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Abstract

We study the local risk-minimization approach for defaultable claims with
random recovery at default time, seen as payment streams on the random in-
terval [0, 7 AT], where T denotes the fixed time-horizon. We find the pseudo-
locally risk-minimizing strategy in the case when the agent information takes
into account the possibility of a default event (local risk-minimization with
G-strategies) and we provide an application in the case of a corporate bond.
We also discuss the problem of finding a pseudo-locally risk-minimizing stra-
tegy if we suppose the agent obtains her information only by observing the
non-defaultable assets.
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1 Introduction

The aim of this paper is to discuss the problem of pricing and hedging defaultable
claims, i.e. options that can lose partially or totally their value if a default event
occurs, by means of local risk-minimization approach applied to payment streams.
We consider a simple financial market model with two non-defaultable primary
assets (the money market account and a discounted risky asset) and a defaultable
claim with random recovery at default time.

Since it is impossible to hedge against the occurrence of default by using a port-
folio consisting only of the primary assets, the default-free market extended with
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the defaultable claim is incomplete and then it is reasonable to use the local risk-
minimization, that has become a popular criterion for pricing and hedging in in-
complete markets.

Other quadratic hedging methods such as mean-variance hedging have been exten-
sively studied in the context of defaultable markets by [1], [3], [6], [7] and [g].
The local risk-minimization has been already applied to defaultable markets with
recovery schemes at maturity in [IL 2]. In [I] the authors have investigated the case
where the default time and the underlying Brownian motion were independent.
In [2], they have considered the more general case where the dynamics of the risky
asset may be influenced by the occurring of a default event and also the default
time itself may depend on the assets prices behavior.

Here we allow for mutual dependence between default time and asset prices beha-
vior as in [2], but we focus on defaultable claims that deliver a recovery payment
at default time in case of default, seen as payment streams on the random interval
[0,7 AT], where T denotes the maturity date of the contract.

First we extend the results of [27] for local risk-minimization for payment streams
to the case of payment streams with random delivery date. Then we apply these
results to the case of defaultable claims with recovery at time of default and com-
pute explicitly the optimal strategy and the optimal cost.

Another important achievement of this paper is also that we are not assuming the
hypothesis (H) holds, i.e. the Brownian motion W remains a (continuous) martin-
gale (and then a Brownian motion) with respect to the enlarged filtration G. This
is a consequence of the fact that we assume that hedging stops after default.
More precisely, the paper is structured as follows. Section 2 introduces the gene-
ral setup and Section 3 lays out the local risk-minimization for payment streams
adapted to our context. In Section 4, we provide the main result by finding a closed
formula for the pseudo-locally risk-minimizing strategy in the case when the agent’s
information takes into account the possibility of a default event. In particular we
compute it explicitly in the case of a corporate bond (see Section 5). Finally
in Section 6, we discuss the problem of finding a pseudo-locally risk-minimizing
strategy if we suppose the agent obtains her information only by observing the
non-defaultable assets.

2 The setting

We consider a simple model of a financial market where we can find a risky as-
set, the money market account and defoultable claims, i.e. contingent agreements
traded over-the-counter between default-prone parties. Each side of contract is
exposed to the counterparty risk of the other party. Hence defaultable claims are
derivatives that could fail or lose their own value.

In [I, 2] we have already applied the local risk minimization approach to the case
of defaultable markets. However in this paper we study for the first time the
problem of finding a pseudo-locally risk-minimizing strategy when the defaultable



claim admits a recovery at default time T, seen as a payment stream on the in-
terval 0,7 A T] for a fixed time horizon T' € (0,00). Since in practice hedging a
defaultable claim after default time is usually of minor interest and in our model
we have only a single default time, we follow the approach of [9] and assume that
hedging stops after default. Hence it makes sense to hedge by using the stopped
discounted price process X7 instead of X.

The random time of default is represented by a nonnegative random variable
7:Q — [0,T]U {+00}, defined on a probability space (£2,3,P) with P(t =0) =0
and P(t > t) > 0, for each ¢t € [0,T]. The last condition means that the default
may not happen during the interval [0, T']. For a given default time 7, we introduce
the associated default process H given by Hy = Ii,<4y, for t € [0,7] and denote by
H := (3{;)o<t<r the filtration generated by the process H, i.e. H; = o(H, : u < t)
for any t € [0, 7.

Let W be a standard Brownian motion on the probability space (£2,9,P) and
F := (F:)o<t<r the natural filtration of W. Let G := (G¢)o<t<r be the filtration
given by Gy = F; V Hy, for every t € [0,T7]. We put § = Gp. We remark that
all the filtrations are assumed to satisfy the usual hypotheses of completeness and
right-continuity.

o Let
be the conditional distribution function of the default time 7 and assume
Fy < 1fort €[0,T]. Then the hazard process I of 7 under P:

Ft = —111(]. — Ft)

is well-defined for every ¢ € [0,7]. In particular we assume that the hazard
process I admits the following representation:

t
Ft:/ Aods, Yt e [0,T],
0

where ) is an F-adapted, non-negative process, with integrable sample paths
called intensity or hazard rate, and that e!'T € L?(Q2,G,P). By Proposition
5.1.3 of [10] we obtain that the compensated process M given by

tAT t
M, = Hy — / Adu = H, — / Adu, Vt € [0,T) (2.2)
0 0
follows a G-martingale. Notice that for the sake of brevity we have put
At = [r> A In particular we obtain that the existence of the intensity
implies that 7 is a totally inaccessible G-stopping time ( [15], VI.78).

e Since I' in an increasing process, by Lemma 5.1.6 of [10] we have that W™
is a G-martingale. By Lévy’s Theorem we obtain that W7 is a Brownian
motion on [0, TA7]. Note that if 6 is a (sufficiently integrable) G-predictable
process, then the stochastic integral [6,dW7 is still well-defined and a G-
(local) martingale.



e We denote the money market account by B; = exp (fot rsds), t € [0,7],
where r is a non-negative F-predictable process. Then we represent the
risky asset price by a stochastic process S on (€2, G,P), whose dynamics is
given by

(2.3)

dSt = utStdt + O'tStth
SO =350, S0¢€ R-‘r?

where 0y > 0 a.s. for every t € [0,T A 7] and p, o, are F-adapted processes
S,

such that the discounted asset price process X; := §t belongs to L?(P),
t

Vt € [0,T A 7]. In the definition of the asset price dynamics we can assume
without loss of generality that the dynamics of S are driven by F-adapted
coefficients since the price process is stopped at 7. Namely by lemma 4.4 of
Chapter IV.2 of 23], any bounded G-predictable process can be decomposed
as

Ht = ,U,%]I{t<7-} + MQ(t7 T)H{Tgt}a

where p! is a bounded F-predictable process and p? : Q x [0, 7] x [0,T] — R
is bounded and B([0,7]) ® Pp-measurable, where Pg denotes the set of F-
predictable processes. This decomposition shows how the influence of the
default time determines a sudden change in the drift (respectively, in the
volatility).

Remark 2.1. Note that (2.3) also provides the semimartingale decomposi-
tion of X as G-semimartingale. By [21] we obtain that the G-martingale
part of the stopped Brownian motion W7 is given by

L NAWG)s
0 S

since Gy := 1 — Fy is continuous and of finite variation.

Let

g, =" """ e o, TAT] (2.4)

Ot

be the market price of risk. We also assume that u, ¢ and r are such
that there exists an equivalent martingale measure for the discounted price
process X whose density & (— S GdW)T A, 18 square-integrable. If we de-
note by P2(X) the set of all equivalent martingale measures Q for X with

d
d% € L*(P), we have that the convex set P2(X) is nonempty and the market

model is in addition arbitrage-free.

e We assume that the information at time t available to the agent is given by

G, =F,VH, Vtel0,T]



As mentioned above, in this market model there exist defaultable claims, which
are formally represented by a triplet (X, Z, ), where:

- the promised contingent claim X represents the payoff received by the owner
of the claim at time T, if there was no default prior to or at time 7. In
particular we assume it is represented by a Fpr-measurable random variable
X € LA(P);

- the recovery process Z represents the recovery payoff at time of default, if
default occurs prior to or at the maturity date T. The process Z is supposed
to be F-predictable and bounded.

We denote by N = (IV¢)o<t<-aT the process that models all the cash flows received
by the owner of the contract, i.e. the total payments on [0, 7 AT arising from the
defaultable claim. Indeed, we consider a stream of payments N that delivers only
a (random) amount at time 7, whose discounted value is given by:

N, /tld]\f Zs qp, = 21y for0<t<T (2.5)
= — s = = s = 5 Yr ) orv :
' 0 B; 10,t] B; B; tr<t}

and

= X
NT = FTH{T>T}, fort="T. (26)

In particular we obtain that N; € L?(P), for every t € [0,7]. In this setting
we study the problem of a trader wishing to price and hedge a defaultable claim
(X, Z, ) which pays a positive recovery in case of default at default time 7. We note
that our market model is incomplete even if we assume to trade with G-adapted
strategies because M does not represent the value of any tradable asset. In fact
it is impossible to hedge against the occurrence of default by using a portfolio
consisting only of the (non-defaultable) primary assets. Hence it makes sense to
apply some methods used for pricing and hedging in incomplete markets to the case
of defaultable options. In particular we focus here on the local risk-minimization
approach. This method focuses on the idea of finding a replicating strategy for a
given claim. Since the market model is incomplete, this strategy will be in general
not self-financing, but it will have a cost. The aim is then to find the replicating
strategy with minimal cost in a sense that we discuss in Section

3 Local risk-minimization for payment streams with ran-
dom delivery date

We extend in this section the results of [27] to the case of payment streams with
random delivery date. Under the hypotheses of Section 2| we introduce first the
basic framework and give some definitions. We recall that the asset price dynamics
is given by and that for every t € [0, 7]

St

X, = 2t
t B,

5



denotes the discounted risky asset price.

e We remark that in our model X belongs to the space 87 (P) of G-semimartin-
gales decomposable as the sum of a locally square-integrable G-local mar-
tingale and of a G-predictable process of finite variation null at 0. Indeed

by Proposition it can be decomposed as follows:
t t
X7 = Xo —|—/ (s —rs) X1 ds +/ os X dW], te[0,TAT], (3.1)
0 0

where [j 0, X7dW] is a locally square-integrable G-local martingale null at
0 and fo (s — 7r5)X7ds is a G-predictable process of finite variation null at
0. Moreover, in our case X7 is a continuous process.

e In our model we have that the so-called Structure Condition (SC) is sati-
sfied, that is, X is a special G-semimartingale with canonical decomposition

given by (33.1) and the process K given by
t
Ki(w) ::/ 0%(w)ds, te€[0,T AT], (3.2)
0

is finite P-a.s. for each t € [0, T, where 6 is the market price of risk defined
in (2.4). Indeed, since X is continuous and the set P2(X) # 0 by hypothesis,
see Section [2| Theorem 1 of [25] guarantees that (SC) is automatically sati-
sfied. For more general results in this direction, see [LI]. Additional results
on the relation between (SC) and properties of absence of arbitrage for the
process X can be found in [12].

In what follows, we assume that K s uniformly bounded in t and w, i.e.
there exists a constant K such that

Ki(w)< K as, Vtel[0,TAT]. (3.3)

Remark 3.1. This assumption guarantees the existence of the minimal martingale
measure for X (see Definition @) It is possible to choose different hypotheses.
However assumption 18 the simplest condition that can be assumed. For a
complete survey and a discussion of the others, we refer to [20].

We denote by @?T the space of F-predictable processes £ on {2 such that

(f e rlas )

Definition 3.2. A pair ¢ = (£,1m) of stochastic processes is said to be an L>-
strategy with random delivery date 7 AT if

1. £€0y7;

2

E [ /O TAT(gsaSXS)st] +E < 0. (3.4)




2. n is a real-valued G-adapted process such that the discounted value process
V() = £EXT+n is right-continuous and square-integrable, i.e. Vi(p) € L*(P),
for each t € [0, 7 ANTT.

Remark 3.3. We underline that in Definition[3.9 the assumption of n G-adapted
plays a crucial role. Indeed, there are no predictable ¢ such that Viar(p) = 0. If
T < T, then the process n will have o jump that will be taken into account in the
cost. For further details on this issue, we also refer to the discussion contained in

Section [d

Here we have supposed that the agent invests in the risky asset according to the
information provided by the asset behavior before default and adjusts the portfolio
value (by adding or spending money, i.e. modifying the cost), depending on the
occurrence or not of the default. In Section [6] we will further comment on other
possible choices for L2-strategies.

The cost process of an L?-strategy ¢ = (&,7) is given by:

_ t
CN(p) = N+ V¥ () - /0 &dXT, te[0,rAT]. (3.5)

We look now for an L?-strategy ¢ for N with minimal cost C' and such that ¢ is
0-achieving, i.e. the discounted value process satisfies

Var(p) =0, P—as. (3.6)

The definition of 0-achieving strategies has been introduced in [27] since it is better
suited for an extension of the local risk minimization method to the case of payment
streams. However the total cost C’CJ[,V is the same as in the approach of [I§], where
one uses strategies with terminal value equal to the option payoff. )

In which sense is the cost minimal? Although L%strategies ¢ with V) (p) =0
will in general not be self-financing, it turns out that good L’-strategies are still
self-financing on average in the following sense.

Definition 3.4. An L?-strategy ¢ is called mean-self-financing if its cost process
CN(p) is a G-martingale under P (which is then square-integrable).

By using Theorem 1.6 of [27] we can give the following definition of F-pseudo-
locally risk-minimizing strategy E] for the payment stream N.

Definition 3.5. Let ]\:7 be the payment stream given in (2.5)-(2.6) associated to
the defaultable claim (X, Z, 7). We say that an L?-strategy ¢ is a F-pseudo-locally

"The original definition of locally risk-minimizing strategy is given in [26] and formalizes the
intuitive idea that changing an optimal strategy over a small time interval increases the risk,
at least asymptotically. Since it is a rather technical definition, it has been introduced the
concept of pseudo-locally risk-minimizing strategy that is both easier to find and to characterize,
as Proposition [3.7] will show in the following. Moreover, in the one-dimensional case and if X is
sufficiently well-behaved, pseudo-optimal and locally risk-minimizing strategies are the same.



risk-minimizing (in short F-plrm) strategy for N if and only if ¢ is 0-achieving
and mean-self-financing, and the cost process CN(p) is a G-martingale strongly
orthogonal to the martingale part of X7.

Let M3(G,P) be the space of all P-square-integrable G-martingales null at 0.
Definition 3.6. A random variable N € L*(Gr,P) admits a (stopped) Féllmer-
Schweizer decomposition if it can be written as

N = No+ / NAXT+ LNy, P—as (3.7)
where Ng € R, ¢V € @1;’7 and L € M%(G,P) is strongly orthogonal to the martin-
gale part of X7.

Proposition 3.7. Let N be a payment stream in L? with random delivery date
T ANT. Then the payment stream N admits a G-plrm L*-strategy o if and only if

N7 admits a (stopped) Féllmer-Schweizer decomposition. In that case, ¢ = (£,7)
15 given by B B B
£ = gNT/\T’ n= VN _ ENT/\TXT (3.8)
with
_ - t _ -
VI = Ryt [ LT Ry te[oraT] (39)
0

and then the minimal cost s

CN () = No+ LY, te[0,7 AT]. (3.10)

Proof. 1t follows from Proposition 5.2 of [27], since the discounted price process X
satisfies the (SC) and the process K given in is continuous.

More precisely, if Nyar has a Féllmer-Schweizer decomposition , then
and define an L%-strategy ¢, see Definition whose cost process is given
by @ Hence ¢ is mean-self-financing, see Definition , and also 0-achieving
by @ Thus ¢ is a F-plrm strategy for NV according to Definition
Conversely, if ¢ = (£,7) is a F-plrm strategy for N, by using we can write

the condition VY, .(¢) = 0 as follows:

N = O / £dxT = (¢ / £4XT + (CNr(e) - O ().

and so we have (3.7) for N a1 with

No:=C(p), &V:=¢, LN :=CN(p) - (p);

note that LV is a P-square-integrable G-martingale strongly orthogonal to the
martingale part of X7. O



Hence the problem of computing a F-plrm strategy for a payment stream boils
down to compute the Féllmer-Schweizer decomposition . In our setting we
can find a F-plrm strategy for the payment stream N by choosing a good equivalent
martingale measure for X.

Definition 3.8 (The Minimal Martingale Measure). A martingale measure
P equivalent to P with square-integrable density is called minimal if any square-
integrable G-martingale which is strongly orthogonal to the martingale part of X™
under P remains o G-martingale under P.

The minimal measure is the equivalent martingale measure that modifies the mar-
tingale structure as little as possible. Under assumption we know that the
minimal martingale measure P exists and it is unique. How to use P to find out
the Follmer-Schweizer decomposition is shown in this well-known Theorem.

Theorem 3.9. Let N be a payment stream in L? with random delivery date 7 AT .
Define the process VN as follows

‘ZN = E [NT/\T’ 915] , te€ [[O,T/\T]],

where B [| G¢] denotes the G-conditional expectation under P. Let
. t L
VN = V0N+/ eNAXT + LY (3.11)
0

be the Galtchouk-Kunita-Watanabe (in short GKW) decompositio of VN with
respect to X™ under P. If either N admits a Féllmer-Schweizer decomposition or
57\/ € @g’T and LN € M2(P), then fort =1 AT gives the Féllmer-Schweizer
decomposition of N stopped at T AT with respect to X.

Proof. Since X is continuous and satisfies (SC), and hypothesis (3.3 guarantees
existence of P and of a Féllmer-Schweizer decomposition for N.ar, then the result
follows by Theorem 3.5 of [26]. O

4 Local risk-minimization for defaultable claims with
recovery process

Under the hypotheses of Section 2] we apply the results of Section [3] to the class
of defaultable claims with recovery at default time.

*We recall for reader’s convenience the definition of Galtchouk-Kunita-Watanabe (GKW)
decomposition: if X is a P-local martingale, any H € L*(Sr,P) admits a GKW decomposition
with respect to X, i.e. it can be uniquely written as

T
H:E[H]+/ ¢Hax, + LY, P-as.,
0

for some G-predictable process £¥ that satisfies E [IOT(gf)Qangds < o0, and some L¥ ¢
M3 (P) which is strongly orthogonal to X.



We now show that every G-martingale stopped at 7 can be represented in terms
of a stochastic integral with respect to (W7, M).

Proposition 4.1. Let (Z;)o<t<1 be a G-martingale. Then the stopped martingale
(Z])o<t<T admits the martingale decomposition

t
77 = Z +/ efsggndwng/ (i — Dy)dM, (4.1)
0 10,4]

=LW.Z = M,Z

where LW and LMZ are strongly orthogonal martingales and

T A
my =E [/ ZydF,
0

for some F-predictable process €™ and

t
fft] o+ / e,
0

37t:|7

Z’T‘ =K [ZT/\T‘ 97’—] =K [ZT/\T‘ F —] .

T
D; = "E [ / Z,dF,
t

and Z is an F-predictable process such that

Proof. Consider the stopped G-martingale

Zinr = E [Zrar| Gt
and let Z be an F-predictable process such that
Zr =E (Zenr| G--].
Existence of such process Z is ensured by [14], (68.1), page 126. Then we have

E [ZT/\T‘ gt] =E [ZT/\T (I[{Tgt} + ]I{T>t})‘ 9t]
=E [Z i<y | 8] + B [Zrnrlio| Gi] (42)

Since I' is a continuous process, by Corollary 5.1.3 of [10], we have

7).

T
Zine = E [Z1nr| i) = Ur<tyZrnr + Lirspy e E [/ ZydFy
t

T
E [ZT/\TH{T>t}‘ gt] = H{T>t}6FtE |:/ ZydFy
t

Hence we can rewrite (4.2)) as

Cﬂ] . (4.3)

10



By Lemma 4.3 of [2] and by Lemma 5.1.5 of [10] we have that

HiZ, = HiE [Zyp, | Fs V Hr]
= HE [Z7p7| Gi)
= HyZppr = HiZ;.

Hence we can rewrite (4.3)) as

7).

T
Zine = HyZr + I jpapye'E [ / Z,dF,
t
Consider now the F-martingale

T A
my=E [/ ZydFy, fﬂ] .
0

Then 7" stopped at 7 is also a G-martingale by Lemma 5.1.6 of [10]. By doing
the same steps as in Proposition 5.2.1 of [10] we can show that

t
Zt/\T - ZO + / ersdm;— + / (Zu - Du> dMuv (44)
0 10,¢]

7).

Since 7 is a G-stopping time, by using the properties of the stochastic integral we

where

T
D; = K [ / Z,dF,
t

obtain
t
/efsd{:/ efsdmsz/ el ¢l AW,
0 10,tAT] 10,tAT]
t
= / elsemdwy, (4.5)
0
where

t
mt == mo +/ ETdWm le [O7T]a
0

is the Brownian representation of 1 with respect to F, where £ is an F-predictable
process. Here we have used also the fact that m is a G-semimartingale, see [19]
or [21]. By substituting in we obtain decomposition (4.1). Note that
L% and LM are strongly orthogonal since

W™, M, = [W,M]] =0, Vte[0,TAr].

11



Consequently, by hypothesis (3.3, Girsanov Theorem and Proposition 4.1{ we have
that the minimal martingale measure exists and its density is given by

o (- o) 0o

By we have that /WtT = W7 + ftATG ds, t € [0,T A 7], is a G-Brownian
motion. Furthermore the pair (WT, M) has the predictable representation property
also under P by Theorem 2.1 of [20] (see also [24] for the case when the hypothesis
(H) holds) In fact we recall that M is not affected by the change of measure from
P to P by the definition of minimal measure, and that W is again a G-Brownian
motion strongly orthogonal to M:

W™, M)y = [W, M), = [W,M], =0, te[0,7AT],

since M = M™. We now compute the GKW decomposition of N, under ]/I\D, ie.
the Follmer-Schweizer decomposition for NTAT

Under the equivalent martingale measure IP’ the discounted value process VN of
Nar at time t € [0,7 A T] is given by:

‘ZN = I/E\: [NT/\T‘ 9t]

X Z,

i)

Since X € L!(Fr,P), then we get the following classic evaluation:

EFt:|7

see, e.g., Chapter 5 in [10] or [22]. Moreover, since G, = JF,_ we note that

)

Z
In addition, since 5 is an F-predictable bounded process, then

~[X
E [BT]I{T>T}

9t:| = ]I{t<7'}’fE |: ft A dsB

T

~[Z.
B [BTH{TST}

Z- ~[Z.
9t:| = EHt +E |:BT]I{t<T§T}

Ge| = Ipe }€f0t Asdsg /T ée_ Jo dudu ) ds

S

fft:|a

see, e.g., Proposition 5.1.1. in [I0]. We thus obtain, for any ¢ € [0,7 A T7,

~[Z.
E |:B7_H{t<T§T}

~ Z ~ X Tz s
VN = B i+ Tiyeryedo 4E {6 I AsdsF + / B° Jo duduy ds
T S

Cﬂ] .47
Now, we introduce the continuous F-martingale m by setting for each ¢ € [0, T]]

- X Tz s
my =E [e_ I /\SdSFT —i—/o er_ Jo Audu) s

33] . (4.8)

12



Similarly to the proof of Proposition 2.2 in [4], where however hypothesis (H)
is assumed, in view of (4.7) the process VN can be represented as follows, for
te[0,7]:

~ Z: t s
ViN - FHt T ]I{t<7'}ef0 Aed Ut, (4'9)

where the auxiliary process U equals

tAT Zs R
Ui =m] — / 25 e Jo dudu) g (4.10)
0

s

An application of It6’s formula leads to

: t R tAT R 7
Uyelo sds — m0+/ elo ’\“d“dmg—i—/ <Usef0 Audti _ BS> Asds, te [0, TAT].
0 0 s

Furthermore, since Uelo*sds ig a continuous process, by using the integration by

parts formula and the same steps as in (4.5)) we can rewrite the process V¥ given

in (1.9) for all t € [0,7 AT as:

>N ZT ¢ N s Z
V;N = FHt + mg + / €f0 )‘“dudm; — / Usefo AududMs _ iASdS
T 0 ]Ovt] ]O,t] s

t s o t Zs s
= mg + / gmelo Auduqyr 4 / ( — Ugelo AudU) dM,,
0 0 B

S

where in particular ™ is the F-predictable process satisfying fg(fT)st < 00, for
all ¢ € [0,T], that appears in the Brownian representation of the F-martingale m,
i.e.

t
mt:m0+/ endiv,, te0,T). (4.11)
0

Hence the Follmer-Schweizer decomposition of Nya7 defined in (2.5)-(2.6) with
respect to X stopped at time 7 AT, is given by:

G ! 15 Aud T
N, _ mefo Audug xT
AT m0+/0 O_Sngs € s +/0

Z, .
<B — Ugelo Md“) dM,. (4.12)

S

Proposition 4.2. In the market model outlined in Section[3, the payment stream
N given in (2.5)-(2.6) admits a F-plrm strategy o = (§,n), that is given by:

& = % gl Meds,
Oty
e = VN - gl deds

Ot
fort € [0,7 AT, with

t t
_ 1 s
VAT = mg + / grelo udug xT 4 /
0

OsAs 0

s s _
( B~ Useh M“) dM, — N,

s

(4.13)
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and cost process

S

_ t Zs s
CtN(go) = mg —i—/o (B — UsefO ’\“d“> dMs,

for everyt € [0, 7AT], where the processes M, m, U, ™ are introduced respectively

in (2.2), @.8), (4.10) and (.11).

Proof. 1t follows by hypothesis (3.3), Theorem and from the mutual orthogo-
nality of M and WT. More precisely, let N the payment stream given in ((2.5)-(2.6).
By Proposition , we know that N admits a F-plrm L?-strategy if and only if

N7 admits a (stopped) Follmer-Schweizer decomposition. We note that since
% € L%(P), then L(P) C L*(P). Consequently Ny r € L*(P) since Nynr € L2(P)
in our setting, and by Proposition we obtain decomposition (4.12)).

The G-martingale fo (g—: — Uselo ’\“d“> d M is strongly orthogonal to the martin-

gale part of X, hence (4.12)) gives the GKW decomposition of N7 under P. Since

by hypothesis g—g € L?(P) and X is continuous, then by Theorem 3.5. of [18] the
associated density process

-~ |dp
Zt:E[

9t ) te [O)T]u

dpP

is a square-integrable G-martingale. Since hypothesis (3.3) is in force, we can apply
Theorem and conclude that (4.12)) is the Follmer-Schweizer decomposition of
NT/\T' [

Remark 4.3. We note that formula (4.13|) has also the following interpretation.

By , , , we have that

_ Z'r .
AN, + AVYN = B U,elo Mudu

T

i.e.
v Z -
VN = 2T U, elo Audu

if T <T. By Theorem 3.3.2 of [3l], we have that

V;Jy — Utefot Audu

forallt <T.

5 Example: case of a corporate bond

In this example, we wish to find a F-plrm strategy for a corporate bond with
recovery at default that we hedge by using a Treasury bond. To simplify the

14



computations, we work out the example directly under P.
We fix T' > 0 and assume that the discounted price process X is F-adapted. Here
we assume that the process X represents the discounted price of a Treasury bond
that expires at time T, with the following representation

Xt = E |:€_ fOTTSds

33}, te0,7T],

Z
and that the discounted recovery process 3 is given by

Zi
— =X, tel|0,T
Bt ty e[ ) ]7

where § is a constant belonging to the interval ]0,1[. As we said, we put X = 1
so that the discounted value N of the payment stream on [0, 7 A T associated to
the corporate bond, is given by:

N, =6 XdH,, for0<t<T
10,4]
and .
NT = EH{T>T}, fort ="1T.

We make also the following hypotheses:

e 7 is an affine process, in particular it satisfies the following equation under
P:
{ dry = (b+ Bry)dt + o /redW; (5.1)
To = 07 -

where b, o € Ry and f is arbitrary. This is the Cox-Ingersoll-Ross model
and we know it has a unique strong solution r > 0 for every ro > 0. See [16]
for further details.

e The F-intensity A is supposed to be a positive deterministic function of time.
We remark that in this case 7 is independent of F.

This last assumption allows us to compute explicitly the processes D, m and the
Follmer-Schweizer decomposition for N, a7 in the sequel.
We consider the discounted value of the payment stream N at time 7 AT

1
Noar = (1 — HT) + 60X, Hp. (52)

T
We compute now the terms appearing in decomposition (4.13)) for this case. First
we focus on the process elo Ms)dstr | that in this setting has the following form:

T
:ﬂ] + eJo AR [ / 5 X e Jo Mwduy g 33}
t

3}} . (5.3)

JiNSdsgr — o= [TNSE [1
Br

T
—e ftT )\(S)dth + IE |:/ X~ JE )\(u)duAsds
t

15



Then, we consider &, the F-predictable process such that fg(és)st < o0, for
every t € [0,T], that appears in the integral representation of the F-martingale

E —’ fﬂ} with respect to the Brownian motion W

~[1
E | —
[BT
By following Section 5 of [2], since 7 is an affine process whose dynamics is given
in (5.1), we have

~T1
E -
[BT

~T1 t_
Cﬂ} :E{] +/ EdWs, te 0,7 AT].
BT 0

?t:| =e f(;5 Tsdse_A(th)_B(taT)Tt

t —_
— e—A(O,T) _ / e—A(s,T)—B(S,T)TS 3(27 T) ﬁdWS, (54)
0

s

where the functions A(¢,T), B(t,T) satisfy the following equations:
o2
oB(t,T) = 7B2(t, T)-BB(t,T)—1, B(T,T)=0
0 A(t,T)=-bB(t,T), A(T,T)=0,

that admit explicit solutions (see for instance [17]). Thus, we can rewrite (5.3) as
follows:

t

efg )\(s)dsUt — I A(s)ds (e—A(O,T) . / oAl T)=B(s,T)rs ( )\FdW )
0

zﬂ} .

We now compute the second term on the right-hand side of (5.5). By applying
Fubini-Tonelli Theorem, we have

T ‘
+E { / 5 X e ¢ Mwduy g
t

(5.5)

T
B [ / 5 X e Jt Mwduy g
t

?t} = / e e Mwdux(6)SE [X,| F] ds
t
T S
:/ e_ft )‘(u)du)\(s)(SXtdS
t
— 65X, (1 e Ir /\(s)ds> ’
since A is a deterministic function and finally

eJo A sy, — ¢ =1 ($)ds X, + §5X, (1 e S )
— e_ft )\(s)dth (5€ft A(s)ds 5+ 1) )
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It only remains to compute the F-martingale m introduced in (4.8)) and in parti-

cular its integral representation with respect to the Brownian motion W. In virtue
of (4.10), we can rewrite m in terms of U:

mg

t
=U; +/ 5 X e~ Jo AW\ (5)ds
0

t
— o foT A(s)ds <€—A(O,T) _ / e—A(S,T)—B(s7T)r5 B(;7 T) \/7Tde5>
0 s

t
+0X, (e_ JoMe)ds o= [ MS)dS) + [ 6Xgedo AW)dv )\ (5)ds (5.6)
t
_ T s <6—A(0,T) B / Cdes>
0
t s
+9 |:Xt (e_ JoMs)ds _ o=y )‘(S)ds) +/ (e_A(O’T) —/ Cud/Wu> e Jo ’\(”)d”)\(S)ds]
0 0
t
_ o ST A(s)ds (6—A(0,T) / Cdes> n 6|:6—A(0,T) (1 s )\(s)ds)
0

t t S . P
o <€_ fot A(s)ds — fOT A(s)ds) / Cdes . / / Cue_ fO )\(U)dv)\(s)dwsds] ’
0 0 JO
(5.7)

where ( is an F-predictable process such that

s [T B(s,T 2
E [/ (Sgds] =E / <e_A(S’T)_B(S’T)TS %’ )\/7“73> ds| < oo.
0 0

S
Moreover we note that

[ [T T . - 0T
E [/ / (e Jo ’\(U)d”)\(s)duds} = (1 —e ko ’\(5)d8> E [/ (3du} ds < oo,
0o Jo 0
since by
~ T . T _\?2
)5 )
0 0

because X takes values in (0,1). Since all the integrability conditions are satisfied,
by applying the Fubini’s Theorem for stochastic integrals, we have

t ot t t \ L
—/ / e Jo )\(U)dv)\(S)CuH{uSS}qudS = / (—/ e Jo /\(v)dv)\(s)d8> CudWy,
0 J0 0 u

¢ t u =
_ / <67 o Aw)dv _ e Io A(v)dv) CudW,,.
0
(5.8)

-7 [(e—A(O,T) _ XT)ﬂ < (e—A(O,T) +1)%,

17



Hence by (5.6)), (5.7) and (5.8)), we obtain

mp = o~ AOT)— [ A(s)ds [5 <€fOT A(s)ds _ 1) i 1}
and

t
my = e*A(OvT)*foT A(s)ds [5 (efOT A(s)ds _ 1) + 1} _ 5/ e~ Jo /\(v)deuqu‘
0

Hence the Féllmer-Schweizer decomposition of Nyar defined in (5.2) stopped at
time 7 AT, is given by:

NT/\T

_ o~ AOD) [T As)ds {5 (eff As)ds _ 1) i 1} ) / o UC;( dX,
o 0sXs

AT T
+ / e~ S Mwdux (5 1)dM,.
0
In particular, the cost process is given by

t
Ct _ efA(O,T)ffOT A(s)ds [5 (ef()T A(s)ds 1) + 1} + / e fST )\(u)dqu(é B 1)dMS,
0

for every t € [0,7 AT].

6 Local risk-minimization with G-strategies

We now comment on our choice of L%strategies given by Definition [3.2 The
following Lemma shows that this is equivalent to local risk-minimization by using
F-strategies.

Lemma 6.1. For any G-predictable process ¢ there exists a unique F-predictable
process ¢ such that

H{th}@t = H{th}@tv t €[0,T.

Proof. 1t follows from [I3], since G is the filtration given by G, = F, vV H,, for
each t € [0,7] and the process F defined in (2.1) is such that the inequality
F, = P(r < t|F) < 1 holds for every t € [0,T]. O

By Lemma we obtain that there exists a unique F-predictable process X such
that )
]I{th}Xt = ]I{th}Xta te [OvT]

Following [§] and [9] we refer to X as the pre-default value of X. Tn practice, since
hedging stops after default, the agent observes the pre-default (discounted) value
X and hedges by using X until the default happens.

We observe that there do not exist F-pseudo-locally risk-minimizing strategies,
if we use the usual definition. In fact, finding a F-plrm strategy ©f = (£,7) is
equivalent to find a pair of processes (£, C) such that:
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-ceoy,

- the cost process C'is an F-martingale strongly orthogonal to the martingale
part of X7, with

t
Vt(soF)z/O EdXT + Cy(¢") — Ny, t€[0,7 AT

and Voar(oF) =0, ie. [ €dX, + Coar(¢F) = Noar.

From this definition follows that Cy = cost, for each t € [0,7 A T, since C' is an
F-martingale strongly orthogonal to W and W has the predictable representation
property with respect to F. Equivalently, one could see that if a plrm strategy
with respect to F would exist with Vo7 = 0, then 7 A T would be an hitting
time of 0 of the F-adapted process V', which is not possible. As already remarked,
the agent observes the pre-default (discounted) value X until the default happens.
Hence we cannot hedge against the occurring of a default by using only the infor-
mation contained in the pre-default asset prices. This is one of the differences with
respect to the mean-variance hedging, where the optimal F-strategy is given by
the replicating strategy for E [NT/\T‘ F], (if it exists). See [3] for further details.

Another possible choice would be to consider G-predictable strategies. Let @g’T,
the space of G-predictable processes £ on {2 such that

<Awﬁ@msr»&dﬁj<an

Definition 6.2. Let ]Y be the payment stream given in (2.5)-(2.6) associated to
the defaultable claim (X, Z, 7). A pair oG = (&,C) of stochastic processes is said
an G-pseudo-locally risk-minimizing (in short G-plrm) strategy for N, if

TNAT
EUO ' (§SJSX5)2ds} +E

1. €€ @S’T;

2. the cost process C' is a G-martingale strongly orthogonal to the martingale
part of X7;

3. the discounted value process V(@) = €X7T + 1 is such that
t
Vip®) = [ 6dXT+CUF) - N te o7 ATI,
0

and Voot (%) = 0.

Clearly the component n invested in the money market account, is given by

m=Vi(e®) - &X7, te[o,7AT].
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Remark 6.3. At a first look it may appear that there is no difference in between
the sets of the F-plrm strateqy (see Definition and of the G-plrm strategy
(see Definition @) However, these sets are not equal, but they are related in the
following way. For any 0% = (&,n) G-plrm strategy there exists a unique F-plrm
strategy ¥ = (5, C) such that

Iirsaés = Lirsass
i.e., é 1s the pre-default value of & according to Lemma and
e = Vi(e®) — & X7
= /Dt £AX] + Co(@®) — Ny = & X7

The two strategies differ only for what concerns the first component. Note that
given H € L*(G;,P), the (stopped) Féllmer-Schweizer decompositions of it with
respect to F-plrm strategies or to G-plrm strategies coincide by Lemma[0.4 The
two different sets have been introduced only to stress the fact that an agent may
invest in the risky asset without taking into account the possibility of a default until
T happens. At the moment when the default occurs she is then forced to readjust
the porifolio by using the cost.

Lemma 6.4. Given a G-predictable process ¢ such that

& [/OT cp?d(X)s} < 0, (6.1)

let @ be the F-predictable process such that Iiz>pyor = L5441, for each t € [0,T7].
Then for every t <T

t t
| eaxs = [ paxz, vee )
0 0

Proof. Since X7 is a continuous local G-martingale under P and (6.1]) holds, we
have that for t < T

t t
/ SOSdXZ,— = / H{ng}gostsT
0 0

t t
0 0

We only need to check that the integral fg PsdX] exists for each ¢ € [0,7] and
that is well-defined if the integral fg wsd X7 exists and it is well-defined for each
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t € [0,T). This is clear since if E UOT cpgd<X7>s] < 00, we have

r T
0~ >E / <p§d<X7>s}:E
LJO

[ ] (oo
< /O ' @SH{TZS}dXS> ]

: /O ' ¢§d<X7>s} ,

Il
&

Il
&

since I >0 = [7>1 @, for each t € [0, 7], by hypothesis. O
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