Now using again the fact that FY
is positive definite then we know that each principal submatrix P° is positive definite (Horn &
Johnson|, 2012, Observation 7.1.2). That means

det(P°) > 0 and det(PA") > 0. (80)
Since all principal submatrices P° of F¥ are covariance matrices, then by the same argumenta-

tion (and obvious notation) as above we get det(P%) — (1 — §) det(PA") > 0 for some & € (0,1)
which for independent returns and S,Z: > (0 is equivalent to

det(P°) + (1 — §) det(P4") > 0. (81)
Finally, from Lemma [3.11] the claim follows. O
Proposition 3.13. Assume that the covariance matrix F, ,S at all times k = 0,1,...,T is positive

definite and S’ has independent increments for each j = 1,...,d. Then the F-property holds.
Proof. Follows by analogous arguments as in Proposition [3.12] O

Remark 3.7. Note that rewriting Lemma when € = 0 then the condition simply reduces
to the covariance matrix being such

det(F%) — (1 — §) det(FA") > 0 (82)
for some 0 € (0,1) and principal submatrices do not need to be considered.

Remark 3.8. In the 2-dimensional case in order to ensure that F| ,8 is positive deﬁnitﬂ ie.
A2;1A2;2 — Dl%;m > 0, Ag;l > 0, A%Q > 0, in the case of independent returns (or increments)
we just need strict Cauchy-Schwarz inequality, which means that S* and S? must be linearly
independent. Then Proposition can be applied.

3.5 Nonnegative supply curve

In this section we consider the 1-dimensional case for simplicity. An extension to the mul-
tidimensional case is straightforward. As we already mentioned the (linear) supply curve
Sk(z) = (1 + xeg) Sk can also take negative values when a negative transaction x is such that

8Recall that a matrix F is positive definite if and only if its leading principal minors are all positive.
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x < —1/e. So, a natural question to ask is how one could define a function i : R — R so that
the supply curve process

is nonnegative. This can be done for example by the function

h(z) = (1 4+ zep)Lp>_zpy + (1 = 2k8k) Lpazy) (84)

defined for some deterministic positive process z = (2x)r=0,1,.,7 Where 0 < z,, < 1/¢, for all

k=0,1,...,T. Then z;S) represents a lower bound for the price received when selling a large
quantity of shares.

The corresponding cost process under illiquidity C?(p) = ( A,g(go))k:(],lw’T of a strategy
¢ = (X,Y) is then

k k
C/?(QO) = Vi(p) — Z X ASm + Z EmSm’AXm—&—l|21{AX,n+12—zm}

m=1 m=1
k
— Z ngmSmAXm—i-l 1{AXm+1<—zm}' (85)
m=1
Moreover, as in Section [3.2] and by Proposition [2.6]at time k we want to minimize the expression
(wlo.g. a=1)
Var(Vi1(¢) = Xiy1 ASk41|Fk)
+ Elert 1411 Xng2 — Xjg1 \21{Xk+2—x,;+12—zk+1}’fk]

— Elzkt180419%+1 (Xt — Xl/c+1)1{Xk+2—X,g+1<—zk+1}’]:k] (86)

over all appropriate X}, +1- Rewriting the above expression, one needs to minimize the function
f}c’ :R x Q — RT defined by

fRle,w) = | Ap (w) — 2cb (w) + cdp(w)
+ Var (Vi1 | Fi) (@) + Blers1 St | X2 Lix o — e spar 1 Fk) (@)
— Elzkt185115k+1X k21 (x40 —c<— 21} ] (W) (87)

where the following notation is used,

/ib = VaT‘(ASk+1|]:k) + E[ekHSkHI{Xk+2_02_zk+1} |]:k]
B} = Cov(Viy1, ASki1|Fi) + Eler+1Sk+1Xkt21x, 0—c>—2p i1} |1 FE]

A7, = B[zt 16001Sk411 (X0 p—ex—zpar} [ F] - (88)

Furthermore, under similar arguments and assumptions as in Sections and one can
use the dominated convergence theorem to show that the equation % f2(c) = 0 gives that the

optimal strategy ¢ = (X , Y) fulfills the implicit relation

Cov(Vier1, ASks1|Fi) + Eleria Sk Xiiolig, 5,5 oy FH — 3Q
Var(ASy+1|Fx) + E[€k+1sk+1I{Xk+2*Xk+1Z*Zk+1}|]:k}

Xjy1 = (89)
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with
@ = Elzt4188115041 Lo X1 <=1} 7] (90)

4 Application to Electricity Markets

In this section we apply the previous results to hedge an Asian-style electricity option with
electricity futures that are exposed to liquidity costs. These futures might have different matu-
rities, i.e. certain hedge instruments might terminate before maturity of the option (final time
horizon T') and hedging in these instruments is only possible on certain subintervals of [0, 7).
A priori this situation is not covered by our setting in the previous sections where it is assumed
that hedging is possible until T" in all hedge instruments. In Subsection we thus shortly
sketch how hedge instruments with different maturities can be embedded in our setting from
the previous sections, before we focus our example on electricity markets in Subsection

4.1 Hedge instruments with different maturities

On our stochastic basis (2, F,F,[P) with final time horizon T, consider now nonnegative price
processes S7 = (Si)k:0,17,,_,Tj of d available hedge instruments with maturity 7; < T, j =
1,...,d. That is, hedging in asset j is only possible until time 7; < T, j = 1,...,d, where
without loss of generality we assume 0 < 177 < Ty < --- < Ty < T. To fit this situation into
our general setting, we introduce an associated d-dimensional price process S = (Sk)kzo 1T

by artificially keeping each asset S’ constant on the remaining interval [T}, T:

1 = i) (k) + S7. 1z, 7 (k) (91)
for j = 1,...,d and k € {0,1,...,T}. Moreover, we consider a positive, deterministic RA-

1,..,7» which is extended by some el > 0 on the intervals
m € [T;,T] for all j € {1,...,d}, i.e. we assume positive liquidity costs during the extended
price dynamics.

It is then clear already intuitively that an investor would not trade in asset j during the
interval [T}, T'] since during this time frame the asset generates zero gains while incurring positive
liquidity costs. Indeed, employing the fact for k > T; we have AS’,i 41 = 0, it is straightforward
to see from Proposition Property that in this situation a LRM-strategy must be of the
form X’fn =0form="T+1,...,7,l € {1,...,d}. ie. the hedger liquidates his position in
the j-th asset at time T + 1. Thus, in our extended market a LRM-strategy X automatically
respects the original hedge constraints beyond maturities T}, j € {1,...,d} and is thus also a
LRM-strategy in our setting with hedge instruments with different maturities. In the following
we say the asset S7 is active at time k if k < T} and in active at time k if k > Tj.

valued liquidity process € = (ex)gk=0.1

The existence and computation of a LRM-strategy under a linear supply curve S’i(m] ) =
Si + a7 afcgli as developed in Section (3| now takes the following form for hedge instruments
with different maturities. Using the fact that a LRM-strategy X fulfills an = 0 form =
T,+1,...,T ,l € {1,...,d}, the minimization at step k € {0,1,...,7 — 1} of the function fj
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in reduces to the minimization of the function fk :R&E x Q@ — RT defined by

d d d
frlew) = Y7 P Ari(w) =2 D ebigw)+ D ¢jeiDiyi(w) (92)

d
+VaT(Vk+1‘fk)(w) + Z E[Ei+15’]y¢+1|X}i+2|2|fk](w)
J=l+1

where the sums are only over the assets S’j, 7 =14 1,...,d, that are active during the k’th
period, i.e. [ := max{r € {1,...,d} : T, < k}. Thus, the conditions required in Theorem
for existence of a LRM-strategy reduce to lower-dimensional conditions that in each period only
concern the active hedge instruments. More precisely, using the notation from Section |3, we
define for each period k € {0,1,...,T — 1} the symmetric matrix F}, € R“%*d=l (a principal
submatrix of Fy) by Fk;i,j = Diiyi,, jvi,, fori # 7, Fk;m = Ay, fori=j,i,5€{l,....,d=1}
and ZN)k = (Okstpt1,- -5 bia)™ € R4, Then minimizing amounts to solving the linear
System

Fre=1Dy. (93)
in ¢ € R%%. Note that Fj, = F,S + F,f where ¢ = diag(Af yq,--- 7Ai;d) and F,S is the matrix
F}, with 5{;“ =0for j =1+1,...,d, that is a reduced form of the covariance matrix of the

price process S. Following the arguments in Section [3, we then get the following version of
Theorem [3.10| on the existence of a LRM-strategy in the context of hedge instruments with
different maturities:

Corollary 4.1. Consider a contingent claim H = )_(;HST +Yr e ]L%’l with X7,1 =0 and a
price process of the form in equation . Assume that for each k-th period, the covariance
matrix F,S is positive definite. Furthermore assume that bounded mean-variance tradeoff, the
F-property and the F-diagonal condition hold for the active assets in the k-th period at time
k € {0,1,...,T — 1}. Then there exists a LRM-strategy ¢ = (X,Y) under illiquidity with
Xri1 =0, Yo = H. In particular for k € {0,1,...,T — 1} we have X = (0, X) with 0 =
(0,...,0) € R and

Xk—i—l = Fl;li)k P—a.s. (94)

in R4~ and for k € {0,1,...,T — 1}
Vi, = E[Wy|Fi] — Xjp1Sk P as. (95)
where W, = H — ZZL:kH X% AS,,.

4.2 LRM strategies in electricity markets

In the remaining parts of the section, we now consider the example of hedging an Asian-style
electricity option with electricity futures under liquidity costs by a LRM-strategy. The price
processes for electricity futures we are considering are based on a continuous-time multi-factor
spot price model proposed in [Benth et al.| (2007)), which we recall in Subsection before we
explicitly compute and simulate LRM-strategies in an example in Subsection
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4.2.1 An electricity market model
In Benth et al.| (2007)), the price E(t) of spot electricity at time ¢ € [0,7] is modeled by

E(t) =) M(h)Yi(t), (96)
=1

where for i = 1,...,n the positive and deterministic function A; accounts for seasonality and
Y; is the solution to an Ornstein-Uhlenbeck stochastic differential equation

in(t) = —)\iYE(t)dt + Ji(t)dLi(t) , Y;(O) =Y, (97)

where \; > 0 are constants, and o;(t) are deterministic, positive bounded functions. Moreover,
the L;’s are independent, increasing pure jump Lévy processes with jump measures N;(dt,dz)
which have deterministic predictable compensators of the form
vi(dt,dz) = dtvi(dz). Note that by the increasing nature of the L;’s the positivity of the
Y;’s and thus also of the spot price F is ensured. We assume that the model is defined on
a stochastic basis (2, F, (F;)o<i<7,P) where the filtration (F;)o<i<7 is generated by the L;’s.

The available hedge instruments are electricity futures, which, by the flow character of
electricity, delivers spot electricity over a delivery period [TF, T4 for T < T} < T rather
than at a fixed point in time. That is, the pay-off of the (financially settled) futures at the end
of the delivery period is

1 T

W o E(u)du, (98)

and the life of the asset terminates at T2F . In order to compute the price dynamics of an
electricity futures we assume for simplicity that P is already an equivalent martingale measure,
such that the the price F(¢t;TF,T4") of the futures at time t < T{" as a traded asset is given by

F pF 1 e
2 i
Using the explicit solution
Yi(u) = Yi(t)e M0 4 / o5()e M) gLy () (100)
¢

for the Ornstein-Uhlenbeck components Y;, ¢ = 1,...n, a straightforward computation of the
conditional expectation in yields the following price of futures contracts in the continuous-
time spot model :

Proposition 4.2. The price F(t, T{, T¥') at time t of an electricity futures with delivery period
[TF, TF] is given by

TF
Ft,Tf, 1) ZY TFA() Aiu=t) gy
2
+/ // o;(8) A (w)e W 9) 2 (d2)dsdu 101
ey L oo (d2) (101)
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for 0 <t <TF, and
F pF 1 T A (u—t)
Ft,TF, 1) = TQF—TlF/TF du—i—ZY / Ai(u)e du

TF
/2// oi(s)Aqi( _)‘i(u_s)zui(dz)dsdu
R+

(102)
for TF <t <Tf.

Based on this continuous-time spot and futures price model, we now construct a discrete-time
electricity market model that fits into our framework by sampling the continuous-time processes
at finitely many trading times 0 = tg,¢,...,T, i.e. our hedge instruments S’, j = 1,...d, are
given by futures price processes of the form

SIi= Fi(ty, T ") for 0<t, <TS <T. (103)

In the following we always assume that delivery period times are part of the discrete time
grid, i.e. T, T € {to,t1,...,T}. After the maturity 74", the futures contract ceases to exist
and trading is not possible anymore. During the delivery period [TlF ,TQF |, depending on the
conventions of the exchange, trading is either not possible at all or very illiquid. We capture
this feature by specifying high liquidity costs during [T, T4"], with the impossibility of trading
as the limit case when liquidity costs tend to infinity. Before the delivery period, one typically
observes on electricity markets that futures become the more liquid the shorter the remaining
time to delivery period is. We capture this behavior by the following liquidity structure &/ for
the futures F7, j = 1,...d:

1
71— exp(=TF)
=N, forTl <t<T}. (104)

ol = aj(1—exp(—(TF ) +6; . a;= for 0 <t <777,

The liquidity structure e/ for a future FV thus starts from a constant M; > 0 at time 0 and
decreases exponentially in time until the start of the delivery period to a level ; > 0. During
the delivery period it then jumps to a constant (high) level N; > 0.

Further, in our simulation study we compare the time varying liquidity structure in
with a constant liquidity structure given by

=M foro<t<T!’, =N, fooT’ <t<T]. (105)
foer>Oande>O.

4.2.2 LRM-strategies of electricity call options

In the electricity market model specified in Subsection we now intend to compute a LRM-
strategy of a financially settled Asian call option written on an electricity future with delivery
period [T7,T5] for 0 < T < Ty < T, i.e. the claim is given by H = Y7 with

_ 1 3 +
Vo= - | " B)du-K (106)
Iy =17 Jr¢
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for some strike price K. In the following we will always assume that the option maturity is
equal to the terminal time horizon: 75 = T.

We will analyze and compare various specifications where the investor can hedge in two
different futures F', F? with corresponding delivery periods [T}’ ' T 1] and [Tf 2,T F 2], respec-
tively, where we assume Ty < ¥ < T and TF AT 1F 2@ In this situation, Corollary
ensures the existence of a LRM-strategy under liquidity costs. Indeed, from Proposition
it is clear that both the bounded mean-variance tradeoff and the F-diagonal condition hold
for the active assets in each period by the fact that the futures have independent increments.
Moreover, by Proposition ?? and Remark [3.8] it remains to check if the conditional Cauchy-
Schwarz-Inequality is strict, i.e. if for each k € {0, ..., T4 } the active hedge instruments F'*
and F? fulfill

Cov(AFy .y, AFE | Fr)? < Var(AF | F)Var(AFE | Fr) (107)

which ensures that the inverse matrix F o ! exists and additionally the F-property holds. The
CS-inequality is indeed strict since T} V4T IF * and this ensures that P(Fl,, = aF 2 +1) <1

for any constant a € R So by Corollary there exists a LRM-strategy ¢ = (X Y) under
illiquidity of the form X7, =0, Yy = H and X = (0,X) with 0= (0,...,0) € R* and

Xpp1 = F oy P as. (108)

in R for k € {0,...,T — 1}. Note that the matrix F} ' is 2 x 2-dimensional for k €
{0,...,TF" — 1} and 1-dimensional for k € {T}",..., TF" —1}.

To compute the optimal strategy X one needs to compute conditional expectations of the
form E[Y|X] for square integrable random variables X and Y. A popular method to compute
such conditional expectations numerically, which we also employ in the following, is the least-
squares Monte Carlo (LSMC) method first used in finance by |Longstaff & Schwartz| (2001) for
the valuation of American options. We do not go into further details of the LSMC method,
but just mention that we use indicator functions constructed via the binning method as basis
functions. We refer to |Fries (2007) for a nice introduction to the LSMC method.
In our 2-dimensional example we need to simulate,

X711 =0
~ 1
Xk+1:@bk;2 fOI‘kE{T2Fl,...,T2F2—1}

)

X1 = (Xpi1, X2) fork:e{O,...,Tf1 —1}, where

o 1
X1 = As..obi.1 — D11 obz.
s Apa1Apo — ‘Dk;1,2’2( k;20k;1 k;1,2 k,z)
o 1
X13+1 (Ap1bi;2 — D1 2bgi1) - (109)

B Ak;lAk;Q - |Dk:;1,2|2

To implement the LSMC-method one needs to ensure that all random variables in the condi-
tional expectations are square integrable. This is guaranteed by Corollary [4.3] below, which
is mostly based on Lemma For Corollary [£.3] we use the notation of Section where
S =(S',...,8% is the price process of the (extended) hedge instruments.

9Basically one needs that either T4 ' £ TF * or TF ' £ TF ? 5o that the conditional Cauchy-Schwarz inequality
is strict. See Remark-
10That means, both futures are linearly independent with positive probability.
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Corollary 4.3. Assume that the components of the marginal price process S and the contingent
claim H are both in L#l as well as X741 = 0. Under the assumptions of Corollary u there
exists a LRM-strategy ¢ = (X,Y) under illiquidity such that for some constant C' > 0

d
E[((F, o) A8, )" < CEIVerr (9)I* + D EIX oY) (110)
=1
d
E[((F'0);)"] < CEIVien (@)1 + Y EIXE oY) (111)
=1

for k € {0,1,...,7 — 1} where Vi41(¢) = E[H — Z%:k-}-? X* AS,,|Fiy1]. In particular, all
random variables in the conditional expectations in the terms Ay ;, by ; and Dy ;; are square
integrable for all j =1l +1,...,dand k=0,1,...,7T — 1.

Proof. The existence of a LRM-strategy ¢ = (X ,Y) under illiquidity follows directly from
Corollary The fact that Viy1(¢) = E[H — me:kw X* AS,,| Fip1] follows also directly
from Y, defined as in Corollary

By Lemmatogether with Lemmaapplied for the active assets at time k € {0,1,...,T—
1}, we get

d
E[((Fy 'bk);AS5]41)"] < CE[(Var (Vi (2)|Fi) + ) Bl X[ o[ Fi])?] (112)
i=1
Furthermore, using Var[X] < E[X?] we can estimate,
~ ~ ~ d A .
E[((F, '0);AS7,1)"] < CEIE( Vit (2) P F] + D Bl X 4?1 F4])?]
i=1
d A
< CE[E V1 (9) 1] + Y EllXp || 7]
i=1
d A .
= CEVin (D' + Y E[Xio") (113)

=1

where for the last inequality we have used the conditional Jensen Inequality and for the equality
we have applied the tower property. Analogously we also get the second inequality of the claim.
This shows that,

d
E[(X],,A5] )" < CEVin (@) + Y EIXi ") (114)
i=1
d
E[(X]11)"] € CEVir1(@)* + D E|Xipol*) (115)
i=1

forallk =0,1,...,T—1,j=1x+1,...,d. By the definition of Vk+1(@'and since by assumption
H e L#l and X7, = 0, one can argue recursively that both X] ,AS} ;| and Xj_, are in L%l.
Furthermore, we have for some j € {l +1,...,d} at time k € {0,1,...,7 — 1} for the term

by = Cov(Vir1(9), S1 1| F) = E[Vier1S] 1 1 Fe] — EVen | FJEISL |1 7] (116)
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that Vi1 (@) € L3, 87,, € L3 and Viy1(¢)S],, € L' since Viyy(¢) € L', S, € L' and
by the Cauchy-Schwarz inequality. For the term

i [5k+15k+1Xk+2|~7:k] (117)

we have S’kHX] 5 € ]L?F’ since Sk+1 € LT , )A(/g+2 € ]L%1 and using the Cauchy-Schwarz
inequality.
So, all random variables in the conditional expectations for the term by.; are square inte-

grable. Analogously the same holds for the terms Aj.; and Dy ;. O

We now come to the specification of the electricity market model for our simulation study.
To this end, we consider the spot price model with two OU factors (n = 2) Y7 the base
regime and Y5 the spike regime with strong upward moves followed by quick reversion to normal
levels and constant seasonality function Ay = Ay = 1. We set Y7(0) = Y2(0) = 0.5, and assume
constant volatilities ¢! = 0.34, 02 = 0.01 and mean reversion rates A\; = 0.01, A\ = 0.1. For
the driving Lévy processes we suppose that L; is a Gamma process where L1 (t) has T'(y't, al)-
distribution and Ly a compound Poisson process with intensity 2 and exp(a?)-distributed
jumps. We set v =72 = a! =1, o2 = 0.1. Both OU-processes are simulated using an Euler
Scheme[H]

Moreover, we set the strike price K = 1.05 in and a = 1 in the performance criterium
, which means an equal concern between the risk from market price fluctuations and the
cost of liquidity costs.

We will simulate and analyze two different settings, each with various pairs of futures with
different delivery periods as available hedge instruments for the call option. In the first setting
we focus on hedging the option with various combinations of futures that cover the delivery
period [Tl,T 5] of the optwn To thls end we consider three futures F!, F? F3 w1th delivery
periods [Y;IF TF l [T TF 1, [T ,T% °], respectively, where we set T¢ =TF = 0.0125,
TS =T =TF =o0. 1 TF = TF" = 0.05. We consider both the time varylng liquidity
structure (104)), where we set M; = 0.005, N; = 2M;, §; = 0.000001 and the constant liquidity
structure ((105), where we set M; = N; = 0.01 for ¢ = 1,2,3. We compute the criteria Ty(¢p),
To(), Lo(p), and Co(p) for LRM-strategies ¢ = (X,Y), where Ty(p) = E[(Cr(p) — Co())?]
is the quadratic hedge criterion, Lo(p) = E[Y _, AX 1 [Sm(AXmy1) — Sm(0)]] the liquidity
costs, To(p) = To(w) 4+ Lo(p) our combined LRM minimization criterion (T1)), and Cy(yp) =
E[H — 37 (X;n)*AS,,] the cost for a strategy ¢ at time 0. In Tables [1| and [2| the results are
displayed for a LRM-strategy ¢* = (X, Y1) with time varying liquidity and constant
liquidity , respectively. In addition, we compute the results with the classical LRM-strategy
0@ = (X% YY) with zero liquidity costs (i.e., &/ = 0). Recall that the quantity Tp is minimized
by ¢’ and T, is minimized by Y. For comparison, we use the same trajectories in both cases.

The first observation that can be made is that the hedging costs and the corresponding
minimization criterion indeed decrease in the number of available hedge instruments. Also, the
initial cost for using the strategy ¢’ is more than using ¢ since it will cost more to generate
the optimal strategy ¢ under liquidity costs. To focus on the hedge performance with two
futures that cover the delivery period of the option we consider two examples. In the first one
we consider the futures F', F? with overlapping delivery periods while in the second one, the
futures F', F3 (see Figure have different delivery periods. From Tables (1| and [2| and by
comparing the quantity To(apL) we see that the case with the futures F', F3 performs better
since they incur less cost. In Table [2] with time-varying liquidity this is due to the fact that

"Note that in order to use the Least-squares Monte Carlo metho d for calculating conditional expectations for
the simulation, we need to simulate 2-dim. basis functions using both Markov processes L' and L2
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F3 has shorter delivery period than F? and can be used for hedging longer in time. In Table
we see that in the case with constant liquidity, despite that F2 has a delivery period perfectly
coinciding with the option H it is better to hedge with the tw o hedge instruments F' and F3.
By looking at the quantity Tg(gpc) one can observe that also for the classical LRM-strategy
under the classical LRM-criterion the futures F! and F? perform better, simply due to the
increased dimension of the hedge instruments.

Recall that our quadratic criterion balances low liquidity costs against poor replication. This
can be seen for example in Tables and Indeed, from our example the futures F', F? perform
better with less cost Tg((pL ) from market fluctuations but incurring more liquidity cost Lo (o)
than the futures F'!, F2.

Note also, that Figure corresponding to the result for F2 in Table confirms the numerical
results of Agliardi & Gengay (2014) and Rogers & Singh| (2010) who find that the optimal
strategy under illiquidity is less volatile than the classical one. This is perfectly intuitive since
changing position drastically incurs large liquidity cost. In Figure one can observe that
before the start of the delivery periods both futures are used actively, but after entering into
the delivery period of F! then almost only the future F? is used for hedging since F3 is more
liquid than F!' and expires later.

In a second setting, we focus on the trade-off between liquidity costs and hedging performance
appearing in various hedge constellations. To this end we consider three futures G!, G2, G with
delivery periods [TlGl,TQGI], [T1G2,T2GZ], [T1G3,T§Gg], respectively, and set T = TlG1 = TlG'2 =
T =0.05, TS = TS = 0.1, TE' = 0.075, TE” = 0.0125. Otherwise, the model specifications
remain the same as in the first setting above. We consider two examples, with one common
future G, which has the same delivery period as the option H. From Tables [3| and 4] we
can observe that G, G2 performs better than G2, G? according to the quantity Tp(¢”). From
To(goc) we see that this is also the case in the classical setting. This is mostly due to the fact
that the future G! expires later than G® and its delivery period lies within the delivery period
of the option. Note that by comparing the quantity Tp(p”) of both examples we observe that
in Table @ the difference between them becomes less than in Table Bl This is due to the fact
that G is more liquid than G! in the period [0,0.0125] in this case and can be used for hedging
at low liquidity cost. Therefore a correct specification of the term-structure of liquidity seems
important. In Figure 2] and Figure |3| we display the strategies for one trajectory in both cases.
In Figure [3blone can actually observe that G? is the more active hedge instrument in the period
[0,0.0125] where it is more liquid than the future G2 in the case with time dependent liquidity.

Hedging Tnstruments | To(¢%)  To(¢%) | To(e®)  To(¥®) | Lo(e")  Lo(¥®) | Cole®) Co(¢)
FZ 2.195-3 4.79E-2 | 2.03E-3 3.40E-4 | 1.56E-4 4.76E-2 | 1.09E-2 9.29E-3
J 1.86E-3 3.64E-2 | 1.67TE-3 2.92E-4 | 1.88E-4 3.61E-2 | 1.07E-2  9.19E-3
FI,F3 151E-3 1.59B-2 | 1.31E-3 22054 | 2.01E-4 157E-2 | 1.06E-2 8.92E-3

Table 1: Simulation results with constant liquidity parameter.

Hedging Instruments | To(v%)  To(99) | Tole™)  To(¢®) | Lo(p™) Lo(¢®) | Co(p™) Co(¢°)
F? 1.63E-3 4.11E-2 | 1.49E-3 3.40E-4 | 1.40E-4 4.08E-2 | 1.05E-2 9.29E-3
FT,F? 1.56E-3 3.58E-2 | 1.35E-3 2.92E-4 | 2.10E-4 3.55E-2 | 1.04E-2 9.19E-3
Fl, F3 7.09E-4 1.28E-2 | 4.50E-4 2.20E-4 | 2.59E-4 1.26E-2 | 9.66E-3 8.92E-3

Table 2: Simulation results with time varying liquidity parameter.

Hedging Instruments | To(¢%)  To(¢%) | To(e®)  To(¥®) | Lo(e")  Lo(¢®) | Cole®) Co(¢)
G? 3.22E-3 2.30E-2 | 2.99E-3 7.75E-4 | 2.28E-4 2.23E-2 | 1.60E-2 1.41E-2
GT,G? 2.33E-3 8.03E-3 | 2.06E-3 b5.21E-4 | 2.68E-4 7.51E-3 | 1.55E-2 1.39E-2
G?,G3 2.95E-3 1.52E-2 | 2.69E-3 7.12E-4 | 2.55E-4 1.45E-2 | 1.58E-2 1.40E-2

Table 3: Simulation results with constant liquidity parameter.
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Hedging Instruments | To(¢%)  To(¢%) | Tole™)  To(¢®) | Lo(®) Lo(¥®) | Co(p™) Co(¢°)
G? 1.66E-3 1.45E-2 1.49E-3 7.75E-4 1.69E-4 1.37E-2 1.50E-2 1.41E-2
Gl, G? 1.32E-3  4.64E-3 1.13E-3  5.21E-4 1.92E-4 4.12E-3 1.47E-2 1.39E-2
G?,G? 1.63E-3 1.25E-2 | 1.39E-3 7.12E-4 | 2.39E-4 1.18E-2 | 1.49E-2 1.40E-2

Table 4: Simulation results with time varying liquidity parameter.

A path of local risk-minimizing strategies

timestep

(a) Hedging with only the Future F? which has the same delivery period as the claim H. The hedging
strategy X corresponds to the classical case without liquidity cost and X* to the case with constant
liquidity structure (105 with parameters My = Ny = 0.01. Observe that the optimal LRM-strategy X
under illiquidity is less volatile than the classical LRM-strategy X©.

A path of local risk-minimizing strategies

holdings

timestep

(b) Hedging with the two futures F' and F® with consecutive delivery periods which together cover
the delivery period of the claim H. Both futures have a time-varying liquidity structure with
parameters My = M3 = 0.005, Ny = 2M7, N3 = 2M3. The optimal LRM-strategy XUL under illiquidity
corresponds to the future F!' and X% to the future F2 which is more liquid and expires later than F.
F3 is used more actively as can be observed from the plot. In the delivery period both futures become
very illiquid and thus a rapid drop in the holdings can be observed.

Figure 1: Comparison of the sample path of optimal LRM-strategies under different liquidity
structures and for different hedge instruments. All plots based on the same realization of the
underlying.

5 Conclusion

In an arbitrage-free model framework, this paper has presented a new quadratic hedging cri-
terion that targets at minimizing the risk against random fluctuations of the underlying stock
price while simultaneously incurring low liquidity costs. It extends the quadratic local-risk min-
imization approach of Schweizer| (1988]) in the spirit of Rogers & Singh| (2010) and Agliardi &
Gengay| (2014])). It is mathematically tractable enough to allow for computable formulae. Under
mild conditions, the optimization problem can be solved in closed-form. Furthermore, by em-
bedding a multi-dimensional price process with different maturities in our setting it is possible
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A path of local risk-minimizing strategies

———

holdings
i
i

timestep

(a) Hedging with the two Futures G', G? with constant liquidity structure (105) with parameters M; =
N; =0.01 fori=1,2.

A path of local risk-minimizing strategies

- o——o——a XL un

holdings

timestep

(b) Hedging with two instruments using the Futures G, G? with time-varying liquidity structure (104

with parameters M; = 0.005, N; = 2M; for i« = 1,2. The sudden drop in the holdings occurs when
entering the delivery period where the futures are very illiquid.

Figure 2: Comparison of the sample path of optimal LRM-strategies under different liquidity
structures but with the same hedge instruments. The two futures have overlapping delivery
periods starting together but G' expires earlier. The delivery period of G? is the same as the

one of the claim H. The LRM-strategies X%, X2~ under illiquidity correspond to the future
hedge instruments G', G? respectively.

to consider as one possible application the hedging of an Asian-style option in an electricity
exchange using a variety of futures. In a simulation study we analyze hedge performance and
cost under various pairs of futures with different delivery periods and liquidity levels, allowing
us to investigate the tradeoff between hedge performance and liquidity cost.

6 Appendix

Proof of Lemma[2.] The arguments follow those in the proof of Lemma 1 in [Lamberton et al.
(1998).

Let ¢ = (X,Y) be a LRM-strategy under illiquidity and fix some k € {0,1,...,T7 — 1}.
Assuming that C(p) is not a martingale, we can choose a local perturbation ¢’ = (X', Y”’) of

¢ at time k by defining X’ := X and only modifying the cash holding Y’ at time k, by adding
the conditional expectation of the incremental cost at time k to Y,

Y, == E[Cr(p) — Cr(9)|F] + Yi. (118)

This implies that E[Cr(¢") — Cr(¢’)|Fx] = 0 and Var(Cr(¢') — Cr(¢)|Fr) = Var(Cr(p) —
Cr(p)|Fr). Since E[X?] = Var[X] + (E[X])? for a random variable X, one can conclude that
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A path of local risk-minimizing strategies

timestep

(a) Hedging with the two Futures G2, G® with constant liquidity structure (105) with parameters M; =
N; =0.01 for i =2,3.

A path of local risk-minimizing strategies

o——o——a XL un

holdings

timestep

(b) Hedging with the two Futures G2, G3 with time-varying liquidity structure (104)) with parameters
M; = 0.005, N; = 2M; for i = 2, 3.

Figure 3: Comparison of the sample path of optimal LRM-strategies under different liquidity
structures but with the same hedge instruments. The two futures have consecutive delivery
periods with the one of G starting earlier. The delivery period of G? and the claim H coincide.
The optimal LRM-strategy X % under illiquidity corresponds to the hedge instrument G® and
X2 to G2.

using the strategy ¢’ the risk process becomes less, that is,

Ry(¢) < Ri(ep). (119)
Since X' := X, the liquidity costs of ¢’ and ¢ equal. This implies,

T (¢') < T () - (120)

By the fact that ¢ is a LRM-strategy under illiquidity, we must have equality on T} which
implies equality on Ry, i.e., Ri(¢') = Ri(p). So, the cost process C(¢) must be a martingale. [J

Proof of Lemma[2.5. As in Lamberton et al| (1998) (see proof of Proposition 2), by using
Lemma 2.4] and the fact that

E[Cr(¢") — Cu(@")|Fk] = ACk11(¢), (121)
which follows from the martingale property of C'(¢), one can conclude that

Ry, (¢') = E[Ri+1(0)|F] + E[(ACk41(¢")?| ] (122)
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Furthermore since ¢’ is a local perturbation of ¢ at time k, we have

E[(Xl/c+2 - Xl,c—i-l)*[Sk-‘rl(Xl;-‘,-Z - X//c+1) - Sk-&-l(o)”]:k]
= E[(Xkt2 — Xy 1) [Skr1 (Xnt2 — X 1) — Skt1(0)]| ] (123)

and the claim follows. O

Proof of Proposition 2.6, The proof follows the steps in the proof of Proposition 2 in[Lamberton
et al.| (1998).

Let us first show the “ <=7 direction of the proof. We want to show that ¢ = (X,Y) is a
LRM-strategy under illiquidity, according to Definition So, fix some k € {0,1,...,7 — 1}
and let ¢’ = (X', Y”) be a local perturbation of ¢ at time k.

Since by assumption holds and ¢’ a local perturbation of ¢ at time k then by Lemma
[2.5] we have the equality

T3 (@) =E[Rp41(9)| Fi] + E[(ACk41(¢"))?| Fr]
+ aE[(Xpy2 — Xpp1) [Ske1 (Xnr2 = Xpp1) — Sk1(0)]]F] (124)

Moreover, from the definition of the conditional variance we have
E[(ACk11(#))21F] = Var(ACky1 (#)|F) (125)
and so we can estimate

T (¢") > E[Riq1(9)|Fi] + Var(ACk1(¢")| Fr)
+ B[(Xpy2 — X)) [Sk1 (Xpg2 — Xpg1) — Sky1(0)]|Fr] - (126)

Since ¢ a local perturbation of ¢ at time k then Xj ,, = X2 and Y}/, | = Yj41 and so we get

Var(ACk41(¢")|Fr) = Var(Cry1 (@) Fr) = Var(Viga (¢) — (Xp4 1) " ASks1|Fr)
= Var(Vis1(e) — (Xgy1) " ASpi1|Fr) (127)

and we can conclude that

T (') > E[Rpg1 (@) Fi] + Var(Vigr(e) — (Xpy 1) " ASky1] Fr)
+ aE[(Xkt2 — Xy 1) [Sk1 (Xng2 — Xii 1) — Skt 1(0)]| Fi] - (128)

Furthermore, since holds, then

T (¢") 2 E[Ryr1(9)|Fi] + Var (Vi1 () — (Xi+1)" ASk41| Fi)
+ E[( Xyt — Xppp1) " [Sk1 (X2 — Xir1) — Sk1(0)][F] - (129)

On the other hand, we have by definition (see Equation ({12]) )
T (p) = Ri(p) + aB[AX} o[Sky1(AXpp2) — Skt1(0)][F2] - (130)

Since C(p) is a martingale, we get the representation for the risk process Ri(p). So we
can conclude that

T (¢) =E[Rp11(0)[F] + Var (ACk41 ()| Fr)
+ aBE[(Xpt2 = Xp1)" [Skt1 (X2 — Xpt1) — Sk1(0)][Fi] (131)
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Finally, since and hold then T (¢') > T (¢) and this shows the “ < 7 direction of
the proof.

Now, assuming that ¢ is a LRM-strategy under illiquidity i.e., TX(¢") > T (¢) for any local
perturbation ¢’ of ¢ at time k, we will show the “ = 7 direction of the proof. Property
holds from Lemma So it remains to show Property

Since C'(¢p) is a martingale and ¢’ a local perturbation of ¢ at time k, then from Lemma
we know that equation holds. On the other hand, since holds (from the martingale
property of C(¢)) then from the fact that T (¢’) > T (¢) we have

E[Ri11(9)|Fr] + E[(ACk11(¢"))?| Fr]
+ QE[(Xpr2 — Xjpi1) " [Skr1 (Xe2 — Xjp1) — Skr1(0)][F]
> E[Rg+1(9)|Fi] + Var (ACk+1(¢) | Fr)
+ OE[(Xkr2 — Xpt1)" [Skr1 (Xi2 — Xi1) — Sk1(0)][Fi] (132)

and from the definition of the conditional variance we can conclude that

Var(ACk11(¢")|Fr) + (E[ACk11 (9" Fi))?
+ aE[(Xpt2 = Xiy1) [Skr1(Xet2 = Xpyr) — Sir1(0)]|Fi]
> Var(ACk41(0)|Fk) + oB[(Xiy2 — Xi1)" [Sk1 (Xey2 — Xpg1) — Sk (0)][Fe] - (133)

for all X; , and V). Fixing X;_, and choosing Y} as in the proof of Lemma the inequality
still holds and the liquidity costs remain unchanged. Since this choice gives us E[ACy 11 ()| Fr] =
0 (as in the proof of Lemma and since ¢’ a local perturbation of ¢ at time k, we get the
inequality

Var(Vig1(p) — (Xp11) " ASks1]Fr)

+ aB[(Xky2 — Xji1) " [Sk1 (Xnr2 — Xiy1) — Sk41(0)]]F%]
>Var(Vii (@) — (Xk+1)*ASk+1’}—k)

+ aB[(Xpt2 — Xp1) " [Sk1 (X2 — Xp1) — Sk+1(0)][F] - (134)
This shows that Property holds and the proof is completed. ]
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