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1 Practicalities and background

Upon passing the exam, attending and solving the exercises give a bonus to the
final grade.

We assume that the following concepts are familiar:

1. Probability space, random variables, expectation, convergence concepts.
2. Conditional expectations, martingales.

3. The fundamentals of discrete time financial mathematics.
For a remote graphical access to Matlab, you can login to the computers

e mathl2.math.lmu.de

e mathwOg.math.lmu.de
You will need

1. a program supporting X11-forwarding (e.g. Cygwin),
2. SSH program with rdp connections (e.g. Bitvise),

3. a VPN connection to LRZ (Anyconnect client, downloadable from LMU
service portal).

Alternatively, you can use the online version of Matlab.

2 Introduction

2.1 Popular financial products

Throughout the course, S{ denotes the market price of an asset i at time ¢.

Example 2.1 (Put and call options). A European call option on the asset i is
a contract where the seller has the obligation to deliver the asset i at the given
maturity time T for a given strike price K. At time T, the buyer has the
possibility to exercise the option, that is, to buy the asset from the seller at price
K. The gain for the buyer is

co:= (8% — K)T := max{S. — K, 0},

since he can get the asset from the option seller at price K and sell it immediately
on the market with the market price ST.. We call cc the payoff of the call option.



A European put option on the asset i is a contract where the seller has the
obligation to buy the asset i at the givem maturity time T for a given strike
price K. At time T, the buyer has the possibility the exercise the option, that
is, to sell the asset to the seller at price K. The payoff for the buyer becomes

cp = (K — S&)" := max{K — S&,0}.

Put and call options are prototype examples of Vanilla options that depend only
on the terminal price of the underlying asset. When this is not the case, the
option is called path-dependent.

Example 2.2 (Asian options). An Asian call option with maturity T and strike
K has the payoff B

cac = (Sp — K)7,
where Sk is the “average price” of the asset over the time interval [0,T]. The

ezxact form of the average price is part of the contract, e.g., it could be arithmetic

mean of the prices at given time pointsti, ...ty = T so that St = % Zf::l Szk.

For a set A, we denote 14(s) =1if s € A and 14(s) = 0 otherwise.

Example 2.3 (Down-and-out and other Barrier options). Given a strike K, ma-
turity T and a barrier B > 0, the down-and-out call option has the payoff

cpoc = (Sh — K)+1R+(tér[10ir%] Si — B).

The payoff of an up-and-in call option with the same strike and maturity is

= (Sh— K)*1 { — B).
curc = (St — K) R+(t§&§]st )

Barrier put options have similar payoffs. For example, down-and-in put options
have payoffs of the form

CpDIP (K - S%)+1R+(B - tg[lol%“] SZ)

Options that depend on multiple underlying assets are called rainbow options.

Example 2.4 (Basket options). Given a set of assets indexed by i =1,...,1 and
positive coefficients a;, © = 1,...1, the payoff of the corresponding basket call
option is

I +
CBC = (Zaﬁ’%—K) .
i=1

Similarly, the basket put option has the payoff

I +
Cpp \— <K - Za15%> .
i=1



Example 2.5 (Spread options). Given two assets S and S, the payoff of the
corresponding spread call option is

+
Csc :— (Sqlw —S% —K) .
Similarly, the spread put option has the payoff
+
csp = (K - S%w + S%) .
Example 2.6 (Calls and puts on max and min). Given to assets S' and S?, the
payoff of the corresponding call-on-max option is
+
CMazC ‘= (max{S%, S’%} - K) .
Similarly, the put-on-min option has the payoff

cminp = (K — min{S}, S%})+ .

Many options depend on quantities that are not tradable on markets.

Example 2.7 (Options on non-tradables). Let £ be the temperature (somewhere
of interest) at time T, and consider options with the payoffs

(r —K)" and (K —&r)"
with a given strike K.

Example 2.8 (American options*®). The holder of an American option may
choose to exercise the option at any time before the terminal time T. For exam-
ple, for an American call on S* with strike K, the payoff, if the holder chooses
to exercises the option at time t, is

(S — K)*.

In contrast to all the above options, the holder of an American faces an opti-
mization problem when to exercise the option.

2.2 Exercises

In all the exercises, examples in Matlab online help pages help you to write the
actual code.

Exercise 2.2.1. Write Matlab functions (as .m-files) of the payoff functions in
Ezxamples 2.1-2.6. Write them as functions of the underlying asset prices and
strikes.

Exercise 2.2.2. Using the plot-function, plot the European call option, for a fixed
strike K, as a function of the underlying asset price St. Plot the European call
option as a function of the underlying asset price St for two different strikes in
the same figure.

Exercise 2.2.3. Using the mesh-function (or surf-function), draw a 3D-graph of
the spread call option as a function of the underlying asset prices St and S%.



2.3 Basic properties of Brownian motion

Let (Q,F,(F)L,, P) be a filtered probability space. We consider continuous
time stochastic processes only on the "time interval” [0,7]. A family S :=
(S¢)tefo, 1) of R%—valued random variables S; is called an R%—valued continuous

time stochastic process. The process is called adapted if S; is F;-measurable for
each t € [0, 7.

Given w € €, the function ¢ — Sy(w) is called as a path, or a trajectory or
a realization, of the process S. Instead of considering a stochastic process as
an indexed family of R?%valued random variables, one may thus think of a
stochastic process as a family of random paths, trajectories, etc. In some cases
(less in this course), it is helpful to think of a stochastic process S as a function
(w,t) = Si(w) from the product space Q x [0,T] to R If the paths of a
continuous time process are P-almost surely continuous, then the process is
called a continuous stochastic process.

For a random variable n € (,F, P), we denote n ~ N(u,0?) when 7 is a
normally distributed random variable with mean p and standard deviation o.

Remark 2.9. We often use the property that for n ~ N(0,0?%) and positive integer
m, there is a constant L such that En?>™ = Lo?™,

Definition 2.10. An adapted continuous stochastic process W is a Brownian
motion, if it has independent increments in the sense that, for all 0 <ty < t; <
-+ < tp, the random variables {Wy, — Wy, _, |i=1,...n} are independent, and
Wy —Ws ~N0,t—3s) forall0<s<t<T,

From now on we assume, unless stated otherwise, that given a Brownian motion
W, it starts at zero, that is, Wy = 0.

Exercise 2.3.1. Show that a Brownian motion W is a martingale, that is, for all
s<t<T,s>0, we have E|W;| < oo and

E[W, | F.] = W,.

Here we assume that the increments of W are independent of the filtration in
the sense that, for all s < t, the random variable Wy — Wy is indenpendent of
Fs. This is the case, .e.g., when the filtration is generated by W.

In the definition of Brownian motion, it possible to omit the assumption that
the paths are continuous. This follows from the famous Kolmogorov’s conti-
nuity criterion. Recall that a continuous function f : [0,7] — R is a-Holder
continuous if there is L € R such that

\fi—f| <Llt—s|* VO<s<t<T.

Theorem 2.11 (Kolmogorov’s continuity criterion). Let S be a stochastic pro-
cesses with
E|S;—S,*<L|t—s""" vs<t (2.1)



for some constants a > 1, b, L. > 0. Then there exists a continuous stochastic
process S that is a modification of S in the sense that P(S; = S) = 1 for all t.
Moreover, S is a-Hdlder continuous almost surely for any o < b/a.

Exercise 2.3.2. Using Remark 2.9, show that, for any € > 0, Brownian motion
has (1/2 — €)-Hélder continuous paths almost surely.

From the computational perspective, Brownian motion has the important prop-
erty that it can be approximated by piece-wise constant ”discrete-time random
walks” that have independent increments. Such random random walks are easy
to simulate which is the basis of Monte Carlo methods that is the main topic of
the course.

Recall that a sequence of random variables (") converges in distribution to the
random variable 7 if
P(” <) = P(n<w)

for all € R such that « — P(n < z) is continuous (i.e., for all « such that the
cumulative distribution function of 7 is continuous at x). A sequence of vectors
of random variables (n7,...n}) converges in distribution to (ni,...,n) if

Pt o) < @) = P, - mw) < )
for all z € R¥ such that z — P((n1,...,m;) < z) is continuous.

Theorem 2.12 (The central limit theorem). Let

1 n
(n) — _—_ E
n - gka
Vg

for an i.i.d. (§)%2, sequence of random variables with E&, = 0 and E(&;)? = 1.
We have J
™ s (2.2)

for a random variable n ~ N(0,1).

For continuous time stochastic processes S("), n=12,... and S, S(m) converges
in finite dimensional distributions to .S, denoted by

sm 12 g
if, for all integers k and all 0 <t < --- <ty <T,
(S, 8™y s (S, Sh).

Theorem 2.13. Let



for anii.d. (§)72, sequence of random variables with E€, = 0 and E(&)? =1.

Then

VARG 7

for a Brownian motion W.

Proof. Using the central limit theorem and L’;—” — t when n — oo, we get

/7 [nt]
Y't(n) _ f \/7 ng —) n ~ (O,t),

as n — co. Let now ¢ < u. The random variables Y, — Yt(") are independent

from the variables Yt("), since

[nu]
Y(n) Y(”) \/» Z gk")

k=|nt|+1

and the random variables §I(Cn) are independent. Repeating the previous argu-
ments we get

v — v Ly~ N(0,u — ).

u

We observe that the variables AY(") Y(n) Yt(T_l)1 are mutually independent

forall 0 <ty < t; < -+ <ty <T. Thus the process Y (™) has independent
increments, and so

N
P =y <ai=1, N) = [[P (W - <)
i=1
N
— [[®oti—t. (@) = POWy, =Wy, < ayi=1,...,N).
i=1

The proof is finished by the next exercise. O

Exercise 2.3.3. Recall the continuous mapping theorem: If (ng,...,n5) 4,

(Mos---,Mk), then f(ng,...,n}) BN f(noy...,mx) for any continuous function
f:RF 5 R”.

Use the continuous mapping theorem to finish the proof of Theorem 2.13.
2.4 Exercises

In all the exercises, examples in Matlab online help pages help you to write the
actual code. We say that the process defined by

By = ut+ oW,



is a Brownian motion with drift x4 and volatility . Here W is a (standard)
Brownian motion.

Exercise 2.4.1. Write a Matlab function (as an .m-file) that creates a sample
path of a Brownian motion with terminal time T, n+1 equi-distant discretization
points, drift p and volatility o. Write it as a function of these parameters and a
sample of independent standard normally distributed random variable so that the
function maps the sample to a (discretized) sample path of a Brownian motion.

Exercise 2.4.2. Plot sample paths of the Brownian motion with different drifts
and volatilities in the same figure.

Download the .mat files from the course page. They contain "classes” consisting
of sample paths of a Brownian motion with a given terminal time 7.

Exercise 2.4.3. For paths in “bmpaths.mat”, estimate the volatility of each path.
Plot the paths in the same figure and label the paths with their volatilities.

2.5 Quadratic variation

Let
D =Dy,
where D,, is the n-th dyadic partition of [0,T],
D, :={i/2" €[0,T]]i=0,1,2...,}.

Enumerating D,, = {{tg,t7,...} |t} <t} ;}, we define, for each n, the "discrete
quadratic variation” of a stochastic process S by

QV(S) = Z |Strnt — St;QIAt|2,

i>1
where s At := min{s,t}.
Theorem 2.14. Let W be a Brownian motion. Then

PImQV" (W) =t vt)=1.

Proof. Fix t € D. The almost sure convergence QV;*(W) — t is equivalent to
the almost sure convergence ), ., Z; — 0 for

Zi = (Wi at — Wt;}At)2 -2

n
i+l

Note first that ¢}’ | —tf" = 27" so that Win,  nt—Winne are mutually independent
and N (0,27 ")-distributed. We have E[Z;Z;] = 0 for i # j and EZ? = L272"



for some constant L. Using the monotone convergence theorem, we get

BY (> 2)"=Jim > B> 2)°

n>1 tr<t n<N  tr<t
= lim > () L27°")=L> 27" < +oc.
N —o00
n<N t7<t n>1

Therefore >, o, (3", <; Z;)? is almost surely finite, and thus (3., Z;)? con-
verge to zero (if an infinite sum of real numbers convergences, then the sum-
mands have to converge to zero). But then also )_,.., Z; converges to zero, so
we have shown that QV;*(W) — ¢ almost surely.

Since D is countable, we can find a P-null-set N such that QV*(W) — s for

every s € D and w ¢ N. Since, for each n, t — QV;*(WW) is increasing, we get,
for s € D increasing to ¢, t¥ € D decreasing to t, and for every w ¢ N, that

t =1lims” = limlim QV (W) < lim QV;*(W) < limlim QV;2 (W) = limt” = ¢
1% v n v

v n
O

Lemma 2.15. Assume that z is an adapted continuous stochastic process with
sup, Ez? < co. Then, for every t,

t
- Wt(") )2) = /0 zsds,

i+1

lim Z (2,0 (W,

M <y

(n)
i+1
where the convergence is in L.

Proof. We denote 7; := z,m, L = sup, Bz} < oo, A= tE”) and

i+1 i+1
AW = w ) — W) so that
itl i

Z (Ztﬁ")(WtETI - thn>)2 =2, (tgﬂ - tz('n))) = Z Ui((AWi(Q)2—Atz('i)1)-

<y <t

Recalling that the increments of Brownian motion are independent of the past

and z is adapted, we get from F [(AWZ.(Q)2 — Atgi)l)] = 0 and independence that

B [n(AWGD? - A (AWI)? - AL

—F [(AW}HV _ Atz(.i)l)] [Enmj( AW)? - A téi)l)}

=0

10



for i > j. Combining with Remark 2.9, we get for some constants L (differing
from line to line),

Bl Y n((AWSD? = AP = 7 En((AW)? - At

<t M <t
<Ly B(AW)? - arl))?
M <y
<Y (ady)
M <y
= Lt2"(27)
— 0.
Since Zt(_n)<t z (n>Atl+1 converges to fo zsds in L?, the claim follows from the
triangle iﬁequahty. O

Remark 2.16. Choosing z = 1 in Lemma 2.15, we get QV"(W); — t in L?.

2.6 Stochastic integrals

Theorem 2.14 implies that the paths of the Brownian motion are not of bounded
variation, and thus not differentiable. Indeed,

QV"(W) < max Wyem = Wiy, | ; Win),r — Wi, |

where, almost surely, QV;*(W) converge to ¢ and max;>1 |Wt(n)i+1 = Wiy,
converges to zero (by continuity of BM), so >, (Win),,, — Win),| has to
converge to +oo. This means that it is not possible integrate functions with
respect to the paths of Brownian motion in the usual sense of the Lebesque-
Stieltjes integration theory.

However, it is possible to define integrals with respect to the Brownian motion
in the sense of stochastic integrals. An adapted stochastic process z is simple if

2t = Z nil(ti,twﬂ(t)
=0

for some 0 < t; <ty < ... and Fy,-measurable 7; with sup; ess sup |n;| < oo.
For a simple z, we set

T

t
/ 2 dWy = Z (m(WtAt,-H - Wt/\ti)) .
0

=0

11



We extend the definition from simple processes to larger spaces of integrands
T
H? := {2 | z measurable adapted stochastic process, E/ |z¢)%dt < oo},
0

which we equip with the norm ||z||42 := (F fOT |2¢|2dt)/?. For z € H?, we define
the stochastic integral as the unique limit

t t
/ zgdW, := lim / M aw,
0 " Jo

in L?, where (z(")) is any sequence of simple processes converging to z in #H?2.

Example 2.17. Let z = 2W. For {t§,t?,...} = D™, it is possible to show that

the processes zt(n) = Eizo 2Win 1(t;1,ty+1](t) converge to W in H?. We have

t
/0 LW, = (2We Waner,, = Wonry))

i>0
— 2 2 2
- § (I/Vt/\ty+1 - Wt/\ty) - § (I/Vt/\t;‘+1 - WtAt?)
i>1 i>1

= W2 - Qv (W)
— W2 —t,

where the convergence is in L?, by Remark 2.16. Thus
t
1 1
WedWs = W7 — ~t.
/0 2t 2
Theorem 2.18. Let z € H? and S be the stochastic process defined by

t
St:/ stWS.
0

1. The process S is a continuous martingale that belongs to H?,

2. We have the Itd isometry ES? = ||z||32,

3. If z is deterministic (and fOT |25|2ds < 00), then S has independent incre-
ments and (Sy — Ss) ~ N(0, f; |2y |2du) .

Next we extend the definition of the stochastic integral to integrands in the
space HZ ., where

T
HP :={z | 2 measurable adapted stochastic process,/ |z¢|Pdt < co P-a.s.}.
0

loc

12



For z € 7’-[120C7 we define the stochastic integral as the unique limit

t t
/ zedW, :=lim [ 2™ dW,
0 " Jo

where zt(") = 2 14prm and 7(M) = inft{fot |2¢|2dt > n} (here 7(™ is a "localizing

sequence of z). The stochastic process defined via fot zdWy is a continuous
process, but not necessarily a martingale (it is only a "local martingale”).

2.7 Exercises

Exercise 2.7.1. Show that a Brownian motion W is a martingale with respect to
its natural filtration Fy = o(Ws | s < t), that is, for alls <t < T, s > 0, we
have

E[W; | Fs] = Ws.

Exercise 2.7.2. Using Remark 2.9, show that, for any € > 0, Brownian motion
has (1/2 — €)-Hélder continuous paths almost surely.

Exercise 2.7.3. Recall the continuous mapping theorem: If (ng,...,n5) BN
(Mo, ---,Mk), then f(ng,...,n%) 4, f(no,-..,mx) for any continuous function
f:RF 5 R",

Use the continuous mapping theorem to finish the proof of Theorem 2.13.
Exercise 2.7.4. In the setting of Example 2.17, show that 2™ — z in H2.

Exercise 2.7.5. Let S be a stochastic process defined by
t 1 t
Sy =exp{ | zsdW, — f/ |zs|?ds},
0 2 Jo

. LT
where z is deterministic with [ |z|*ds < co.

e Compute Eexp(n) for n ~ N(0,02), where o0 € R > 0.

e Show that S is a martingale without relying on the first part of Theo-
rem 2.18.

2.8 1Ito processes and Ito’s formula

An important difference to the classical integration theory is that the stochas-
tic integral does not satisfy the usual chain rule. Recall that for continuously
differentiable functions g on R and f on [0, T], we have %g(f) =¢'(f)f" and so

a(f2) = 9(fo) + / §(£)dfs.

13



Example 2.17 shows that this is not the case for the stochastic integral, since
we got

1

t
1
S = [ w.aw, +
0

2"
where we have an "Itd correction term” involving the quadratic variation of

W. This observation generalizes to the famous Ito’s formula that we formulate
directly to It6 processes.

Definition 2.19. A stochastic process X is called an 1td process, if there is p €
H},. and o € H}, such that
t
X =X —|—/ nsds + /o—des.
0

The definition of the stochastic integral extends to Itd processes. Let

t
X, = Xp+ / ods + / o dWV,
0

2
loc*

be an Itd process with pp € HL _ and 0 € H For any z such that zpu € Hi

and zo € Hi ., we define

t t t
/ zsd X ::/ zsusds—i—/ 250,dWs.
0 0 0

We denote by C1? the continuous functions (t,z) — f(t,z) on [0,7] x R that
are continuously differentiable once w.r.t ¢t and twice w.r.t. x.

Theorem 2.20 (It6’s formula). Assume that f € C12([0,T] x R) and that

t t
X: = Xp +/ Lsds +/ o.dW
0 0

for some p € Hi,. and o € H? . Then, almost surely,
t t 1
F(6.X0) = 1(0.X0) + [ 0uf(5 X)AXe + [ (0uf(5.X) + 503000 (5, X))
0 0

Proof. We do not give the whole proof, but we only demonstrate how the ”cor-
rection term” 3028, f(s, X,))ds appears to the formula in the special case when
X = W, f is constant w.r.t. t-component, f(0) = 0, and 0,f and O f
are bounded. For general X, the argument follows similarly while bounded-
ness of the derivatives can be hf(m)dled using localizing sequences of X. Us-

ing Taylor’s expansion (below 7,

; is the appropriate random variable with

14



Wt(‘i)l < m_(n) < Wt(vi)l)’ we get
(fWie = FWy)) = Ouf (Wi )Wy = (W)
1 2
28Mf( t("))(WtEi)l — W)
1 n
+ 5 Dax f(1") = Daa f (W) (Wi, = W),

Summing over ¢ we arrive at

SO, Wi
+Z 50w f (W )(W, o) —W,m)®
+ Z Opa f(; ") — Oua f( t(")))(WtEﬂ - thm)Q.

As n tends to infinity, the first sum converges to fo 0. f (Ws)dWs, the second

sum converges to fo vz f(Wy)ds, by Lemma 2.15, and the last term tends to
zero (for this we omit the details). O

We will also need the following (local) martingale representation result.

Theorem 2.21 (The martingale representation theorem). Assume thatn € L (}"T)
and that the filtration is generated by a Brownian W. Then there exists z € H3
such that, almost surely,

T
n = E[n] +/ zedWy.
0

Ifn € L?(Fr), then z € H? and z in the above representation is unique.

2.9 Multi-dimensional results

We denote the R4*%identity matrix by 14.

Definition 2.22. An R%-valued stochastic process W is a d-dimensional standard

Brownian motion if the components W' are independent standard Brownian

motions and Wy — Ws ~ N(0, (t — s)14).

Theorem 2.23. Let W be a d-dimensional standard Brownian motion. Then
> (W, = Wip)(Win | = Wip)T 22 11

tr<t

where the convergence is in L.

15



Definition 2.24. A stochastic process X is called a d-dimensional It6 process, if
there is pn € Hi (R?) and o € H3 (RY x R™) such that

loc loc
X; :X8+/ ,ui,ds—F/a;dWs,
0

where o} is the i-th row of the matriz o5, and W is an n-dimensional standard
Brownian motion.

Theorem 2.25 (Multi-dimensional 1t6’s formula). Assume that f € C12([0,T] x
R?) and that

t t
Xt = Xo + / /,(,SdS + / O'tdWS
0 0

for some a n-dimensional standard Brownian motion and p € H}, (R?) and
o€ H2 _(R¥™). Then, almost surely,

loc

t t
ft, Xy) = f(O,XO)—i—/O 693]‘(5,Xs)dXs—f—/O (8tf(s7Xs)+%Tr[amf(&Xs)asasT])ds.

Here
t d t )
/azf(s,Xs)dXS ;:Z/ Dy f (5, X,)d X
0 =1 /0

Exercise 2.9.1 (Integration by parts formula for Ité processes). Let W be one
dimensional Brownian motion and let X*, 1 = 1,2 be one dimensional Ito pro-
cesses, 1.e.,

i t
Xj:Xng/ugder/ oldW, i=1,2,
0 0

where, fori =1,2, u* € Hi,, ando’ € H .. Apply Ité’s formula to f(t, (!, 2?)) =

loc*
x'x? to show the integration by parts formula

t t t
X}X? =X3X§+/ deX;Jr/ X;dX§+/ ololds.
0 0 0

Exercise 2.9.2. Let W be a d-dimensional Brownian motion, b € R and o € R?,
and consider the process

Sy = exp{bt + o - W;}.
For f € CY2([0,T] x R), show that f(t,S;) is an Ité process. Can you find a
function f such that the process given by Yy := f(t,S;) is a local martingale?

2.10 Exercises

We say that the process defined by

By = ut+ oW,
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is a Brownian motion with drift ; € R? and volatility o € R?*¢, where W is
a (standard) d-dimensional Brownian motion W. The matrix Cov = ool is

called the covariation matriz.

Instead of specifying o, it is more common to specify C'ov which can be estimated
from data. It is an exercise to check that volatility matrices with a common
covariance matrix define Brownian motions with common finite dimensional
distributions.

Example 2.26. Assume that n = (n1,...,1n4) s a vector of independent standard
normally distributed random variables and let ¥ € R¥*? be given. Let o € R4*4
be such that oo’ = X. Then

Cov(on) = E[(on)(on)"] = cE[mT]o" = 00" = 3.
Thus the covariance depends on o only through oo’. We can always use the
Cholesky decomposition ¥ = LLT , where L is a triangular matriz.

For By this implies the following. When only the covariance is specified, one
can always use L from the Cholesky decomposition as o. Given any other & that
gives the same covariance, the processes B and

Bt = /Lt + CATWt
have the same finite dimensional disributions.

Exercise 2.10.1. Write a Matlab function (as an .m-file) that creates a sample
path of a d-dimensional Brownian motion with terminal time T, n + 1 equi-
distant discretization points, drift vector i and covariation matrixz Cov. Write it
as a function of these parameters and an i.i.d. sample of d-dimensional standard
normals. Hint: Use Cholesky decomposition of Cov.

Exercise 2.10.2. Plot a sample path of a 2-dimensional Brownian motion with
terminal time T, n + 1 equi-distant discretization points with a drift vector p
and covariation matriz Cov. Plot it as a 3D graph, a 2D parametric curve (time
being the parameter), and as each component as a different curve in the same
figure. Which plot is the most informative?

Exercise 2.10.3. Plot sample paths of a 3-dimensional Brownian motion with
terminal time T, n + 1 equi-distant discretization points with a drift vector u
and with different covariation matrices Cov. Plot it so that each component is
a different curve in the same figure. Vary Cov so that the role of covariance
matriz becomes clear in the figures.

Exercise 2.10.4. For the path in "bmpath3D.mat” of a 3D Brownian motion, esti-
mate the covariation matriz. Plot the components of the path in the same figure
and label the paths with the rows of the covariance matriz (with the precision of
two digits).
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3 The Black-Scholes model

Let W = (W}, ..., Wtd)te[O,T] be a d-dimensional standard Brownian motion.
The financial market consists of d+ 1 assets. The asset S is a "non-risky” asset
defined by

SY = e,

where 7 models the instantaneous interest rate. The risky assets are modelled

d d
Sy =Sexp | | u'— 3 g lo 12 | t + g Wi |,
j=1 j=1

where S are the initial prices, and p* and 0% are constants, describing "drifts”
and correlations between the assets, respectively. We assume that the matrix
formed by o% is invertible.

Example 3.1. Consider a model with only one risky asset with S} = 1. Omitting
indices from S', W and from the parameters u* and o', the model of the risky

asset becomes )
S; = exp ((u — 2|02> t+ O'Wt> .

f(t,2) = exp ((M - ;|a|2> £y 0:5) ,

we have Sy = f(t,Wy), so Itd’s formula gives

Defining

St = f(ta Wt)

t t
— £(0,0) +/ 0, f (s, W) AW, +/ (O, (s, W) + %amf(s,ws))ds
. 0 , 1 0 1
= 1+/ USSdWS+/ ((M— |0—|2) SS“F*UQSS)dS
0 0 2 2
t t
=1 +/ oS,dW +/ 1wSsds.
0 0

Therefore, S solves the "stochastic differential equation” ("SDE”)

dSt = St(/.l/dt + O'th) So =1.
Applying It6’s formula to the d-dimensional model, just as in Example 3.1, we
see that the risky assets solve the SDE

d
S} = Si(p'dt + > odWY), Sj=1, Vi=1,...,d

j=1
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Using the notations u = (u!, ..., u%)), o € R¥? with entries 0%/, and diag[S;]
for the diagonal R4*4-matrix with entries S¢, this can be written as

dS; = diag[St](pudt + odWy), Sp=1. (3.1)

A portfolio process 6 = (0)icjo,r) is an adapted R¢valued stochastic process.
The number ¢; describes the amount in Euros invested in the i-th risky asset at
time ¢, so the ratio z} := g—’l is the amount of i-th asset held in the portfolio at
t

time £.

Let X% = (X/)icpo,7) denote the R-valued stochastic process describing the
wealth accumulated by the portfolio process . Then the amount invested in
the non-risky asset at time ¢ is 69 := X — Z?zl 0 = X0 —1-6,.

When each z; is a piecewise constant (i.e., simple) process z; = >0~ 21, 1(t, t0s 1 (£)

0<tp<t; <..., zt’k € F,, the "self-financing condition” means that
0 0 0
XtK+1 = Z <Z Ztk tk+1 - S;k) + Ztk(Stk+1 - Stk)> 9
k<K

i.e., the wealth X? is generated solely by the portfolio process 6.
For a general 6, the self-financing condition is defined by

1-6
dx? 72 tdS’ Sitdso (3.2)
t

as soon as the stochastic integral is well-defined. Recalling the formula (3.1)
and that SY = e, the self-financing condition can be written as

dX{ = 0y (udt + cdWy) +r(X{ — 1 - 6,)dt.

We assume throughout that wealth processes X9 are self-financing.

3.1 Discounted processes and the change of measure

Students familiar with "Finanzmathematik I” may recall that "discounted price
processes” play an important role in the pricing theory. To this end, we define
the risk premium

A= (pu—rl)

and the discounted price process

5 Sy
Sy = 50

Exercise 3.1.1. Prove that S; satisfies the SDE
dS; = diag[Si|o(\dt + dW,).
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Let X? be the discounted wealth process
X{=x0/8Y =etxP.
Likewise, we denote by 6 the process
0! :=0:/SY.
Example 3.2. Consider the case d = 1. Applying Itd’s formula to f(t,x) =

e "z, and recalling

X, —
dx? = %idSt y R
t

dSt = St(udf + O'th),

ds?,

and the risk premium X\ = ¥~ and SY = e we get that

- X/ 1
dX? = —rZLdt + —-(dX7)

s S
XG 1 91‘, Xa — et
- —rs—édt + 5 (St(st(#dt +odWy) + 1 tS? SEdt)
= 0,((u — r)dt + cdWy)
= Oy (Nt + dWy).

Recalling that dS; = Sta()\dt + dWy), this can be written as
dx? = @dﬁt.
t
The above example generalizes to the multidimensional setting and we get
; diag[Sy] 7' dS;
O (Adt + dW).

1

dX; =

This means that the discounted wealth process is a stochastic integral of 6 with
respect to the Itd process dX; = o(A\dt + dW).

Next our aim is to show that the discounted price process is a martingale under
some another probability measure ). For @Q < P, the stochastic process g
defined by

dq

=F|—=
qt Lip

is called the density process of @@ (with respect to P).

;

Lemma 3.3. Let Q < P and q be the density process of Q. For any n € L'(Q)
and t € [0,T], we have

1
E%HH=;EMME]Q%&

20



Theorem 3.4. Let W be a d-dimensional Brownian motionTcmd h be a determin-
istic R*-valued measurable function on [0,T)] satisfying [, |h¢|*dt < co. Let Q
be an equivalent probability measure to P with the Radon-Nikodym density

T 1 T
dQ/dP = exp{/ hedW; — 5/ |hg|?dt}.
0 0

Then the stochastic process B given by

t
Bt = Wt - / hsds
0
18 a Brownian motion under Q.

Proof. Evidently, B is a continuous stochastic process. Thus we need to show
that B has independent increments and (B; — B;) ~ N(0,¢ — s) under @ for all
0 <s<t<T. By Exercise 2.7.5,

t 1 t
exp{/ hedWy — 5/ hs|2ds}
0 0

defines a martingale, so ¢; := E[dQ/dP | F] satisfies

t 1t
gr = exp {/ hedWy — f/ hs|2ds} )
0 2 Jo

Given A € R, we have, using Lemma 3.3,

EQ[eA(BrBS) | F] = e—/\f; huduEQ[e,\(WFWS) A

e~ AL hudu N
= ——Elgr ") | F
qs
_ e—Af; hydu—1% [! \hS\stE[efst(hS+>\)dWs

Fsl.

By Theorem 2.18,Y; := fg(hs—l—)\)dWS has independent increments and Y; —Y; ~
N(O, [ |hy + A|2du). Thus,

Elel: (haANdWe | T1 — Ble)i(hatNdWs)

_ 6% ST Thu+APdu
b

where the last line follows from Exercise 2.7.5. Combining the equalities,
EQ[MNBi=Ba) | F | = = Mo hudu=s [7 |hsl*ds g3 [J 1hut AP du

_ e%)ﬁ(tfs).

Thus (B; — Bs) is independent of F; and the Laplace transform of B, — B under
Q@ at X equals e2*(t=9)  This means that B, — By ~ N(0,t —s) under Q. O
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Theorem 3.4 implies that

is a Brownian motion under the measure Q with

dQ/dP = e MWr—3N'T (3.4)

We can write the the price process as
1 d .
Sy =Siexp | | r— §Z|0”|2 t—i—ZU”Bg (3.5)
j=1 j=1

so that, just like in Example 3.1, S solves the SDE (w.r.t B)

dS; = diag[S;](rdt + 0dBy), Sy = So. (3.6)

The discounted price process S satisfies
dgt = dlag[gt]adBf

while the discounted wealth process can be written as
~ ~ t ~
X! =Xo+ / 0;0dB,,. (3.7)
0

Remark 3.5. It is possible to show that Q is the only probability measure equiv-
alent to P such that the discounted price process is a martingale under Q. In
financial terms, this is equivalent to saying that the Black scholes market model
s complete.

2

. and there

Definition 3.6. The portfolio process is called admissible if 0o € H
exists a Q-martingale M such that such that X! > M, for all t.

Here we require the "credit limit” given in terms of the martingale M so that
we do not allow ”"doubling strategies”. We omit the detailed discussion of this
pathology of continuous time market models.

4 The superhedging pricing formula and hedging

We define the superhedging price of a claim c as
7, = inf{X, | X2 > ¢ P -a.s. for some admissible 6}.

The price is the least amount of initial capital needed to construct a self-
financing wealth process whose terminal wealth exceeds the payoff of the claim
almost surely.
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Note that 7. is defined as a convex optimization problem over the set of ad-
missible portfolio strategies and initial capitals Xy. It is an infinite dimensional
linear optimization problem and, in principle, hard to solve. The following re-
sult can be seen as an application of "Lagrange multiplier method” from convex
optimization, but we do not go into further details here.

Theorem 4.1. Let Q be the equivalent martingale measure of the discounted price
process S. If E9|c|? < 400, then

Te = eirTEQ [C]’

and there exists a self-financing wealth process X o with admissible hedging strat-
egy 0 and initial capital Xg = e "TEC¢ such that X;ep = ¢ almost surely. The 0
is given by (o7) "1z for z from the martingale representation theorem

T
5:EQ5+/ 2,dB;.
0

Proof. Let Xo € R and 0 be admissible such that X% > ¢ P-almost surely. Then
XTQ > ¢ P-almost surely. Since P and () are equivalent, we also have X% >c

Q-almost surely. Since 0o € H2_, o € HZ_ and, by (3.7),

loc? loc
~ ~ t ~
X! =X, +/ 0,0dB,,
0

X is a Q local martingale. Since 6 is admissible, there is a Q-martingale M
such that X? > M, for all t. Let (7)., be a localizing sequence for X? so that
each stopped process given by X?, . is a true martingale and X¢, , — XZ.
Since stopped processes are also bounded from below at ¢t =T by My which is
Q-integrable, martingale property of the stopped processes and Fatou’s lemma

give
X{ = X = liminf EQ[XY,..] > EQ?[X}] > E9[¢] = e " EC].
We have shown that

T, > e TLEQq].

To prove the other direction m, < e " E®[c], we define a martingale m; :=
EQ[¢ | Fi]. By the Martingale Representation Theorem 2.21, there exists z € H?
such that

T
E:EQ[E]+/ 2dBy.
0

Thus we have that X9 = ¢ for Xg = E?[¢] and for admissible 8, = (c7) " 1z,.
Indeed, 0 € H2 . (actually, in H?),

_ B t
X! =X, +/ 0,0dB;,
0
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and X is bounded from below by a @Q-martingale, since it is a @-martingale
itself, by Theorem 2.18. Thus 7(c) < X§ = X¢ = E9[¢] and

. = E9[d.

The admissible 6 is the hedging strategy for c. O

4.1 Delta-hedging of Vanilla options

In this section we consider Vanilla options
¢=g(Sr) = g(Sp, ..., 57)

for some g with quadratic growth. The idea is to combine the martingale charac-
terization from Theorem 4.1 with It6’s formula to find a more explicit expression
for the optimal hedging strategy.

We denote by S = S%® the stochastic process describing the asset prices with
“initial prices z = (z!,...,z%) at time ¢". Note that S does not have indepen-
dent increments, but it is still a "Markov process” in the sense that its evolution
depends on the past only through its current state. Most formulas of the previ-
ous sections can be written by replacing each initial prices by z? and the initial
time 0 by ¢. For instance, (3.5) reads, for u > t, as

d d
(S"*), = @' exp 7“—52 o7 | (w—t)+ > o (B, - B]) |, (41)
j=1

j=1

where B is a Brownian motion under the martingale measure Q of S. It follows
that, as in (4.3) S%* solves the SDE (w.r.t B)

ds, = diag[Sy|(rdu + 0dB,) we€t,T], S:=uz. (4.2)
In particular, S is an It6 process w.r.t. B, for u > t,
w d
Si=Si+ / Si(rds+Y_o"dB}) (4.3)
t =

so that we may apply It0’s formula w.r.t. B.

Since the option depends only on the terminal price of the underlying assets
and S is Markov, we may define its (superhedging) price at time ¢ by

T
me(t,z) = inf{a | —l—/ 0.0dB, > g(Sk*) P -a.s. for some admissible 0}.
t

where we could assume ”admissibility only on the interval [t,T]”. The pricing
formula of Theorem 4.1 becomes

Te(t,x) = e " TV EQ[g(S57) | Fi). (4.4)

In the next theorem, the optimal z = 0,7 is called the Delta-hedge.
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Theorem 4.2. Assume that g has quadratic growth, ¢ = g(S), and that 7. €
CY2. Then the optimal (super-)hedging strategy is given by

ét = diag[st]aaﬂrc(tu St) le [OaT)
In particular, the amount Z of assets in the optimal portfolios satisfies

Zi = 0,ime(t,Sy) t€[0,T).

Proof. Again, for simplicity, we assume in the proof that d = 1. By Theorem 4.1,
the optimal solution is obtained from the stochastic integral representation of
Y; := E9[¢F;] wr.t B. By the Markov property of S, EQ[¢|F;] = E[ES:].
Combining with (4.4), we have

Y; i= e "tra(t, Sy).
Applying 1t6’s formula to Y, we get
th = 7Tc(07 SO)
t
1
+ / (—re "*7m.(s,Ss) + e "Om(s, Ss) + 67”555026“7&5, Ss)ds
0
t
+ / e~ "0, m(s,Ss)dSs.
0
Noting dS; = Si(rdt + odBy), this can be written as
Y;S = 770(0; SO)

¢ 1
—|—/ e "* (8t7rc(s, Ss) + 1rSs0,7(s, Ss) + 55?02890%77(5, Ss) —rme(s, SS)) ds
0
¢
—|—/ S,0,7(s, Ss)odBs.
0

Since Y is a @-martingale and the last summand is a Q-martingale, the integral
in the middle has to be zero for every ¢ (a continuous martingale with a finite
variation is a constant, a fact the we have not proved in these notes), so §; =
S0, (t,S;) is the optimal portfolio. O

Remark 4.3. We saw in the proof Theorem 4.2 that m. has to solve the Black
Scholes partial differential equation (PDE)

1
Oyme + rxlpme + §x2a2am7rc —rm. =0, 7w.(T,z)=g(x). (4.5)

This draws a connection between PDE-theory and financial problems and pro-
vides one method for finding prices for Vanilla options. We will return to this
later on at the end of the course.
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4.2 Exercises

Exercise 4.2.1. Write a Matlab function (as a m-file) that creates a sample
path of a prices process in the 1-dimensional Black Scholes model. Write it as
a function of initial time t with price x, terminal ttme T, N + 1 equi-distant
discretization points, drift p, volatility o and a sample of i.i.d standard normals.
Plot some sample paths.

Exercise 4.2.2. Write a Matlab function (as a m-file) that creates a sample
path of a price process in the 2-dimensional Black Scholes model. Write it as a
function of initial time t with price vector x, terminal time T, N+1 equi-distant
discretization points, drift vector p, volatility matriz o a sample of i.i.d standard
normals vectors. Plot some sample paths (each coordinate in the same figure).

Exercise 4.2.3. Consider a European call option with strike K in the 1-dimensional
Black Scholes model with r =0, 0 =1 and T = 1. Approzimate the Delta hedge
A by its piecewise constant approximation so that the resulting wealth process
satisfies

Ath = A(tkflvstk—JAStk 0=ty < - <ty=1,Xo= 71—6(0) SO);

see (3.2). Simulate the wealth process. Based on this, does the discretized Delta
hedge actually hedge the call option? Do this by plotting the differences between
the simulated terminal wealths and the payoffs of the European call option (sim-
ulated "profit-losses”).

For this exercise, you need formulas that are proved in the following sections.
These are the pricing functional 7. of the European call option (4.6) and the
Delta hedge

A(t, z) == D(dy (¢, x)),

where @ is the standard normal cumulative distribution function and

di(t,2) = ) J;(T%EZQ)(T —9

4.3 Exercises

Exercise 4.3.1 (Integration by parts formula for It6 processes). Let W be a
one dimensional Brownian motion and let X, i = 1,2 be one dimensional It
processes,

t t
X; ;:Xg+/ ,uids—&—/ oldW, i=1,2,
0 0

where, fori = 1,2, u* € Hi ando® € H2 .. Apply It6’s formula to f(t, (z*, %)) =

loc loc*
z'a? to show the integration by parts formula

t t t
XixE = Xixg+ [ xpaxt+ [ xlaxz+ /0 olo?ds.

26



Exercise 4.3.2. Let W be a d-dimensional Brownian motion, b € R and o € R?,
and consider the process

St = exp{bt +o- Wt}

For f € CY2([0,T] x R), show that f(t,S;) is an It6 process. Can you find a
function f such that the process given by Yy := f(t,S;) is a local martingale?

Exercise 4.3.3. Prove that the discounted price process Sy satisfies the SDE
dS; = diag[Sy|o(Adt + dW,).

Exercise 4.3.4. Find the pricing function 7w(t,x) and the optimal hedging strategy
for the quadratic claim ¢ = g(St) := S2.. Verify your solution m by checking
that it solves the Black Scholes partial differential equation (4.5).

Hint: Recall that EQe™ = ¢37° for a standard normally distributed n under Q.

4.4 The Black-Scholes formula for puts and calls

In the one dimensional case, the price process can be written (see (3.5))

1
Sy = Spexp ((T — 202> t+ aBt>

where B is a Brownian motion under the martingale measure () of the discounted
price process S.

Theorem 4.4. The superhedging price of be the European call option ¢ := (St —
K)T written at time t with the strike K and maturity T is

Te(t, Sy) = Sy ®(dy) — D(doy)Ke "I, (4.6)

where ® is the cumulative distribution function of the standard normal distri-
bution and

dy — In(S;/K) + (r + %02)(T — 1)

da

Proof. Let z = Sy and Sp" = wexp ((r — 402) (T — t) + 0(Br — By)). By The-
orem 4.1,
Te(t, Sy) = e "IV EQ[(].

Denoting nn ~ N(0,1), we get
EC[(S7" — K)*] = E®[(exp(In(S7") — K)*]

= E9lexp(Inz 4 (r — %(72)(T —t)+oVT —t-n)— K)T].
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Denoting z :=Inz + (r — 0%)(T — t) and ¢(y) := ~3%° (the density of a

standard normal distribution),

1 .
V2T

ER[(S5" - K)*] / (VT _ K)p(y)dy
z+ov/T—ty>In K

— [T ey -k [ oy
ovT—t oI —t

=I-1I.

Using the symmetry of ¢, the second term can be written as

> z—InK
II=K o(y)dy = K () .
s ovT —t

As to the first term,

oo
I =
an z

—_

z+o\/T7—y—%y2 dy

T

T InK —=z
=2e" TV (o/T —t — >
Te ( —_— |,

where the last line follows from the symmetry of the ¢. Combining, we get

InK —=z z—InK
(o) =a® (oVT —t — ——= | =@ [ x| Ke " (TY,
(co) == (” oVT —1 Tt) <U\/7 Tt) €

Substituting z and simplifying gives the result. O

4.4.1 Put-call parity

Given a common strike price K and maturity 7', the payoffs cp and c¢ of the
European put and European call satisfy

cp=(K—-8S)t =K 87+ (St —K)" =cc — (St — K).
Here we may identify (St — K) with the payoff
crp =St — K
of a forward contract. The price 7p of cp can simply be calculated from (4.4),

wr(t,x) = e_T(T—t)EQ[S?x —K|F]=a- e—r(T—z&)K7
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where we used the fact that @ is the martingale measure of S. Since the pricing
functional is linear (in a “complete model” like the Black Scholes model), we get
the put-call parity

rp(t,x) =nc(t,x) —z+e "T VK. (4.7
The put-call parity in conjunction with the Black Scholes formula of the call
option in Theorem 4.4 gives the Black Scholes formula for the put option.

Theorem 4.5. The superhedging price of be the European put option ¢ := (K —
ST)+ written at time t with the strike K and maturity T is

wp(t,St) = —S:®(—dy) + <I>(_dz)Ke—r(T—t)7

where ® is the cumulative distribution function of the standard normal distri-
bution and

di =

Proof. Combine Theorem 4.4, (4.7) and use the fact that <I>f% is antisymmetric.
O

4.5 Sensitivity analysis and Greeks

The Greeks refer to sensitivity of the derivative prices with respect to the model
parameters and underlying prices. Throughout this section, 7 is the price of
some given claim written at time ¢ with current underlying prices S; = x.

The most important Greek is the Delta,
A= 0,,

since it gives the sensitivity with respect to the underlying prices. By Theo-
rem 4.2, Delta provides a formula for the optimal hedging portfolios of Vanilla
options.

Example 4.6. Recall that, for a European call option ¢ = (St — K)™,
Te(t, x) = x®(dy) — ®(dy) Ke "T—Y),
where @ is the cdf of the standard normal distribution,
In(z/K) + (T —t) + 3v°
v
In(z/K)+r(T —t)— %’UQ
v

dy =

dy =

29



and v = o/T —t. The Delta becomes

A= d(dy).
In particular, by Theorem 4.2, the optimal hedging portfolio consists of holding
- <ln(St/K) +7(T —t)+ ;v2)

- v
assets at every t € [0,T).

1,2

Proof. Denoting ¢(y) = \/%6*59 ,

K K

A= axﬂ'c(ta JJ) = (I)(dl) + ¢(d1)? — (b(dQ)Keir(Tit)ﬁ.

Since dp = di — v and dyv — $v% = In(z/K) + r(T — t), we have
I " (T—p) T
P(do) = \/ﬂe L(dr1—v)? _ b(dy)e™ 102 _ o(dy)e" ™ t)}7

so A = &(dy). O

In practice, a closed form solution of 7.(¢, z) is not available for general Vanilla
option ¢, so one has to resort to numerical methods when constructing optimal
hedging strategies. This will be a topic of the next section.

The Greek gamma of an option is the second derivative with respect to the
underlying,
I':= 0.7

For Delta-hedges, it tells how quickly the hedging portfolio has to be adjusted to
the price movements of the underlying. The "Greek” Vega, is another important
quantity defined as
V= 0,.

This gives the sensitivity with respect to the volatility. Since the volatility is a
parameter of the model, a high absolute value in Vega indicates higher model
risk. Practitioners often seek to build a portfolio with low Vega in order to
decrease the risk of a miss-specified model.

The Greek Theta is the rate of change with respect to time,
e = 8t7r,

also called the time value of the option. Sometimes, it defined as the derivative
w.r.t. to the terminal time T'. Finally, Rho is the sensitivity to the instantaneous
interest rate.
p = O,m.

In practice, Black Scholes model is usually extended so that it takes into account
the whole term structure of interest rates (“time dependent” r(¢)). On the other
hand, interest rates vary slowly if at all before the maturity of the option, so
the role of Rho is less relevant in practice.
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Exercise 4.5.1. Show that, for the European call option,

¢(dr)
oxVT —t

Exercise 4.5.2. Show that, for the European call option,
V =aVT —td(dy).
Exercise 4.5.3. Show that, for the European call option,

O = —Lﬁwﬁ(dl) - TKeiT(T*t)(I)(dg).
2VT —t

I =

Exercise 4.5.4. Show that, for the European call option,

p=K(T—t)e " T Dd(dy).

5 Monte Carlo methods in pricing

We are interested in computing prices of derivatives ¢, which by Theorem 4.1,

boils down to computing
e (Tt peR [c]

as soon as E9|c|? < co. The basis of Monte Carlo methods is the law of large
numbers.

Let (£0™)%°_, be a sequence independent and identically distributed random
variables with £(™) ~ 1 for E|¢| < oco.

Theorem 5.1 (Strong law of large numbers). We have, almost surely,

1 M
— Z ¢ — En.
M m=1

The random variable u
1
(M) — — (m)
u i mgl gm,

called the sample mean, is used as an estimate of the expectation E¢. This
random variable, a particular “estimator of F£”, satisfies

E,U(M) = F¢

std (,u(M)) = \/% std(§).

The first equation tells us that the sample mean is "unbiased” and the second
tells us that the "rate of convergence is of order v M”. That is, if we want to
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reduce the standard deviation of the estimator to one tenth, we need to use
hundred times larger "sample size M”.

Notice also that the central limit theorem, Theorem 2.12, tells us that, when
std(n) is finite,

VMM — Bn) <5 € ~ N(0,5td(6)?).
Thus the estimator is asymptotically normal. Loosely speaking, the estimator
is "approximately normally distributed for large M around E¢”,

M M

1 m _ ey = L (M) _ BE)) o std(€)')
T2 (6 = B) =~ (30 (€™~ Pe)) N<O<m)>

m=1 m=1

To derive confidence intervals for the estimator u™), we introduce the "sample

variance” u
(oMY2 = Ml_l 3 (§<m> —u<M))

m=1

2

to estimate Var(§). We have

(cM)2 = M f: <(€("’))2 *2£(m)u(M) . (,u(]w))Q)

M—-1 M M M

=M (m))2
_ Mj\/il (Z (ﬁM) (M(M))2>

m=1

so, by the law of large numbers,
(oM)? = (B(€)* — (En)?) = Var(§).
We leave it as an exercise to verify that (¢(*))? is also an unbiased estimator
of Var(¢) (this is an elementary but a bit lengthier computation).
In the exercises, we use "heuristic confidence intervals” by approximating

(2002

(M) o~ N(E
I (BE —7)

so that, "with large M, we have with 95% probability” that E7 is in the interval

M M
oy 1.960¢ )7H(M) N 1.960 M) .
VM VM

Here we put aside the fact that (o(*))? is just an estimator of Var(¢). It would
be more justified to do asymptotic analysis for the estimator (¢(*))? and derive
confidence intervals for it, which would increase the confidence intervals of ;M) .

[ (5.1)
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5.1 MC of Vanilla options

Consider a Vanilla option ¢ = f(Sr) such that E?|f(Sr)|?> < oo. Taking
independent copies (S%I)(m), m = 1,2,... of S%I, the law of large numbers
tells us that, almost surely,

M
5 D0 (S8 - BOf(550)]
m=1
Since

1
ST ~ xexp ((r— 202> (T —1%) —l—a\/T—tn) ,

where n has a normal standard distribution under ), we know how to generate
independent copies of S}’m under @, and we get the following Monte Carlo
method.

Algorithm 5.2. An MC algorithm (with confidence intervals) for prices of Vanilla
options ¢ = f(St) with initial time t and price x.

1. Generate a mutually independent sample

(M, .. n@0y

from a standard normal distribution.
2. Compute, form=1,...,M

gm) — o=r(T=t) f (mew—%02>(T—t)+aﬁT—t-n<m>) _

3. Compute the MC estimate
| M
(M) _ = (m)
1 i mzlé‘ :

4. Compute the confidence intervals according to (5.1).

Note that in the above algorithm, there is no need to simulate the whole path
of the price process, which saves a lot of computational costs.

5.2 MC and Delta-hedging of Vanilla options

We continue with a Vanilla option ¢ = f(S7) such that E%|f(Sr)|? < co and
that f has quadratic growth. Recall from Theorem 4.2 that the optimal hedging
strategy Z is given by

O, me(t, ).
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Assuming that, below, we may change the order of integration and differentia-
tion, we have

Oume(t,x) = e " TN, EQf(S5")]
= ¢ "IV ECOf(S5")0,57"]
= U B (5451,
where the last line follows from the S3:” = zexp ((r — 262) (T — t) + o(Br — By)).

Moreover, it is sufficient that f is merely "weakly differentiable”, so df is un-
derstood in this sense.

Algorithm 5.3. An MC algorithm for Delta-hedge of a Vanilla option ¢ = f(St)
with initial time t and price x.

1. Generate a mutually independent sample

{n",... "0}
from a standard normal distribution.

2. Compute

M
efr(Tft)i |:.f/ (xe(rf%02)(T7t)+0'\/T7t~77(m)) 6(7‘7%02)(T7t)+0\/T7t~77(m)
M m=1
Of course, in step 2 above, it is possible to cancel out the terms e~ (T,
depending on how the computation is actually implemented.

Example 5.4. For the Furopean call option, the "weak derivative” of the payoff
f(z) = (x — K)T becomes

, 0 ife <K
f(x){l ifz> K.

Another method to estimate Delta is to approximate

0.x(t,) = Jim m(t, o+ h;)L —7(t,x)
—

by difference quotients with small h:

Dur(t z) ~ m(t,x+h)— W(t,x).
h
For this, we may apply Algorithm 5.2 to 7 (¢, z+ h) with the given x and "small”
h (with the same sample for h). This is easier to implement, especially when
Jf is not available, but is more susceptible to simulation errors. Both these
methods can be modified to get MC-algorithms for estimating other Greeks as
well.
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5.3 Exercises

Exercise 5.3.1. Write Matlab functions (as m-files) for the pricing functional ©
of the European call option and its Greeks. Write them as functions of all the
parameters, t, z, T, r, o, and K. Plot each Greek (choose three) as a function
of the corresponding parameter, A as a function of x, V as a function of o, etc.

Exercise 5.3.2. Apply MC algorithm to estimate prices for the Furopean call
option. Plot the estimated prices as a function of the number M of simulations.
Plot also the confidence intervals according to (5.1). After finding M large
enough, estimate the prices as a function of x, for fited t =0, T, r, 0 and K.
Plot the estimates as a function of x in the same figure with correct prices from
Theorem 4.4.

Exercise 5.3.3. Apply MC algorithm to estimate Greeks A,T" and V for the Euro-
pean call option. Plot the estimates in the same figure with the theoretical values.
Plot them as functions of the corresponding and one additional parameter, e.g.,
A as a function of x and o, V as a function of o and r, etc.

5.4 MC for Barriers and Asians

Consider now a path-dependent claim ¢ such that E9|c|?> < co. The first step is
to discretize time into N intervals with a time grid {to,...,tn}, to =0, tx =T,
so that we may write the claim as ¢ = f(S,,...,Sty). In fact, this is how
we wrote the path-dependent payoff functions in Exercises 2.2. After that, MC
algorithm is built on the whole sample paths of the price process. Since

1
Sy, =S, _, exp ((r — 202> (tn —tn—1) + o\/tn — tn_m("))> , (5.2)

where (n™)N_, are i.i.d., and standard normally distributed under Q, we get
the following Monte Carlo method.

Algorithm 5.5. An MC algorithm for the price of a path-dependent option
¢= f(Styy---sStn)-
1. Form=1,...,.M,
(a) Generate a mutually independent sample

M, .. ™y

from a standard normal distribution.
(b) Forn=1,...,N, compute

r—262)(tn—tn_1)+o/Tn—Fn_1n™
Snzsn—le( 2 )( —tn—1) i )7

where sg = Sp.
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(C) ComPUte fm = f(807 .. '7SN)

2. Compute
M

—rT 1
€ ar f’rn .
op

In the actual implementation, it possible to parallelize step 1. On the other
hand in Matlab, it is possible to simulate M different paths simultaneously and
do the computations in steps (b) and (c) in the vector form.

The general MC algorithm described above can be tuned to the option at hand.
For example, for Barrier options, we can do the following;:

Algorithm 5.6. An MC algorithm for the price of the down-and-out Barrier
option
c= (St — K)'*'JIRJr (min S;, — B).
n
1. Form=1,...,M,
(a) Forn=1,...,N

i. Generate n™ from a a standard normal distribution

1. Compute

sy, = 8,_1e(T730%) tn—tn)+o VIt ™)

1. If s, < B, define f,, =0 and go to 1.
(b) Set frn = (sn — K)*.

2. Compute

e—rTi f: f
M m=1 "

6 The Black Scholes PDE and finite difference method

We saw in the proof Theorem 4.2 that, for the Vanilla option ¢ = f(Sr) with
appropriate growth conditions, the corresponding pricing function 7 : [0,T] X
R — R solves the Black Scholes partial differential equation (BS-PDE)

Oy + reiym + %x2028m7r —rr=0, w(T,z)=f(x). (6.1)

Defining the parameters

36



and a function
u(r,y) = e (T — 27 /0%, ¢Y) (6.2)

on [0, £02T] x R, we have (below, we omit the arguments (7,y) for u and (T —

27/02,¢e¥) from 7 and its derivatives)

2
3ru =bu — 726ay+b7—6t7r
o
Oyu = au + elatDy+bry o
Oyytt = a’u + ael@tVvteTy oy (a+ 1)e(a+1)y+b78$7r + elatytbry .

Combining this with the fact that 7 solves (6.1), we get by a direct (but tedious)
verification that u solves the heat equation

O-u = Oyyu, u(0,y) =e"Yg(e¥).
The formula (6.2) can be inverted so that
1
m(t,x) = e‘alnw_b%UQ(T_t)u(i(fQ(T —t),Inx). (6.3)

Therefore, numerical solutions of u yield numerical solutions to .

6.1 The finite difference method

We choose an evenly spaced time discretization 0 = 7y < ... 7y for a fixed integer
N. We truncate the y-state space R to [Ymin, Ymaz), and choose an evenly spaced
space discretization Ymin = Yo < ..., YJ = Ymaz for a fixed integer J.

Denoting u), = u(r,,y;), we approximate, for every n and 0 < j < J (the
boundaries are dealt with later on)

|
g —u
a‘ru(Tn>yj): nATn z
wd Tl — i1
O, =" Tn
yU(Tn, y]) 2Ay]
wl Tt —2ud +ui
Oyy (T, y;) = — w i
(7 o, P

Here 0;u is approximated by the "forward difference” and d,,u by the "second-
order central difference”. Using these finite differences, our approximation for
the heat equation 0,u = 9yyu becomes

I G+ _ 94 j—1
un-i—l un _ un 2un + un

ATn o (ij)2
which we write in the recursive form
. AT, . 2AT, . AT, .
ul | = "t 4 (1 - 2 ) ul, + "l 6.4
L (Ayy)? (Ay;)? (Ay;)? (6.4
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This is an explicit method since we used forward differences in time. The method
is numerically stable if A7, < (Ay,)?/2; a fact which we state without a proof.
Other choices of derivative approximations lead to other finite difference meth-
ods (implicit method, Crank-Nicolson method, etc.).

The initial condition becomes (for j = 0 and j = J, these are given later on)

ué = e“(jAy"+ymi")f(ejAy”ermi") j=1,...,J—1.

The boundary conditions along the truncation boundary are less obvious and
not given by the data. Here we choose these boundary conditions by asymptotic
arguments.

Consider first the points yg = Ymin. Slnce

U(T7 y) = €ay+bT7r(T — 27‘/0’27 ey) — eaye(bfrz/aj)TEQ [f(ST*QT/oj,ey)]

we get, if f(0) is finite, that

ay (b—r2/rr2)'rEQ ST—QT/rrz,O
lim U(T7 y) _ ere [f( )] _ e(b_TQ/UZ)Tf(O).

y——oo e ey

Thus it is natural to set
ud = e(b*%/‘ﬂ)"AT"*“y’”"f(()) n=20,...,NV.

Remark 6.1. If f(0) is not finite at the origin, it is possible to refine the argument
using L’Hopital’s rule as below; we omit the details.

Consider now the boundary points yfv = Ymaz- Assuming that we may differen-
tiate under the integral sign, change the order of integration and the limit, and
that f has a linear growth, we get from L’Hopital’s rule that

u(T y) 6(b7r2/a'2)TEQ[f(eysT72‘r/d2,1)}
lim ——2~~ = lim
y——00 eayf(ey) y—00 f(ey)

— e(b7r2/02)7'EQ [SZ’—Z:_QT/UZJ]

_ e(b—r2/02)‘rer(2r/a2)

_ ebT.

Thus it makes sense to approximate u(7,y) ~ e’7e® f(e¥) for large y. Thus we
may set

N.

uylb = eaym”er"AT"f(eym“) n=0,.

ey

Remark 6.2. If f has quadratic growth, the above argument has to be modified.
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In this case, applying L’Hopital’s rule twice,

u(T,y) e(b—rz/ch)rEQ[f(eyST—%—/aZ,l”
lim ——2%~ = lim
V0 G f(en) v Flev)

— e(b—rZ/o'Q)‘rEQ [(5173*27/0271)2]

_ e(b7r2/o'2)‘re(2r+0'2)(27’/02)

— e(b+7‘2/0'2+2)7'

Here the second last line follows from
EQ[(S;«’I)2] — $26(2r+02)(T_t),

which was computed as a part of Ezxercise 4.3.4. We end up with the boundary
conditions

2
uJ aYmaz+(b+1r2/0 +2)nA'rnf(eymax) n—= 07 ) N.

71*6 L]

Now we are ready to formulate an algorithm based on these observations.

Algorithm 6.3. A finite difference method for approximating u corresponding to
the price function of a Vanilla option ¢ = f(St) with linearly growing f that is
finite at the origin.

1. Choose N, J and Ymaz S0 that AT := %JQT/N an AY = (Ymaz — Ymin)/J
satisfy A, < (Ay,)?/2.

2. Form=0,...,N, set
u% — e(b_T2/02)"A7—n+ayminf(o)
u;i - eayma,m“l'bnATnf(eym,am).

3. Forg=1,...,J —1, set

u_é — ea(jAyn"Fymin)f(ejAyn+y7nin) ] = 17 ey J —_ 1~

4. Forn=1,....N,j=1,...,J —1, compute

- AT, , 2AT, , AT, .
Up g = e sudtt 4+ (1 - “ ) u), + ——=u .
i (Ayn)? (Ayn)? (Ayn)?

In Matlab, the steps are most convenient to implement using vectors, in partic-
ular, in the recursion step 4, by introducing a tridiagonal matrix.
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6.2 Exercises

Exercise 6.2.1. Find suitable discretization parameters N, J and the cutoff val-
UES Ymaz ONA Ymin SO that the finite difference method approximates the theoret-
ical price of a European call option with 0.1 % percent accuracy for some fized
(and nonzero) parameters.

Exercise 6.2.2. Apply the finite difference method to approrimate the prices of
an European put option and the quadratic option ¢ = (St)2.

Exercise 6.2.3. Estimate the Greek © on the whole interval [0,T] of a European
call option using the finite difference method.

Exercise 6.2.4. Estimate the Greek I at timet = 0 and at some o of a European
call option using the finite difference method.

7 Variance reduction methods in Monte Carlo

Let Z be a random variable and assume that E?[G(Z)? < oo for a function
G with quadratic growth. The "naive Monte Carlo simulation” under @ gives
estimates of

o= E9[G(2)]

that are proportional to the variance of G(Z) under Q). The general idea of
variance reduction methods is to seek another random variable Y and possibly
another probability measure @} such that

E Y] = E°[G(2)]

and such that the variance of Y of under (), is smaller. Then performing Monte
Carlo for Y under @}, results in smaller confidence intervals.

7.1 Importance sampling

The idea in importance sampling is to look for a measure ), under which the
variance of the Monte Carlo estimator is smaller. Minimizing variance amounts
to minimizing the second moment.

Consider Z whose law has the density g w.r.t. the Lebesgue measure under )
and another density function h such that A > 0 on {g > 0}. We have

ER(G(Z)) = /G(a:)g(x)dx = /G(x)zg;h(aj)d:ﬂ _ gh [G(Z)}glgg] ’

where E" denotes the expectation w.r.t. @, under which Z has the density h
[Note that dQ/dQy = ¢g(Z)/h(Z) if {h > 0} = {g > 0}]. In particular, the
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sample mean (Monte Carlo estimator)

M
1 g(zm)
- (m)2\&Z )
3 2 G

is an unbiased estimator of o (here Z(™) are distributed according to the den-

sity). The second moment of G(Z )% under @y, is

Jo {G(Z)gigr: / {G(m)iigrh(ar)dx

>

Z)

_ ez

T

If G > 0 on {g > 0}, the minimal second moment (and thus minimal variance)
is obtained with the choice h(z) = W, in which case the variance is zero.

However, « is what we are trying to estimate, so this choice is not available to
us.

Importance sampling by the change of drift

Assume now that g is the multivariate density distribution on R™ with mean
vector 0 covariance matrix 1,. In our pricing applications, all sampling is based
on this structure. For instance, for a path-dependent option we have

G(Z,...Z™) = f(S1,...,5),

where S; = S;_1e(r=39)5t+0VAtZ:  Recall that the density (w.r.t. the Lebesgue
measure) h(-;u,>) of a n-dimensional normal distribution with mean u and
covariance matrix ¥ is

; 0:71 ex —lx— stz —
M; 1, 0) 2n)" det p( g o = N))

Let h be the multivariate density distribution on R™ with drift vector p and
covariance matrix 1,,. Under Q, we have Z ~ N(u,1,). Thus, under Qn, Z
equals in distribution to Z + u, where Z ~ N(0, 1,,). Since Z ~ N(0, 1,,) under
@, this means that

9(%)

E" [G(Z)h(z)} = B¢ [G(Z + u)m] ’

S0, in this setting, performing Monte Carlo with importance sampling amounts

to performing the Monte Carlo under the original measure ) for the random

variable
9(Z + )

G(Z+#)m7
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where Z ~ N(0,1,,). A direct computation gives

9(2) — o 2Tt gnu

The second moment can be written as

B [G(Z)Zgﬂ = BQ[G(Z)2e 2" mrian"n,

where the right hand side is a convex function of u. Applying Monte Carlo (in
the context of optimization, also known as sample average approximation), we
approximate the right side by

M

i Z (G(Z(m))28—(Z<""))Tu+%uTu) ,
M m=1

where ZW ... Z (M) ig 4 mutually independent sample of Z. Minimizing this
over p is a finite dimensional convex optimization problem.

Remark 7.1. It is also possible to vary the covariance matrix X and not just the
drift u and still obtain a convex optimization problem. This involves a change
of variables in terms of the natural parameters

-(5)- ()

The density can be written as an exponential family

1 1 _
h(z;p,0) = \/W exp (2(37 —)TE e - #))
1 1
= (2n)" 2 exp(0T & + 27 g2 — ZevlT 0510, — 5 log det(—205))
= h(z;6).

The terms inside the exponent form a concave function of 0 (see,e.qg., the lecture
notes of "Optimierung WiSe20217), so

9(2)

is a convex function of 0.The sample average approximation of this leads to a
convex "semidefinite programming” problem (01 is a vector and 05 is a semidef-
inite matriz).
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Laplace method

The second moment can also be written as

Nk ,
- EQ[62F(Z)—ZTM+%MTM]
_ 1 2F(z)—zTu+%uTu—%sz
= @ /e dz

where F(z) := InG(z).

To find a drift which reduces the variance, we now approximate

Eh |:G(Z) g(Z) :| ? ~ Lemaxz{QF(z)sz,qu%qu,f%ZTZ}
nZ)

[this is heuristics based on "Laplace’s method” which gives asymptotics for in-

tegrals of the form [ ecF®)dz when € N\ 0]. Thus we end up with

1 1
min max{2F(z) — 2% p + ip,T/L - §sz}
o z

Assuming that we can find the optimal p (and z) as the saddle point (below,
the first line is the partial derivative w.r.t. z and second w.r.t. z)

2VF(z)—p—2=0
—2+u=0,

we end up with the optimality condition that p solves

VFE(z) =z (7.1)

It is possible to show that this optimality condition is rigorous ”asymptotic
optimality condition” for finding the optimal change of drift for ef'(#/V€)/¢ when
€ \( 0. We omit the details.

Importance sampling of Asian options with the Laplace method
We consider the Asian call option
CAC = (ST — K )+

where T =1, St = % Zgzl St
notation S,, = S,a¢,

and ¢, = n/N. Here, with a slight abuse of

n?

Sn(2)),

n=1

G(2) = f(~

=|
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where f(y) = (y — K)+ and
Sn(Z) — Sn_1(z)e(r_%”2)At+‘7\/Ezn.
The optimality condition (7.1) becomes (when Sz(z2) > K)

1

zn =0, (InG)(z) = NG

N
a\/EZSj(z) n=1,...N.

j=n
This means that

oVAL[G(z) + K] B oVALS, B
a2 ) Zn+1—2n—m n=1,...,.N—1. (7.2)

zZ1 =

We leave it as an exercise to check that if we can find a scalar y such that
G(ly) = y, we get z, recursively from the above equations with G(z2) = y.
Solving G(1y) = y amounts to finding the root of the one-dimensional equation

N
1
stn(]ly)_K_y:O'
n=1
Note here that the optimal drift vector p = z is decreasing.

7.2 Exercises

Exercise 7.2.1. Apply the importance sampling method to the European call op-
tion. Find numerically the optimal drift and compare the confidence intervals
of the importance sampling method to the "naive Monte Carlo”.

Exercise 7.2.2. How does the optimal drift depend on the model parameters?
Compare the optimal drifts of European put and call options that are “deep out
of the money”, that is, for the put option, the initial asset price x is much larger
than the strike K, and for the call option, vice versa.

Exercise 7.2.3. Apply the Monte Carlo method to estimate the price of the Asian
call option. Plot the price as a function of the initial asset price x.

7.3 Antithetic variates

The method of antithetic variates is based on the structure that the sampled
(multi-dimensional) random variables Z satisfy that Z and (—Z) are equal in
distribution.

Again, for our applications, it suffices to assume that Z is a multi-dimensional
standard normal which has this property. We define

Y = (G(Z) + G(~2))/2

44



so that EY = EG(Z) and we may perform Monte Carlo for Y instead to
approximate EG(Z). Implementation of this is extremely simple and we omit
the detailed description of the algorithm.

To analyze the performance, note that
Var(Y) = i(Var(G(Z)) + Var(G(=2)) + 2 Cov(G(Z), G(—2))
- %Var(G(Z)) + % Cov(G(Z), G(-2)),

so for negative covariances the variance is reduced compared to the naive Monte
Carlo. Of course, computationally, Y (™) is about twice as expensive to simulate.
Note that Y and Y := (G(Z) — G(—Z))/2 are uncorrelated and that Y +Y =
G(2), so

Var(G(Z)) = Var(Y) + Var(Y).

As a rule of thumb, the more effective the method the "more linear” G.

7.4 Control variates

The idea behind control variates is to consider
Y(b):=G(Z) - bX — EX)

where the expectation of the additional random variable X is known and b € R
is a parameter. We have EY (b) = EG(Z), so we may do Monte Carlo for Y as
soon as we can generate independent samples of (Z, X). In practice, X = H(Z)
for some function H, so generating the samples is not a problem.

To analyze the performance, we compute
Var(Y (b)) = Var(G(Z)) — 2b Cov(G(Z), X) + b* Var(X),

so the variance is minimized with the choice

_ Cov(G(2),X)

b= Var(X)
which gives (the right side is in terms of "correlation” pg(z),x = %)
Cov(G(2))? >
Var(Y (b*)) = Var(G(2))(1 — =VarG(Z)(1 — .
(Y () = Var(G2)(1 - gz vagy) — Vo GO =i x)

The more the variance is reduced the more correlated the control variate X is
with G(Z).

In practice, b is not known but it can be estimated from the sample covari-
ances and variances. Before the actual Monte Carlo, we first generate a sample
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(Zm), X(m))n]\z=1 (with size M) and use

S (G(20) — pODY (X — BX])]
SM (xm — BX])?

m=1

Z;:

as an approximation of the optimal parameter b.

Remark 7.2. The method generalizes to sums of control variates

Y =G(Z) - ibi(xi — E[X7)).

Control variates in pricing

In our pricing application, two natural classes of control variates consists of
options whose prices are explicitly known and of wealth processes of admissible
portfolios.

Of options, the simplest choice is the forward (discounted price process) X = Sr
for which E®S; = Sy, by the definition of . The Black Scholes pricing
formulas, Theorems 4.4 and 4.5, allow us to use European calls and puts as
well. Yet another choice is to use the quadratic option X = S% whose price
was computed in Exercise 4.3.4. Explicit pricing formulas exist for a handful
of other options as well (e.g., for barrier options), but these are not covered in
these lecture notes.

Let z be an adapted process such that zt,lAS'tn is integrable for every n. Then

XT = XO + Zzti—lAStn

i=1

is a Q-martingale with EXr = X,. Thus appropriate stochastic integrals (espe-
cially wealth processes) serve as control variates. When pricing exotic options,
the whole path of S has to be simulated in the first place, so, in this case, the
computational cost does not increase dramatically.

7.5 Exercises

Exercise 7.5.1. Apply the importance sampling method to estimate the price of
the Asian call option. Write the Matlab-code so that the importance sampler is
easy to implement with varying drift vectors of the sampler. Use a "decreasing”
drift vector to estimate the price of the Asian call option. Compare the confi-
dence intervals of the importance sampling method to the "naive Monte Carlo”.
How would you change the sampler to price Asian put options? For the last
question, no theoretical considerations are needed, just try to find a drift vector
that performs better than “naive Monte Carlo”.
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Exercise 7.5.2. Apply the method of antithetic variates to estimate the price of
the European put option. Compare the efficiency when the option is “deep in the
money” and “deep out of the money”.

Exercise 7.5.3. Apply the method of control variates to estimate the price of the
European call option. Use the underlying stock as a control variate. Compare the
efficiency when the option is “deep in the money” and “deep out of the money”.

Exercise 7.5.4. Apply the method of control variates to estimate the price of the
Asian call option. As a control variate, use the European call option with the
same strike. Compare the efficiency when the option is “deep in the money” and
“deep out of the money”.

8 Optimal stopping

We denote by R! the space of continuous adapted processes R for which
{R.|T7€T}

is uniformly integrable. Such processes are called continuous processes of class
(D). Let R € RY and consider the optimal stopping problem

maximize FER, over 7€7T.

We will first establish general existence and duality results. Later on, R takes
the form R; = ¢(S¢) (e.g., American put option).

We first write the problem as
maximize F / Rdx over z€C(,,

where C, := {z € FV |z; € {0,1}}. The equation 7(w) = inf{t € R | 2¢(w) > 1}
gives a one-to-one correspondence between the elements of 7 and C.. Consider
also the convex relaxation

maximize E/Rdx over z €C,

where C := {z € FV;* |z increasing, 7 < 1} and FVy* is the set of adapted
right continuous processes starting from zero with essentially bounded variation.
Clearly, C. C C so the optimum value of optimal stopping is dominated by the
optimum value of the relaxation. The elements of C are called randomized
stopping times.

Recall that € C is an extreme point of C if it cannot be expressed as a convex
combination of two points of C different from .

Lemma 8.1. The set C is convex, o(FV,R)-compact and C. is the set of its
extreme points.
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Proof. The set C is a closed convex subset of the unit ball that F'V has as the
dual of the Banach space R! when R! is equipped with the norm

|Rllgs = sup E|R,].
TET

The compactness thus follows from the Banach-Alaoglu theorem. It is easily
shown that the elements of C. are extreme points of C. On the other hand, if
x € C\C, there exists an 5 € (0, 1) such that the processes

1 1
T = g[xt A& and 2?:= Tg[(xt -3 V0

are different elements of C. Since z = sz + (1 —5)2?, it is not an extreme point
of C. O

The following gives a dual expression for the optimum value as well as optimality
conditions for the relaxed problem in terms of martingales that dominate the
reward process R. We will denote the set of martingales of class (D) by RL .

We will use the following result from convex analysis.

Theorem 8.2. Let L: FV x L' — RU{+o00} be a concave-convex function such
that L(-,x) is usc and L(x,-) is lsc for every (z,y) € FV x L', and, for some
v € FV,{yeL'| L(z,y) > —oo} is uniformly integrable. Then there exists a
saddle value

sup inf L(z,y) = min sup L(z,y).

z€FV yeL yeL zeFV
Moreover, T minimizes the left side and § mazimizes the right side if and only
if (Z,9) is a saddle point:

L(z,y) > L(z,9) > L(z,y) Vz € FV,ye L'

Theorem 8.3. Optimal stopping time exists for every nonnegative R € R', the
optimum value equals

inf{EMy|M € R;,, R< M},

where the infimum is attained. A stopping time 7T is optimal if there exists
M e RL, with M > R and M, = R..

Proof. By Krein-Milman theorem, a continuous linear functional attains its
supremum over a compact convex set at an extreme point of the set. The
first claim thus follows from Lemma 8.1.

We use the fact that for any R € R!, there is a nonadapted continuous process
Z with r := sup, | Z;| € L' and R; = E[Z, | F;]. We note that the optimal value
of the convex relaxation coincides with

mae)%r‘}lize E {/ Rdx —r(xpy —1)T| subject to dx >0 (8.1)
x 57
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Indeed, for z € C the two objectives coincide while if x € N§° with dz > 0, then
Z :=x A 1 belongs to C and

E/Rd:ﬁzE[/Rdax—/Rd(m—j‘:)]
:E[/Rdx—/Zd(x—i:)]

> E[/ Rdx — r(zpy — 1)1

We define a concave-convex function on FV x L! by

—00 if de 20,
L(z,y) == { E[+ [Rdz —yxr +y] ifdr>0and0<y<r,
400 otherwise,

for which all the assumptions of Theorem 8.2 are satisfied (an exercise).

It is easy to verify that sup, L(z,y) coincides with the objective in (8.1). On
the other hand, we can write

—00 if de 2 0,
L(z,y) = { E[[(R— M)dz + My] ifdx #0and 0 < My <r,
+o00 otherwise,

where My = Ely | F;]. Thus

sup L(z,y) =

EMy if0< Mr<rand M — R >0,
reFV®

400 otherwise,

As to the optimality conditions, the saddle-point condition in Theorem 8.2,
L(z,y) < L(z,y) < L(7,y) for all x and y, implies, first of all, that dz > 0 and

M — R > 0. Then the first inequality means that [(R — M)dz = 0 and the
second that

y=20 if zp < 1,

gelo,r] ifzp=1,

y=r if zp >1
almost surely. Thus x € C is primal optimal if and only it satisfies the conditions
given in the statement. For a stopping time 7, it is clear from nonnegativity of

R that the corresponding x, can be chosen so that 2, = 1. Thus the optimality
conditions reduce to the ones given in the statement. O

Remark 8.4. If the rewards process is mot continuous, optimal stopping time
does not exist in general. A simple example is provided by the reward process

Rt = t]]-[O,T’)
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for some T" € (0,T). It is clear that the optimal value for the optimal stopping
problem is T' (for r = 0) but there is no stopping time 7 for which ER, =T".
In such cases, one has to relax the problem to allow for called "quasi stopping
times”.

8.1 American options

We continue in the setting of the Black Scholes model. The holder of an Amer-
ican option with a continuous reward process R and maturity 7' > 0 has the
right to exercise the option at any time ¢ < T with payoff R;. We set

@ =essinf{y, € LY (F) |30 € Na: XV =y, X0V > R, as. Vue[t,T]},
pe := ess sup{y; € LS_(]—}) |30 e NsTETi: X0—v = —yt,Xf’*yt > —R, as.}.

The first is the the superhedging price for the seller while the latter is the sub-
hedging price for the buyer. Note that these prices are not symmetric, since the
holder (buyer) chooses the exercise time 7 € 7 while the seller hedges against
every possible action of the buyer.

We denote R; = SO’
expressed in terms of discounted wealth and reward processes as well.

the discounted reward process. Note that p; and ¢; can be

Theorem 8.5. We have

pe <SP sup EQ[ S F) < g oas.
TET:

Proof. Let y;, 6 and 7 be such that the condition in the definition of p; is
satisfied. Then

T

ng——o—l—/ 0,0dBs > —R, as..
By the supermartingale property of X? under Q (see the proof of Theorem 4.1),

~ > ERIXY | F) > EC[-R, | ] as.
t

so we see that y; < S? SUP, 7, EC[R, | ], which gives the first inequality in
the statement.

Let y; and 6 be such that the condition in the definition of g;, which implies
that X%¥ > R. for 7 € T;. Then, as above, y; > SYE?[R, | F;]. Since 7 € T;
was arbltrary, the second inequality in the statement holds. O

When pg = qq, we call R
sup EYR,
TET

the risk-neutral price of the American option with reward R.
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Theorem 8.6. Every American option with reward R such that Re RL(Q) has
a unique risk-neutral price.

Proof. We apply Theorem 8.3 (with P = @Q). This gives a Q-martingale M and
7 € T such that My > R, for all t, M, = R, and

sup E9[R,] = E9[R,] = EQ[M,].

TeT
Applying the martingale representation theorem (Theorem 2.21) to M, there
exists, as in the proof Theorem 4.1, § € N4 such that th),yo = M;, where
Yo = EQ[M7]. Then we see that — € Ny and X% ~% = —M, = R, so that
Po = qo- O

8.2 Pricing American options with Monte Carlo

In this section, we apply the duality result, Theorem 8.3, to derive a Monte
Carlo method to price American options. Another route would be to derive an
"obstacle PDE” that the prices (as a function of time and state) have to satisfy
and then apply finite difference methods similarly to as we did with the Black
Scholes PDE in the case of Vanilla options.

Note that for any martingale M € R},

sup ER,; =sup E(R, + My — M,;) < E sup (R + My — M,).
TET TeT te[0,T]

where the last expression is dominated by EM, if R < M. Thus,
sup FER; < inf E sup (Ri+ Mr — M)
reT MEeRL,  telo0,1)

< inf {E sup (Ri+ Mr— M;)|R< M}
MEeRL, ~ ¢e[0,T)

< inf {EMy|R < M},
MeRL,

n

where, by Theorem 8.3, the last expression equals the first one. The optimum
value of the stopping problem thus equals

inf E sup (R;+ My — M,). (8.2)
This leads to numerical methods to derive upper bound to the optimal value of
the optimal stopping problem. Note also that if Y is the Snell envelope of R

(the smallest supermartingale that dominates R), then the martingale part M
in the Doob—Meyer decomposition ¥ = M — A is dual optimal.
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8.3 Exercises

Exercise 8.3.1. Consider the discounted American put option
Rt = e_”(K — St)+

in the Black Scholes model with T = 0.5, r = 0.06, K = 100, ¢ = 0.4. Use (8.2)
to estimate the price of the option for initial prices x = 80, 85,90,95,100. Here,
replace the set of martingales by multiples of My == " TV rp(t, S,), where Tp
is the pricing functional of the corresponding Furopean put with the same strike
K (M is indeed a martingale by (4.4); see also the proof Theorem 4.1).

Note that the method gives upper bounds for the prices, whose approximations
are (to check your solution) for x = 80,85,90,95,100, respectively, 21.6059,
18.0374, 14.9187, 12.2685, 9.9703.
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