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ABSTRACT. In this paper, we develop a variational approach to study perturbation prob-
lems of ordinary differential equations (ODE’s) with discontinuous coefficients. We propose
a mathematical framework which can be used to construct stable (and regular) solution
processes of discontinuous ODE’s.
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1. INTRODUCTION

In this paper, we aim at analyzing the small noise problem of discontinuous ODE’s. More
precisely, we want to provide conditions under which the solutions X;*, n € N, of the stochastic
differential equations (SDE’s)

1
dXP =b(t,X")dt + —dB;, 0<t<1, X} =z €R?, (1.1)
n
for n — oo converge to a solution (process) X; of the ODE
dX; =b(t, X;)dt, 0<t <1, Xg=xz€R?, (1.2)

where the drift term b : [0,7] x RY — R? is allowed to be a discontinuous function. Here
{Bt}o<t<1 is a d-dimensional F;-Brownian motion on a probability space (£, F, u), where
{Fi}o<t<1 is a p-augmented filtration generated by B..

In the case of continuous drift coefficients b the small noise problem , has been
studied by various authors in the literature. See e.g [2] 3[4}, 8] 13, 25] and [26]. The author in
[25] introduces the large deviation principle to study the convergence rate of solutions of
to with (Lipschitz-) continuous coefficients. We mention that the authors in [2} 3] and
[4] employ the Skorohod embedding in combination with certain boundary value problems to
establish criteria for the convergence to solutions processes of (1.2)). See also [26]. The work
[4] deals with a selection principle based on viscosity solutions to construct Feller solutions of
ill-posed degenerate diffusion processes. See also the interesting paper of [I3] in the context
of (stochastic) superposition solutions of ODE’s (SDE’s). We shall also refer the reader to [I]
and the references therein.

The perturbation problem , for discontinuous or even merely measurable drift
terms b is in general challenging and sparsely covered by the current literature. See [7,
9, 15, [16]. In the interesting work [7] the authors use the Skorohod embedding technique
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2 OLIVIER MENOUKEU-PAMEN, THILO MEYER-BRANDIS, AND FRANK PROSKE

to derive (under fairly general conditions on b) generalized solutions to in the sense
of Filippov. Further, the papers [15] [16] are concerned with the convergence rate of the
probability densities of X" for some (concrete) non-Lipschitzian drift terms b. The method
used in the latter papers are based on large deviation techniques and viscosity solutions of
Hamilton-Jacobi equations. We also emphasize the work [9], where the authors develop large
deviations techniques to treat ODE’s for certain discontinuous coeflicients b. Other techniques
for the construction of solutions of discontinuous ODE’s can be e.g. found in [0, 24].

Our approach to problem , is different from the above mentioned authors’ ones
and is based on the use of Gel’fand triples

ID)LQ — LQ(M) — D_LQ (13)
and
(S) = L*(u) — (S)*. (1.4)

D12 denotes the stochastic Sobolev space of Malliavin differentiable square integrable Brow-
nian functionals and D_;  is its topological dual. Further, (S) is the Hida test function space
and (S)* the Hida distribution space. Here the symbol < stands for continuous inclusions of
spaces. We mention that

(8) — DLQ — LQ(M) — D_LQ — (8)* (1.5)

For more information about Malliavin calculus the reader may consult [11], (18] or [2I]. As for
the construction of the triple and its applications in white noise analysis, we recommend
the books of [I7] or [22].

To be more precise, our method to tackle the perturbation problem , relies on a
compactness criterion in L?(u) based on Malliavin calculus (see [10]), a “variational calculus”
technique with respect to local time [12], and a compactness criterion for continuous functions
with values in (S)*. Using these tools, we are able to show (under certain stochastic conditions
on b) that X™ in converges in L?(u) (or even in D 2) for a subsequence to a (possibly
Malliavin differentiable) cluster point Xy, which solves the ODE, almost surely (or on a set
with positive probability).

We point out that we obtain solutions of discontinuous ODE’s which are stable under
random perturbations. This approach also provides a natural selection procedure for solutions
of discontinuous ODE’s which, as one knows, have no unique solutions in general. See e.g [13]
for a general discussion of this topic.

2. MAIN RESULTS

In this section, we want to introduce a new technique to study the behavior of the solutions
X" of SDE’s when n — oco. Before we proceed, we shall send ahead some notions and
definitions which we will make use of later on in this paper.

In the following, let S([0, 1]) € L2([0, 1]) be the Schwartz space on [0, 1] as e.g., constructed
n [22]. Using the theorem of Bochner-Minlos, we shall denote by 7 the unique probability
measure on the Borel sets B(S’([0,1])) of S’([0,1]) (topological dual of S([0,1])) such that

/ @) 1 (dw) = ¢~ 21920,
57([0,1])

for all ¢ € S([0,1]), where (w, ¢) is the action of w € S’(]0,1]) on ¢ € S([0,1]).
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SMALL NOISE PROBLEM 3

From now on, we assume that the Brownian motion B; € R? in (1.1) is defined on the
probability space

(Q f :u (H Ql7 ® lfl? ®z Lul) ) (21)

=1
where Q; = 5'([0,1]), F; = B(S'([0,1])), p; == fori=1,...,d.
Further, we briefly recall the definition of the S-transform, which can be used to characterize

elements of the Hida test function and distribution spaces. See [I7]. The S-transform of a
® € (S)*, denoted by S(®) is defined as

S(@)(¢) = (@,e(0,)) (2.2)
for ¢ € Sc([0,1])?, where Sc([0,1]) is the complexification of S([0,1])) and &(¢,-) € (S) is the

exponential functional
~ 1
é(6,) = exp { ) = 5 161200

for w = (w1, wa) €9, @ = (D, 5@) € (S([0, 1)), and (w, ) = 5L, (wi, 62

In what follows, we shall denote by D. the Malliavin derivative on (€2, F, u), which is a
linear operator from D2 to L2(A ® u) (A Lebesgue measure). See e.g [L1] or [21] for the
definition of D.. We Mention that D 5 in is a Hilbert space with a norm ||-||; , given by

I1EIE 5 = IF 1 720 + ID-F Il (0,2 2000 (2.3)

(for d = 1). We shall also use the notation ¢ for the adjoint operator of D., which is referred
to as divergence operator.
In this section, we also want to introduce the crucial concept of stochastic integration

/0 t /R (s, 2)L(ds, dz) (2.4)

over the plane with respect to Brownian local time L(t,z) for integrands f : [0,1] x R — R
in the Banach space (H, ||-||) with the norm

1 N
T :—2< (s, expl- 1) 22 )

28" \/27s

/ /\xfs . exp(—zs);szd% (2.5)

See [12]. We need the following auxiliary result ([I2, Theorem 3.1, Corollary 3.2])

Lemma 2.1. Let f € H. Suppose that for all t € [0,1] f(t,-), the derivative f'(t,-) (in the
generalized sense with respect to the Lebesgue measure) exists and that

/Ol/i}f'(s,a:)‘ﬁdx<oo
//fsx (ds, dz) /fsB (2.6)

for all A>0. Then
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4 OLIVIER MENOUKEU-PAMEN, THILO MEYER-BRANDIS, AND FRANK PROSKE

Later on in this paper, we shall also use the following decomposition of local time space
integral (see the proof of Theorem 3.1 in [12])

1 —~ .
/ /fl s, ) Li(ds, dz) / fils, BMdBY + [ f;(1 = s, BDYaw®

1-t

B(l)
B

+ 1—t fl( ’ S )1 — 5
0<t<1,ae,for fy e H, i =1,...,d, where L;(ds,dz) denotes the local time-space with
respect to B (the i-th component of B) on (Q, ), i = 1,...,d. Here B® is the i-th
component of the time-reversed Brownian motion, that is of

By = (Et(l),..., (“)> — Bi_y, (2.8)

ds, (2.7)

0 <t < 1. Further Wt(i), 0 <t <1, are independent p;-Brownian motions (see ) with
respect to the filtration .7-"tB(i) generated by Egi), i1=1,...,d.

Now consider the SDE’s With Borel measurable drift b : [0,1] x RY — R?. For our main
result (Theorem } we will need the existence of a sequence b, : [0,1] x R? — RY, p € N,
of approximating drift coefficients which fulfill the following five conditions. For notational

convenience we set by := b.

(C1): The coefficients by, p € N, are continuous with compact support such that b,(¢,-) is
continuously differentiable, 0 < ¢ < 1, with bounded derivative on [0, 1] x R?. Tt is well known
that bounded coefficients admit unique strong solutions X;"*, n € N, p € N, of the SDE’s

1
dXP = b(t, X["P)dt + —dBy, 0<t <1, X{P =z € R, (29)
n

(C2): Let M C R?*? denote the class of continuous matrix valued functions M(t) : [0,1] —
R9*4 such that M(t) commutes with fst./\/l(u) du for all 0 < s < t < 1. Suppose that
b,(-, X"") € M for all n € N, p € N, where the symbol ' stands for the derivative with
respect to the space variable.

2

ds}

1
exp{512/ n?
0

and the sequence of coefficients by, p € N, approximates b in the sense that for each n € N

E[Jnm] pjo 0 ’

(C3): For each n € N

< o0
L(p)

B
sup by(s, ?S + )

p=>0

where

d 1 2
Z < / <nb(9 (s, B‘g—#—x)—nb(j)(s,B‘g—f—:c)) ds
— n n

( [ ot ds)z)_ (2.10)

+
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SMALL NOISE PROBLEM 5

(C4): Using the notation (-)g<; j<q for R¥*4-matrices, we require

4
sup  sup Ai(n,p,t,t) < 00, (2.11)
n,p>10<t<t’'<1 im1 L1 ()
where
1 1 2

B 1 B
Aq(n,p,t,t') =exp {/ nby(s, — + x)dBs — 2/ n? bp(s, — + ) ds} . (2.12)

0 n 0 n

1 . B . 1-t ) B .
As(n,p,t,t') =||exp —/ nb) (s, = + z)dBY — / nbP (1 - s, = + z)dW
t/ n 0 n
| 5 (i) ’
v Bs By
—|—/ nb,(1—s,— +x) ds) . (2.13)
0 n 1-s
0<i,5<d

As(n,p,t,t') = sup

t . B . 1—t . B .
exp —)\/ n by (s, ? + z)dBY — A/ nby)(1 - s, ; + z)dW )
t 1

0<A<1 _y
| o 0 ?
¢ ) B, Bsz
—i—)\/ nbz(f)(l —-s,—+ux) ds> , (2.14)
1—¢! n 1—s
0<i4,j<d
1|1 )|
Asnop.tt) = PO oy (215)
for some o > % with
t 1—t ) E .
Li(n,p,t,t') = / nb + z)dBY — / nbl(f)(l — 5, = 4 z)dW
t 1—t/ n
1—t ' B, §§Z)
/l—t’ nbz(,])(l—s,?—kx)l_sds K (2.16)
0<i,5<d
(C5):
sup sup HA5(n7p7t7t/)A1(n’p7tat/)HLl(M) < 00, (217)
n,p>10<t<t’'<1
where
ftt by(s, Bs 4 2)ds
As(n,p,t,t') = H " LA 2.18
5( p ) |7f _ t/|6 7& ( )

1
for some 8 > 3.

Theorem 2.2. Consider the family of SDE’s in with Borel measurable drift coefficient
b:[0,1] x RY — R Suppose there exists a sequence of approzimating coefficients (by)p>1
such that {b, (bp)p>1} fulfill conditions (C1)-(C5). Then for all 0 <t <1 the set of solutions
(X["P)p>1,p>1 Of is relatively compact in L?(u; RY). Further, for all n € N there exist
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6 OLIVIER MENOUKEU-PAMEN, THILO MEYER-BRANDIS, AND FRANK PROSKE

a unique strong solution X' of and the sequence of solutions X' to is relatively
compact in L*(u;RY), 0 < t < 1, and there exists a cluster point (Xy)o<i<1 of (XP)o<i<1,
that is one finds a subsequence (Np,)m>1 such that
lim X" = X; in L*(u; RY) (2.19)
m—0o0
Jor all0 <t < 1. In particular, if [|b(t, X7")|| 12(,,) < M < 00, n>1, t-a.e for some constant
M, then

t
X, =zt / lim b(s, X™)ds (2.20)
0 m—00

in L?(u).

Remark 2.3. Note that in case of a bounded drift coefficient b there obviously exists a se-
quence of approzimating coefficients (by)p>1 that fulfill conditions (C1), (C3), and (C5). In
that case, the crucial conditions to check are (C2) and (C4).

Remark 2.4. In the case of dimension d = 1, the commutativity requirement (C2) is obvi-
ously always fulfilled. In the case d =2, condition (C2) can be verified, if e.g.,

bt,z) = ( ;Eii iiz% )

where f : R — R is a bounded Borel measurable function. See [19] for other examples and
more general criteria.

We postpone the proof of Theorem to a later time point. In the sequel, we discuss some
consequences of the previous result:

Corollary 2.5. Retain the conditions in Theorem[2.9 and assume additionally that the drift
coefficient b in is continuous. Then there exists a Malliavin differentiable process X
such that

t
Xi==x +/ b(s, Xs)ds. (2.21)
0
Proof. Equation (2.21]) follows from ([2.20]) and the continuity of b. The Malliavin differentia-
bility of X; follows from a weak compactness argument. See the proof of Theorem O]
The next two result treats the case of discontinuous ODE’s:

Theorem 2.6. Keep the conditions in Theorem and assume additionally that the drift
coefficient b in is bounded. Further require that the process X; in doesn’t hit the
set of points of discontinuity of b(t,-) u-a.e. for almost all (fixred) t. Then X solves the ODE

t
Xi=zx —I—/ b(s, Xs)ds. (2.22)
0

Theorem 2.7. Retain the conditions in Theorem and require additionally that the drift
coefficient b in 1s bounded and time-homogeneous. Then
Xt(i) S ]DLQ

foralli=1,...,d, 0 <t <1. Moreover, if the Malliavin matriz cx, = (U%hgi,jgd with

o0 = (DX, D.X7) 1201
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SMALL NOISE PROBLEM 7

is tnvertible a.e for each t, then X; is a solution of .

The proofs of these two theorems are also put off to a later time point.
The following result will be needed in the proof of Theorem

Lemma 2.8. Suppose that the conditions of Theorem hold. Then the double sequence
(t — X;", n,p>1) is relatively compact in C([0,1],(S)*).

Proof. Let ¢ belong to the Hida test function space (S). Denote by (F, p) the dual pairing
for F' € (S)*, p € (S). Using the Cauchy-Schwartz inequality, Girsanov’s theorem and (C3),
and (C5) we get that

[ SIS

(X0 X0 = (g - xpn) ) < B e - X ] 1]

1
< Cltz— 1 B [IP?]*
for some (8 > % On the other hand, we directly see that

su X <M
o<t< p H HLQ(;/,) —=

for all n,p > 1. The desired result then follows from Mitoma’s theorem (see [20]) applied to
the conuclear space (S)* and Arzeld-Ascoli’s theorem with respect to C([0, 1]). O

Proof. (Theorem [2.2)).

We first want to employ a compactness criterion based on Malliavin calculus [10, Theorem
1] to show that (X;""),>0.n>1 is relatively compact in L?(u;RY) for all ¢ > 0. To this end
we assume without loss of generality that ¢ = 1. Our assumptions and the chain rule of the
Malliavin derivative Dy (see e.g., [21]) imply that

1 ! Xr
DiXP = —exp {/ b (s, - )ds} eR™ 0<t<1, n,p>1. (2.23)
t

Fix 0 <t <t < 1. Then using Girsanov’s theorem we find that

B (1D} — DX
1 Bs 1 Bs
exp {/ by(s, — + :U)ds} — exp {/ by(s, — + :U)ds}
t n t n

where A; = exp nb 2)dBs — % [ n? ||bp(s, B2 + ) s\
0 n O

2

1
=—F A
n2 !

I
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Applying the properties of evolution operators for linear systems of ODE’s and the mean

149 value theorem, we have

150
151

152
153
154

155
156
157

B [IDX7? - DXy

’ 2

1 L B, ? t B,

= ﬁE ’ exp {/t/ b (s, — + x)ds} exp {/t b (s, — + x)ds} 1| A
_ / )

1 L B, 2 B,

< EC'E exp {/t, by, (s, — + az)ds} {/t by, (s, - + a:)ds}
t/ B 2
sup ||lexp )\/ b, (s, = 4 x)ds Ay
0<A<1 " n

Consider the local time-space L;(ds, dx) with respect to B® (the i-th component of B) on
(Q, i), i=1,...,d. Using Lemma and the decomposition (2.7)), we get

2
]
ol(-f froeraman) N
l (_/ttl/Ran()j)(&Z)Li(ds,d:c)> 2
2

t/ ‘
sup |lexp 4 A <—/ /nbl()j)(& x)Li(dSadl‘)) Ay
0<A<1 t JR n

1<ij<d

E [||DX]? — Dy X[

<CE

1<i j<d

4

H Ai(n7p7 tv t/)

i=1

«
SC‘t’—t‘ sup  sup
n,p>10<t<t’'<1

LY (w)

for some constant C. In particular, we see that the family (X{""),>0n>1 is bounded in Dy ».
Then the relative compactness of (X{'")y>0n>1 follows from [[10], Lemma 1] in connection
with [10, Theorem 1].

In the next step of the proof we aim at constructing a solution process X; to the ODE’s
based on the double sequence (X;"*),>1,>1. Using the condition (C3) in connection with
Theorem 4 in [19], we obtain that for all n > 1 there exists a subsequence (py, ) (independent
of t) such that

X = lim X;""*" € L?(u; RY)
k—o0
satisfies the SDE’s . In particular, (X}"),>1 is relatively compact in L?(p; RY) for each
t. We also mention that X/ is Malliavin differentiable for all n,?¢ by a weak compactness
argument (see [19, Lemma 1,2,3]).



158
159
160

161
162
163
164

165

166

167
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On the other hand, it follows from Lemma that there exists a subsequence (n) such
that
Xt — Xpin (S)*
k—o0
uniformly in ¢. The latter and the uniqueness of chaos decompositions in (S)* entail that

X = Xiin L2(p; RY)

for all ¢.

Finally, if the drift coefficient is bounded, we can apply dominated convergence for functions
from [0,1] to L?(u; R?) and obtain (2.20)). O
Proof. (Theorem [2.6]).

We shall argue by contradiction. Assume that b(t, XJ*) does not converge to b(t, X;) in L*(u)
for some t for which the points of discontinuity cannot be reached. Then there exists a € > 0
and a subsequence (ny) such that

16(t, X¢™*) = b(t, Xo)l p2(,) > € (2.24)
We know that .
X, " — X, ae.

for some subsequence (7;(t)). Using the fact that X; doesn’t hit the points of discontinuity
of b(t,-) a.e., we see that

b(t, X, 1) — b(t, X;) ace.
Since b is bounded, it follows from the dominated convergence theorem that

Hb(t, XY (e, Xt)‘

—
L2(p) l—o0
For k = ny(t), this leads to a contradiction to (2.24). Therefore
lim b(t, XJ*) = b(t, X;) in L*(p), t-a.e.
n—oo
]

Proof. (Theorem [2.7).
We recall that each X7 is Malliavin differentiable (see [19]). We want to justify that we may

set b, = b for all p > 1 in the proof of Theorem To this end we shall derive a certain
representation for D; X7 by employing the S-transform (see (2.2)). Without loss of generality,
we assume that s = 1 and d = 1 (one-dimensional case). Let us evaluate

S(D:X17) (), ¢ € Sc(R), n>1.
Then, using Girsanov’s theorem and the local time-space decomposition (2.7)), we find that
S(DeX17)(9)

1 ! 1 -t 1 ~
=F [ exp {/ nby(—Bs + x)dBg — / nby,(—Bs + x)dWj
n ¢ n 0 n

n — S

exp {/01 (n bp<%35 +a)+ ¢(x)) dB, - ;/01 (n bp(%BS + o)+ ¢(x)>2 ds}]

1-t 1 ~ Es
+/ nby(—=Bs + x) ] ds (2.25)
0
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for all ¢ € S(R). By analyticity, we see that relation also holds for all ¢ € Sc(R).

Using an appropriate sequence of coefficients b,, p > 1, which approximates the bounded
function b (compare e.g the proof of [19, Lemma 12]) and a weak compactness argument in
Hilbert spaces, we deduce that

s ( /0 1 DtX{L.h(t)dt) 4)
=E Uol <Tllexp{—/tlnb(%+m)d33 —/Ol_tnb(%—i—:r)dws

1—t gs BSS
+/ nb(— + ) 1 ds} (2.26)
0

n — S

exp {/01 (m(% +a)+ ¢(s)> 4B, — /01 <nb(i§ +a)+ ¢(s)>2 ds}) h(t)dt]

for all bounded Borel-measurable functions h on [0,1], ¢ € Sc(R) and n > 1. Repeated use
of the local time-space decomposition (2.7)), Girsanov’s theorem and the Ito-Tanaka formula
for continuous semimartingales in [23], p.220] give that

S(DeXT)(0) = S(¥Y)(¢)

for all ¢ € Sc(R), where

1

where L™X"=%) (s y) denotes the local time at y of n(X™ — x). Thus
D.XT =" (2.27)

for all n.
Using this representation and the line of reasoning in the proof of Theorem [2.2in connection
with the weak compactness in IDq 2, we conclude that X; is Malliavin differentiable for all ¢.
The last statement of Theorem is a direct consequence of [21], Theorem 2.1.2] O

Remark 2.9. Assume b : R — R satisfies the assumptions of Theorem [2.6. Consider the
case, when

D.X, =0 (2.28)

on a measurable set A such that (A ® p)(A) > 0 for some 0 < w < 1. Then using relation
2.271) in the proof of Theorem in connection with Girsanov’s theorem shows that there is
a subsequence ni such that

—logny + Li(ng, t,u) + Lo(ng,u) — —o0 (2.29)

k—ro0
on A (t,w)-a.e., where
u 1 1-t
Li(n,t,u) = / nbp(ﬁBs + z)dB;s —
t

1-t 1~ Bs
+ / nby(—Bs + x) ds
1 n

—u 1-s

1 —
nby(~ By + x)dWW,

1—u
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SMALL NOISE PROBLEM 11

and
Lo(n,u) = /unbp(lBs + z)dB, — 1/u n2b2(lBs + x)ds.
’ 0 n 2 Jo Pin
So (2.29) is a necessary condition for (2.28). In particular, if (A ® p)(A) < 1 there is a set
B of positive measure such that the conditional density of X, with respect to B exists and

condition 1s violated.

The next result provides a sufficient condition for the assumptions of Theorem in the
one dimensional case.

Theorem 2.10. Let the drift coefficient b : [0,1] Xx R — R and its approzimating sequence
by : [0,1] x R — R satisfy the assumptions of Theorem . Further suppose that

E

</Os Az (n, p, u, 8)du> - Ai(n,p,u, s)] < o0 (2.30)

forall0 <s <1, n>1, p>1, and that for all compact sets K C R there exists a constant

M < oo such that
s 1
E *Bs A 7y M
[ (2L st

s -1 2
) (/ As(n, p,u, s)du) Ai(n,p,u,s) du]) dy < M (2.31)
0

for all m,n > 1, p > 1. Then there exists a cluster point X;, 0 < t < 1 of the processes
X9, 0<t<1lin such that X. solves the ODE’s .

Proof. For convenience we assume that K = R. Using Girsanov’s theorem and the local
time-space decomposition (2.7)) we see that the condition (2.30) is equivalent to

—8
E[IDX| 5] < oo

D.xX3P

W is in the domain Of
L2[0,1

The latter and our assumptions on b,, p > 1 imply that

the divergence operator § for all 0 < s < 1. See e.g [21].
From this it follows that X¢" has a continuous and bounded probability density ps”* which
has the representation

psP(y) = E

(s [ DX ER, nyp>1 (2.32)
X(y, ’ N non2 y Y , ,p = L. .
(roe)i s ||D-X?’p||%2[0,1]

See [21, Proposition 2.1] or [I1]. Consider now the sequence of Lipschitz continuous functions
0<om< X(z,00) with om(2) — X(y,oo)(z)a z € R given by
mz—my y<z<y+%
om(z) =4 0 ; 25y
1 , 2>y-+ %

n7p
o)
1D. X" 1210.11

Then the functions ps"™? defined as

prI(y) = E




201
202
203
204
205

206

207
208

209
210
211
212

213
214
215
216

217

218

12 OLIVIER MENOUKEU-PAMEN, THILO MEYER-BRANDIS, AND FRANK PROSKE

converge to ps*, pointwisely for all s,n,p. On the other hand one infers from the duality
relation and the chain rule of the Malliavin derivative (see e.g [21] [I1]) that

s D Xn’p 2
/ X(y7y+i)(X?’p)% U
0 DX 201

Then we obtain from (2.31]) in connection with the Girsanov’s theorem and the decomposition

@2.7) that

ps " Py) = E

m7n7p

%

Using weak compactness of ps""", m,n,p in L?(R), pointwise convergence of ps""™? with
respect to m and the fact that Xg"* converges to X” in L?(u) (for a subsequence), we observe
that X has a probability density p? and that p? is weakly compact in L?(R). Repeated use
of weak compactness and L?(p)-convergence shows that the cluster point X in Theorem
has a density ps, 0 < s < 1. So the result follows. O

\%2(R) <M <oo forall m,n,p.

Finally, we give an application of Theorem [2.6]in the case of a discontinuous ODE.

Example 2.11. Consider the ODE with initial value x and the drift coefficient b given
by the sign function, that is the special case of a step function

. 1 , >0
b(t7y) = Slgn(y) = { -1 Z < 0.

We want to show that there exists a subsequence (ny) such that the solutions X7 converge in
D12 to a deterministic process X5, 0 < s <1 (for certain x #0).

Without loss of generality, let s = 1. Since the sign function is bounded, we know from the
proof of Theorem that

1 ! 1 .
D X7 = XD {—/ / nsign <ny + x) LX) (g, dy)} ,
t Jr

where LX" %) (s,y) is the local time at y of n (X" — x). Using the latter representation, we
may replace the coefficient by, p > 1 in Theorem by the sign function itself. In order to
verify condition (C4) we apply Girsanov’s theorem and Hoélder’s inequality and find that it
s sufficient to show that

L(n,t,t) - L(nt,t)<C-|t—t|", 0<t<t' <1 (2.33)

for some a > % and a constant C' (independent of n), where

/ 4
1 t 1
Ii(n,t,t") = ﬁE (—/t /Rnsign (ny + z) L(ds,dy)) (2.34)
t/ 1
exp —4/ / n sign <y + x) L(ds, dy)
t JR n

1

1 1 1 (1 2
-emo{/mnsmn<l%—+m>d33—‘/)n%w}} . (2.35)
0 n 2 Jo

[NIES

and

Ln,t,t") = F
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219 Using the Ito-Tanaka formula and Burkholder’s inequality we find that

Il(nat’t/)

1 g 2/ n\)2 g : n n n ! %
= MEK/t n*(sign(X))) du+/t n sign(X,)dB, — (|n X3} — nz| — In X[ — nac)) }
<Cnt|t—t| (2.36)

220 for some constant C.
221 On the other hand, by applying [12], Corollary 3.2] we get that

1 1
—/ /nsign <1y +w> L(ds, dy) =/ (/ 2n dsLé’) 0{—nay(dy)
t JR n R \J¢

=2n (L(1, —nx) — L(t,—nx)),

222 where o;_p, is the Dirac measure in —nx.
223 Repeated use of Girsanov’s theorem and the formula of Ito-Tanaka gives that

L(n,t,t") = E [exp {8n (L(1, —nz) — L(t, —nz))}

1
1 3
exp {n <|31 + nx| —nl|z| — 2L(1, —nz) — 2n> H

1
<FE [exp {GnL(l, —nx) 4+ n|By + nx| — n?(|z| + 2)}]

224  Then using the probability density of (L(s,y), Bs) for a Brownian motion starting in a (see
225 e.g. [B, p.155]) that is

P, (L(t,x) € dy, By € dz)
1
tv2mt

226  we obtain that

= 1
) S/ /eXp{GW"‘Hml — (|| + 2>}
0 R

W+ls=ol tlo —r|>2}dzdy,

<y+\z—xr+rx—a|>exp{—

(y + |z +nx| + |nz|)?
2

1
— (Y + |z +nx|+ |nx|)exp | —
o=t el + el exp §

Using substitution and the fact that

2 L
IV
227 forr — oo (see e.g. [0]). We conclude that
I3(n,t,t')

} dz dy.

2

2
<
— (n(lzl = 1) = 1) (n(lz] = 11) = 1)
228 for n > ng and |z| > 11.
Combining this with the estimate in we see that (C4) is fulfilled for initial values

with |x| > 11. On the other hand the boundedness of the sign function implies the validity of
the conditions (C3) and (C5) for |z| > 11. So it follows from Theorem[2.9 that the solutions

exp {72n2 —n? x| — (n(|z| — 11) — 1)2} (2.37)
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X" 0<s<1 converge to Xg, 0<s5<1in L%*(pu) for a subsequence if |x| > 11. Moreover,
by weak compactness and the estimates in and we can even deduce that this

convergence 1s in D1 2 and that
DX,=0, 0<s<1.

Hence, Xg, 0 < s <1 is a deterministic process. On the other hand, since |z| > 11 we get
that
| Xs| > ||x| —s| > 10 for all0 <s<1, a.e.,

that is Xs cannot hit the discontinuity point zero.

So X. must be a deterministic solution (i.e., x +t) of the ODE (1.9).

Remark 2.12. The arguments in Example show that we may also consider drift coeffi-
cients b given by e.g. step functions of the form

b(x) =D &EiXow):
i=1
& >0, b € [0,00], 1=1,...,n.
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