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1 Introduction

Let (€2, F, P) be a probability space with a filtration (F;)I_, of sub-o-algebras
of F and consider the dynamic stochastic optimization problem

minimize FEh(z) := /h(:c(w),w)dP(w) over z € N, (SP)

where, for given integers n; and m,
N = {(@)f o] 20 € LR, Fo, P5R™))}

is the space of adapted processes, h is an extended real-valued B(R") & F-
measurable function, where n := ng + ... + np. More precisely, i is a normal
integrand that will be defined later on. Here and in what follows, we define the
expectation of a measurable function ¢ as +oo unless the positive part ¢T is
integrable!'. The function Eh is thus well-defined extended real-valued function

on N.

We will assume throughout that the function h(-,w) is convez for every w € Q. It
will turn out that Eh is a convex function of N and (SP) is a convez stochastic
optimization problem on the space of adapted processes.

The aim of this course is to analyze (SP) using dynamic programming and con-
Jugate duality. These lead to characterizations of optimal solutions of (SP) via
"Bellman equations” and "Karush-Kuhn-Tucker conditions”, both starting points
of various modern numerical methods. Duality theory also leads to characteriza-
tions and lower bounds of the optimal value of (SP), a classical example being
that the superhedging price of an option in a liquid market can be computed
via "martingale measures”.

1.1 Examples

Throughout the course, we will be returning to the examples that are presented
in this section. Undefined concepts and nontrivial claims will be given a rigorous
treatment later on.

Example 1.1 (Mathematical programming). Consider the problem

minimize  Efy(z) over x € N
subject to  f;(z) <0 P-a.s., j=1,...,m,

where f; are normal integrands. The problem fits the general framework with

h(z,w) = {fo(x,w) if fj(z,w) <0 forj=1,...,m,

] +o0 otherwise.

n particular, the sum of extended real numbers is defined as +oo if any of the terms
equals +o00.



When each fo(-,w), ..., fm(-,w) is an affine function, the problem becomes a
linear stochastic optimization problem.

Given a stochastic process x, Azx; := x; —x4_1 is the backward difference at time
t.

Example 1.2 (Optimal stopping). Consider the problem

T

maximize EZZtAxt subject to Az >0, <1 P-a.s.
zEN+ —0

for an adapted real-valued process Z and x_1 := 0, This is a convex relazation
of the optimal stopping problem
maximize FEZ,,
TET

where T is the set of stopping times. This fits the general framework with,
ng =1 for all t and

B, w) - ZZ;O Zy(w)Azxy if Ax >0 and z < 1,
Tyw) = ]
400 otherwise,

Example 1.3 (Optimal investment). Let s = (s;)L_, be an adapted R’ -valued
stochastic process describing the unit prices or assets in a perfectly liquid fi-
nancial market. Consider the problem of finding a dynamic trading strategy
x = (x;)L, that provides the “best hedge” against a financial liability of deliver-
ing a random amount c € L° cash at time T'. If we measure our risk preferences
over random cash-flows with the “expected shortfall” associated with a nonde-
creasing convex “loss function”V : R — R, the problem can be written as

T-1

minimize EV (u — Z Ty - Ast+1> over z € Np, (1.1)
=0

where Np denotes the set of adapted trading strategies v = (x4)1_, that satisfy
the portfolio constraints x € Dy for all t = 0,...,T almost surely. Here D, is
a random Fi-measurable set consisting of the portfolios we are allowed to hold
over time period (t,t + 1].

The problem fits the general framework with

B ) = {V (u(w) D DR A5t+1(w)) if xy € Dy(w) fort=0,...,T

+00 otherwise.

This example can be extended to a semi-static hedging problem, where some (or
all) of the assets are allowed to be traded only at the initial time t = 0. It is also
possible to allow some of the assets to be "American type options”. The above
could also be readily extended by allowing the loss function V' to be random or
by adding transaction costs.



Much of financial mathematics has revolved around the problem of assigning
values to financial products that provide a random payout ¢ € L° at a future
date T'. A classical approach is “superhedging”.

Example 1.4 (Superhedging). Consider the problem

minimize a over a€R, zeN
T—1

subject to a+ Z Ty ASiy1 > ¢ a.s., (1.2)
t=0

e €Dy t=0,...,T a.s.

This is the classical superhedging problem of finding the least amount of initial
capital o that can finance a self-financing trading strateqy x whose liquidation
value at time T exceeds the liability ¢ almost surely.

This is an instance of (27) but with time t running from —1 to T, F_1 = {Q, 0},
T_1 = 0o and

T T-1
h(o, z,w) = o+ Z 0D, (w) () + Or, (@ + Z 2t - Aspy1(w) — e(w)).
t=0 =0

Classical “risk-neutral” valuations in financial mathematics can be seen as a
special case of superhedging. We will see that is is an application of duality
theory so that the superhedging cost can be expressed in terms of expectations
of ¢ under so called “equivalent martingale measures”. In practice, however, the
requirement of superhedging is often unreasonable and the associated cost is too
high to be competitive. More practical approach is to use indifference pricing.

Remark 1.5 (Indifference pricing). The indifference selling price of a claim ¢ €
LY is defined by

7(¢;c) :=inf{la ER | p(c+c—a) < (@)},

where p(c) denotes the optimum value of (3.4). Here ¢ € L° denotes the traders
initial liability cashflows and « is the price she would receive in compensation
of delivering an additional random cashflow c € L° (a “contingent claim”). The
indifference selling price m(c;c) is the least price at which it would make sense
for the trader to sell the claim c for. The indifference buying price is defined
analogously. If ¢ = 0, V. = dg_ and ¢(0) = 0, the indifference price becomes
the superhedging cost. When V. = 0g_, the condition p(0) = 0 means that one
cannot turn a strictly negative initial wealth into a random terminal wealth that
18 nonnegative almost surely.

The indifference pricing principle makes good sense also in more general market
models. The following extends problem (3.4) by allowing for investments in a
finite set of contingent claims that can be traded at time ¢ = 0 at a cost given
by a convex function Sj.



Example 1.6 (Semi-static hedging). Consider the problem
T—1 )
minimize EV (c — Z T+ ASgr1 —C- T+ So(a:)> overz € N, z € R/,
t=0
subject to x; €Dy t=0,....,T a.s.,

(1.3)
where s, D and N are as in (3.4) and J is another finite set of assets that are
traded only at time t = 0. The portfolio T € R” is bought before the dynamic
trading of the assets J starts and it is held fized (static) until time T. The
random vector ¢ gives the payouts of the statically held contingent claims and
the function Sy : R7 — R gives the cost of buying the portfolio T at the best
available market prices. We assume that Sy is a proper lsc convex function that
vanishes at the origin.

Problem (1.3) fits the format of (??) with time t running from =1 to T, F_1 =
{Q,0}, x_1 =T and

T-1
Wz, z,w) =V <c(w) - Z 2y - Aspyr(w) —e(w) - T+ So(x),w>
t=0 .

+ Z 5Dt(w)(l‘t,w).

t=0

Convezity of Sy arises naturally in practice. For example, if the buying and sell-
ing prices of the claims ¢ are given by vectors s® € R’ and s* € RY, respectively,
and if we assume that one can buy and sell infinite quantities at these prices,
then
So(z) = sup z-s.
s€[sb,sa]
If the bid and ask prices come with finite quantities given by vectors ¢° € R
and q* € RY, respectively, then
So(z) = sup x5+ g ge1()-
s€[sb,s9]
More generally, the cost of buying a portfolio T in limit order markets always
results in a proper lsc convex cost function Sy.

Example 1.7 (Stochastic control). The problem

minimize E over X,U € N,

T
Z Lt (Xt7 Ut)
t=0

subject to AXt = AtXt—l + BtUt—l + uy t= 17 . e 7T‘

fits the general framework with x = (X,U),

h(z,w) = ZZ:O Li(zy,w) if TAxy — flt(w)xt71 = (w) fort=1,...,T,
7 +0oo otherwise,



where ™ = [I 0] and A; = [A; B;]. Here the stochastic process X is the “state”
and U is the “control”.

Example 1.8 (Problems of Lagrange). Consider the problem

T
minimize FE Z Ki(zt, Axy), (1.4)

zeN rord
where ny = d, Axy := x4 —x4_1, x_1 := 0.
The problem fits the general framework with

T
h(z,w) = Z Ki(zy, Az, w).

t=0

For instance, currency market models fit into this framework, where components
of x¢ describe different currencies in the portfolio hold at time (t,t + 1].

Example 1.9 (Electricity storage management). Consider the problem

maximize Fu(X7) over (X,U)eN
subject to Xy = w0,
X¢ =0, (1.5)
X < R (XT") = S (UF),
Xip < R (XE,UF),

where

o X7 is the amount of energy in storage at time t,

o X" is the amount of money market investments at time t, xo € R is the
initial wealth.

o Ut is the amount of energy bought at time t

The function u is a utility function, i.e., an extended-real valued concave in-
creasing function. The function Sy determines how much it costs to buy energy
at time t and it depends on the state of the electricity market. A negative value
of US means that —U; units of energy is withdrawn from the storage in or-
der to sell electricity in the market. The cost Sy(Uf) would then be negative
which means that the agent generates revenue that can be invested in the money
market. The function R describes the interest structure of the moeny market
while functions Ry determines how many electricity is stored given the current
storage level and the electrity bought. The function R; depends on the physical
properties of the storage (very different for a lithium battery, hydrogen storage
or a pump station). Negative investment in the money market is interpreted as
borrowing as usual.



The functions Si, R{ and R]" are random, in general. In particular, S; depends
on prevailing electricity prices while R}" depends on the available money market
rates both of which are typically modeled by stochastic processes. Under appro-
priate assumption on the functions R™, R® and S, the problem can be written
as a stochastic control problem.

Example 1.10 (Risk measures). Some optimization problems in finance are given
in terms of risk measures that do not a priori fit into (??). However, some of
them can be expressed as (1?) by introducing additional variables.
Consider the problem
minimize V(x) (1.6)
zeN

forV: LY — R defined by

V(z) = inf Ec(a, ),

a€cR

where c(-,-,w) is convex on R x R™.
Extending N' := L°(F_1) x N for a trivial F_1 and denoting & = (o, x), the

problem fits the general framework with

h(z,w) = c(a, z,w).

Assume now that c(a, z,w) = a+0(g(z,w) — a,w) for convex 6 and g. When 0
is nondecreasing with 0(0) = 0 and 1 € 90(0),

V(z) = inf Ela + 6(g(x) — )]

is known as optimized certainty equivalent of the random variable g(x). When
O(u) = e* — 1, we get the entropic risk

V(z) = log Eed™

u

while for O(u) = % with v € (0,1) we obtain the conditional value at risk at
. 1 +
V(z) = nng[a + ;(g(x) —a)7].

When g is affine and 0(u) = %ug + u, we obtain the "Mean Variance” risk
measure

1

V(z) = 5 El(9(z) ~ Eg(x))*] + Eg().

Exercise 1.1.1. Verify that one really gets entropic risk, conditional value at risk
and mean variance in the above example.



2 Convex analysis

2.1 Convex sets

Let U be a real vector space. A set A C U is convex if
Au+ (1 =M € A.

for every u,u’ € A and XA € (0,1). For A € R and sets A and B, we define the
scalar multiplication and a sum of sets as
A = {du|ue A}
A+B:={u+u'|uecA v e B}.

The summation is also known as Minkowski addition. With this notation, A is
convex if and only if

M+ (1-NACA Yrae(0,1).

Convex sets are stable under many algebraic operations. Let X be another
linear vector space.

Theorem 2.1. Let J be an arbitrary index set, (A?)jes a collection of convex
sets and A C X x U a convex set. Then,

1. for X € Ry, the scaled set AA is convex,
2. for finite J, the sum Zjej AT s convez,
3. the intersection () g A7 is conver,

4. the projection {u € U | Fz : (x,u) € A} is convez.

Proof. Exercise. O

2.2 Locally convex topological vector spaces

Next we turn to topological properties. Let 7 be a topology on U (the collection
of open sets, their complements are called closed sets) and let A C U. The
interior int A of A is the union of all open sets contained in A and closure cl A
is the intersection of closed sets containing A.

The set A is a neighborhood of w if u € int A. We denote the collection of
neighborhoods of w by H, and the collection of open neighborhoods of u by
‘H?. Note that A is a neighborhood of v if and only if A contains an open
neighborhood of .

Exercise 2.2.1. For AC U, u € clA if and only if ANO # 0 for all O € H.



A function g from U to another topological space V' is continuous at a point u if
the preimage of every neighborhood of g(u) is a neighborhood of u. A function
f is continuous if it is continuous at every point.

Exercise 2.2.2. A function is continuous if and only if the preimage of every
open set 1s open.

A collection & of neighborhoods of w is called a neighborhood base if every neigh-
borhood of u contains and element of £. Evidently H? is a neighborhood base.

Exercise 2.2.3. Given local bases &, of u and &, of v = g(u), g is continuous at
u if and only if the preimage of every element of £, contains an element of &, .

Given another topological space (U’,7'), the product topology on U x U’ is the
smallest topology containing all the sets {O x O’ | O € 7,0’ € 7'}. We al-
ways equip products of topological spaces with the product topology. Clearly
{(0,0") € HE x H?,} is a neighborhood basis of (u,u’).

Exercise 2.2.4. Let p : U x U' — V be continuous. For every v’ € U’, u
p(u,u') is continuous.

The space (U, 7) is a topological vector space (TVS) if (u,u’) — u+ u’ is contin-
uous from U x U to U and (u, ) — au is continuous from U x R to U.

Exercise 2.2.5. In a topological vector space U,

~

a0 € HY for all a # 0 and O € H,

forallu e U and O C U, (O +u) € HS if and only if O € HY,
sum of a nonempty open set with any set is open,

for every O € H, there exists O’ € HY such that 20’ C O,

aA € Hy for alla #£0 and A € Hy,

forallue U and Ae U, (A+u) € Hy if and only if A € Ho,

for every A € Hy, there exists A’ € Hg such that 2A’ C A.

S R R N

for every X € (0,1) and O € H, there exists O',0? € HG such that
MO + (1 - N)0?% C O.

A set C is symmetric if x € C' implies —z € C.

Lemma 2.2. In a topological vector space, every (resp. convex) neighborhood of
the origin contains a symmetric (resp. convex) neighborhood of the origin.

10



Proof. Let A € Hy. By continuity of p(a,u) := au from R x U to U, there is
o and O € H§ such that «O C A for all [a] < o'. The set B 1= )< (@O) is
the sought neighborhood. B

Assume additionally that A is convex. The set AN (—A) is symmetric, so, since
B C A is symmetric as well, B C AN (—A). Hence AN (—A) is a symmetric
convex set containing a neighborhood of the origin. O

Lemma 2.3. Let C be a convex set in a TVS. Then int C' and cl C' are convex.

Proof. Let A € (0,1). We have intC C C, so A(intC) + (1 — N\)intC C C.
Since sums and strictly positive scalings of open sets are open, we see that
AMintC) + (1 — N int C C int C, since int C' is the largest open set contained in
C'. Since A € (0,1) was arbitrary, this means that int C is convex.

To prove that c1C is closed we use results from Exercises 2.2.1 and 2.2.5. Let
u,u’ € clC, XA € (0,1) and O € HY. It suffices to show that

M+ (1 =N +0nC #0.

There are O,0" € HG with AO + (1 —X\)O’ € O and @ € C N (u+ O) and
@ € CN(u + O'). Thus

AMi+(1=Na CAMu+0)+ (1 =N +0)Cr u+(1-Nu+0
where the left side belongs to C. O

2.3 Separation theorems
Sets of of the form
{ueU|l(u)=a}

are called hyper-planes, where [ is a real-valued linear function and o € R. Each
hyperplane generates two half-spaces (opposite sides of the plane)

{uelUlllu)<a}l, {uelU]|l(u)>al.

A hyperplane separates sets C' and C? if they belong to the opposite sides of
the hyperplane. The separation is proper unless both sets are contained in the
hyperplane. In other words, proper separation means that

sup{l(u' —u?) |u' € C'} <0 and inf{i(u' —u?) | u' € C'} <O.

A set C C U is called algebraically open if {o& € R | u+ au’ € C} is open for
any u,u’ € U. The set C is algebraically closed if its complement is open, or
equivalently, if the set {o € R | u+ au’ € C} is closed for any u,u’ € U.

Exercise 2.3.1. In a topological vector space, open (resp. closed) sets are alge-
braically open (resp. closed), and the sum of a nonempty algebraically open set
with any set is algebraically open.

11



The following separation theorem states that the origin and an algebraically
open convex set not containing the origin and can be properly separated.

Theorem 2.4. Assume that C' in a linear vector space U is an algebraically open
convex set with 0 ¢ C. Then there exists a linear ] : U — R such that

sup{l(u) |ue C} <0, nf{l(u)|ue C}<O.
In particular, I(u) < 0 for allu € C.

Proof. This is an application of Zorn’s lemma. Omitted. O

The above separation theorem implies a series of other separation theorems for
convex sets. In the locally convex setting below, we get separation theorems
in terms of continuous linear functionals, or equivalently, in terms of closed
hyperspaces as the next exercise shows.

A real-valued function g is bounded from above on B C U if there is M € R
such that g(u) < M for all u € B. If g is continuous at v € dom g, then it is
bounded from above on a neighborhood at w. Indeed, choose a neighborhood
g Y((—o0, M)) for some M > g(u).

Theorem 2.5. Assume that | is a real-valued linear function on a topological
vector space. Then the following are equivalent:

1. 1 is bounded from above in a neighborhood of the origin.
2. 1 is continuous.

3. {u e U |l(u) = a} is closed for all o € R.

4. {u e U |l(u) =0} is closed.

Proof. Exercise. O

A topological vector space is locally conver (LCTVS) if every neighborhood of
the origin contains a convex neighborhood of the origin.

Theorem 2.6. Assume that C is a closed convez set in a LCTVS and u ¢ C.
Then there is a continuous linear functional separating properly u and C.

Proof. The origin belongs to the open set (C'—u), so there is a convex O € Hg
such that 0 ¢ C' —u + O. By Theorem 2.4, there is a linear [ such that

(W) <0 Yu' €C—u+O.

This means that {(u’) < {(u) for all w' € C+0O, so l is continuous by Theorem 2.5.
O

12



The following corollary is very important in the sequel. For instance, it will give
the biconjugate theorem that is the basis of duality theory in convex optimiza-
tion.

Corollary 2.7. The closure of convez set in a LCTVS is the intersection of all
closed hyperplanes containing the set.

Proof. By Lemma 2.3, clC' is convex for convex C. For any u ¢ clC, there is,
by the above theorem, a closed half-space H,, such that clC' C H,, and u ¢ H,.
We get,

cdC = ﬂ H,.
ugC

2.4 Convex functions

Throughout the course, R = RU{=£o0} is the extended real line. For a,b € R, the
ordinary summation is extended as a +b = +o00 if a = +00, and as a +b = —o0
if a # +o00 and b = —o0.

Let g : U — R. The function g is convex if
gu+ (1= Mu') < Ag(u) + (1 = MN)g(u')
for all u,u’ € U and X € [0,1]. A function is convex if and only if its epigraph
epig:={(u,a) eU xR | g(u) < a}

is a convex set. Applying the last part of Theorem 2.1 to epig, we see that the
domain
domg:={ueU]|glu) < oo}

is convex when ¢ is convex.

Exercise 2.4.1. Given g : U — R, the following are equivalent:

1. g s convex;
2. epig is conver;
3. the strict epigraph
epizg = {(u, ) eU xR | g(u) < a}

1S convex.

Many algebraic operations also preserve convexity of functions.

13



Theorem 2.8. Let J be an arbitrary index set, (gj)jeg a collection of convex
functions, and p: X x U — R a convex function. Then,

1. for finite J and strictly positive (\) ez, the sum djer Mg? is convexr,
2. the infimal convolution
u inf{Zgj(uj) | Zuj =u}
18 convez,
3. the supremum u — sup;¢ 7 g7 (u) is conve,

4. the marginal function u — inf, p(x, u) is convez.
Proof. Exercise. O

The function g is called positively homogeneous if
glou) = ag(u) Y uedomgand V o > 0,
and sublinear if
glatu! + a?u?) < alg(u') + a®g(u?) Vu' € domgand ¥V o' > 0.
The second part in the following exercise shows that norms are convex.

Exercise 2.4.2. Let g be an extended real-valued function on U.

1. If g is positively homogeneous and convex, then it is sublinear.

2. If g is positively homogeneous, then it is convex if and only if
gu* +u?) < g(u') + g(u?) VYV u' € domyg.
3. If g is convex, then

GOnw) = {)\g(u/)\) if A >0,

+o00  otherwise

18 positively homogeneous and convex on R x U. In particular,

p(u) = inf G(A,u)

is positively homogeneous and convex on U.

14



The third part above is sometimes a surprising source of convexity. It also
implies properties for recession functions and directional derivatives introduced
later on.

Let G be a function from a subset dom G of X to U and let K C U be a convex
cone. The function G is K-convex if

epiG = {(z,u) |z € domG,G(z) —u € K}
K

is a convex set in X x U. Note that dom G is convex, being the projection of
epixg G to X. When G : X — R, G is convex if and only if it is K-convex for
K =R_, in which case epip G = epiG.

Lemma 2.9. The function G is K-convez if and only if dom G is convex and
G()\$1 + (1 — )\).’L‘Q) — )\G(l‘l) — (1 — )\)G(l‘z) c K

for every x; € dom G and X € (0,1)
Proof. Exercise. O

The composition goG of g and G is defined by
dom(geG) := {z € dom G | G(x) € dom g}
(g°G)(z) := g(G(x)) Vz € dom(goG).
The range of G is denoted by rge G.

Theorem 2.10. If G is K-convex and g is convex such that g(u1) < g(ug) when-
ever u; € rge G and u; —ug € K, then goG is conver.

Proof. Exercise. U

Exercise 2.4.3. Let G a convex function on X and h a nondecreasing convex
function on rge G. Then hoG is convex.

Exercise 2.4.4. The function g(u) = TI7_ u} is concave on R™, where u =
(w1, ... up), Ay >0 and Y | A\ < 1.

Hint: When > A\; = 1, apply Ezercise 2.4.2. For the general case, combine
with the composition rule.
2.5 Lower semicontinuity, recessions and directional derivatives

Assume now that g is an extended real-valued function on U. The function g is
said to be proper if it is not identically 400 and if it never takes the value —oo.
The function g is lower semicontinuous (Isc) if the level-set

levog:={ueU]gu) <a}

15



is closed for each a € R. Equivalently, g is Isc if its epigraph is closed, or if, for
every u € U,

sup inf g(u') > g(u).
A, WEA

For sequences, a lsc function g satisfies

liminf g(u”) > g(u).

u’—u

When U is "sequential” (e.g., a Banach space), this property is equivalent to
lower semicontinuity. We denote

argming := {u e U | g(u) = %réng(u’)}

Theorem 2.11. Let J be an arbitrary index set, g a lsc function and (¢7)jer a
collection of lsc functions on a topological vector space U. Then,

1. for a continuous F :' V. — U, goF is Isc.
2. for finite J and strictly positive (M) ez, the sum Zjej M g7 is lsc,

3. the supremum u > sup;c 7 g7 (u) is lsc.

Proof. Exercise. O

Lemma 2.12. Let g : R* — R be Isc such that g(z) > —plx| —m for p,m € R,..
The functions

§(2) = inf {g(a') +vple— o'} veEN
/' €R?

are (vp)-Lipschitz with g¥(x) > —plz| — m and as v increases, they increase
pointwise to g. If g is convex, each g¥ is convex.

Proof. For any x1,z9 € R™,
9" (x1) < inf{g(z') + vplz' — zo| + vplws — z1[}
= ¢"(x2) +vplz2 — 21].

v

By symmetry, g¥ is vp-Lipschitz continuous. For every v and € > 0, there is a

y" such that

9" (x) = h(y”) + vply” —af — €

> —ply’| —m+vply” — x| —€

= —plz| —=m+ (v -1)ply" —z| -
Thus, either g”(z) — oo or y¥ — x as ¥ — oo. In the latter case, liminf g¥(x) >
g(x) by lower semicontinuity of g. O
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Let g be a lsc convex function. Given # € dom g, the function

G\ u) = {j_(fo(ﬁ Hu) =) i)ft}i\ejw?;e.

is positively homogeneous and convex on R x U by Exercise 2.4.2. The function
G(-,u) is a decreasing on R, i.e.,

g(a+ ) — g(a)

A= 3

is increasing on R. The function

u g'(@w) = lim g(u+>\1;\) —9(1)

gives the directional derivative of g at u. We have

so ¢'(a, -) is positively homogeneous and convex by Exercise 2.4.2. The function

oo(u) — lim g(u + /\u) — g(u)
A oo A
is called the recession function of g. Note that ¢°° is independent of the choice
u, and
o U+ Au) —g(u
() = sup 2T 20 =@
A>0

S0 g°° is positive homogeneous and convex. Since g is Isc, g*° is Isc as well.

Theorem 2.13. For a proper Isc convex function g, the function

Ag(a+u/A) —g(@)  fA>0,
G\ u) =4 9% (u) if A=0,

400 otherwise.
is lsc.
Proof. Exercise. O
For a convex C, the set
C®:={z|2'+ xeCVs' eC, \>0}
is called the recession cone of C. For a closed C, we have 0% = dce, so the

recession cone is closed for a closed C'. This is a consequence of the following
lemma.
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Lemma 2.14. For a closed convex C in a topological vector space,
C*:={u|u+IueCVrx>0}

for any u € C.

Proof. Tt suffices show that the right side is a subset of C*. Let u # 0 and

@ € C be such that @+ Au € C for all A > 0. Let v’ € C and X > 0. For any
A> N,

)\/ )\/ )\/
/ ’ N —au) = (1= 29y A =
u—&—)\u—i—)\(u u') = ( )\)u+>\(u+)\u)60
by convexity. Since C is closed, letting A oo gives v’ + Nu € C. O

Exercise 2.5.1. If (x¥) is a sequence in a closed convexr C, \¥ \, 0 and \V2¥ — T,
then & € C°.

In a topological vector space, a set C' is bounded if for any neighborhood A of
the origin, C C AA for some A > 0. In a normed space, like R™, this means that
C' is contained in some ball.

Theorem 2.15. A convex set C in R? is bounded if and only if (c1C)> = {0}.

Proof. Exercise. O

Remark 2.16. In a general LCTVS, a closed set C need not be bounded even
though C*° = {0}. Consider, e.g. U = L, the space of essentially bounded
random variables equipped with a topology generated by the essential supremum
norm. The set C = {u € L™ | Elu| < 1} is closed (this fact will follow from
later facts proved in the course) and C™ = {0} (this is easy to verify). If there
are non-null AY € F with P(AY) \( 0, then u” := 14v/P(A") belongs to C but
|u”||Lee = P(AY) /00, so C is not bounded.

Recall that in R%, a set is compact if and only if it is bounded and closed.

Theorem 2.17. Let g : RY — R be a proper lsc convex function. For any o with
leven g # 0, we have
(lev<q ) =lev<g g*.
Moreover, lev<, g is bounded (and hence compact) for every o if and only if
{z | 9> (z) <0} ={0}.

In this case, argmin g is nonempty and compact.

Proof. Exercise. O

Exercise 2.5.2. Assume that g : R” x R™ — R is a proper Isc convezx function
such that
L:={zeR"|g™(x,0) <0}

is a linear space. Then g(x + ', u) = g(z,u) for every a’ € L.
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Theorem 2.18. Assume that g : R” x R™ — R is a proper lsc convez function
such that
L:={zeR"|g™(x,0) <0}

18 a linear space. Then the infimum in

p(u) = nf g(z,u)

18 attained, p is a proper Isc convex function and

*®(u) = inf ¢*=° .
p*(uw) = inf ¢%(z,u)
Proof. To prove that p that is Isc, it suffices to show that lev<g pNB is compact
(and hence closed) for every closed ball B. That g(x+2') = g(x) for all 2’ € L is
left as an exercise. Let Lt :={z € R" |x-2' =0V 2' € L}y and g=g+ 3,1 .
so that p(u) + dp(u) = p(u) := infrern gz, u).
For a proper lsc convex function f : R®™ — R, we have that lev<g f is bounded
(and hence compact) for every g if and only if {z | f>(x) < 0} = {0} (an
exercise). Applying this to 2 — g(z, u), this function has inf-compact level sets
and thus the infimum in the definition of p and in that of p is attained for every

u. In particular, we have lev<gp N B = II(lev<g §) where II is the projection
from R™ x R™ to R™. We have

{(z,0) | (2, u) <0} = {(z,u) | u= 0,2 € L+, 9> (z,u) < 0} = {(0,0)},

so g has compact-level sets as well. Thus lev<g pNB is a projection of a compact
set and hence compact.

The proof of the recession formula is left as an exercise. O

2.6 Continuity of convex functions

Given aset A C U,
coreA={ueU |V eUIN:u+NueAVIe (0,\)}

is known as the core (or algebraic interior) of A and its elements are called
internal points, not to be confused with interior points. We always have int A C
core A.

Theorem 2.19. If a convex function is bounded from above on an open set, then
it is continuous throughout the core of its domain.

Proof. Let g be a function that is bounded from above on a neighborhood O
of w. We show first that this implies that g is continuous at u. Replacing g by
g(u + 1) — g(u), we may assume that @ = 0 and that g(0) = 0. Hence there
exists M > 0 such that g(u) < M for all u € O.
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Let € > 0 be arbitrary and choose A € (0,1) with AM < e. We have g(Au) < €
for each u € O by convexity. Moreover

0= g((1/2((=Au) + (1/2)du) < (1/2)g(=Au) + (1/2)g(Au),

which implies that —g(—Au) < g(Au) for all w € ON(—0). Thus, |g(u)| < € for
all w € a(O N (—0)), so g is continuous at the origin.

Assume now that g is bounded from above on an open set A, i.e., there is M
such that g(u) < M for each u € A. By above, it suffices to show that g is
bounded from above at each u € coredomg. Let v’ € A. There is @ € domg
and A € (0,1) with u = Aa + (1 — A)u’. We have

g\ + (1 =N)a)) < Ag(a) + (1 = NM Vi€ A,
so g is bounded from above on a open neighborhood Az + (1 — \) A of w. O

In R?, geometric intuition suggests that a convex function is continuous on the
core of its domain. This idea extends to lsc convex functions on a barreled space.
The LCTVS space U is barreled if every closed convex symmetric absorbing set
is a neighborhood of the origin®. A set C'is called absorbent if Uaer, (@C) =U.
A set is absorbent if and only if the origin belongs to its core. For example,
every Banach space is barreled®.

Lemma 2.20. Let A C U be a convex set. Then int A = core A under any of the
following conditions:

1. U is finite dimensional,
2. int A # (),
3. U 1is barreled and A is closed.

Proof. We leave the first case as an exercise. To prove the second, it suffices to
show that, for u € core A, we have u € int A. Let u’ € int A. There is A € (0,1)
and @ € A with u = A+ (1 — M\)u'. Now

u+ (1 =N)(intA—v)= i+ (1-N)intAC A

where the left side is an open neighborhood of .

To prove the last claim, let U be barreled and A closed. Again, it suffices to
show that, for u € core A, we have u € int A. Let B = A—wu. Now 0 € core B, so
0 € core(BN(—B)). Thus (BN(—B)) is a closed convex symmetric absorbing set
and hence it is a neighborhood of the origin. Thus 0 € int B and x € int A. O

21t is an exercise to show that in a LCTVS, every neighborhood of the origin is absorbing
and contains a closed convex symmetric neighborhodhood of the origin.

3An application of the Baire category theorem: if U = |J,cy(nC) for a closed C, then
intC #0
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Theorem 2.21. A convex function g is continuous on core dom g in the following
situations:

1. U is finite dimensional

2. U is barreled and g is lower semicontinuous.

Proof. We leave the first part as an exercise. To prove the second, let u €
coredom g and « > g(u). For v’ € U, the function A — g(u+ Au') is continuous
at the origin by the first part, so u € corelev, g. By Lemma 2.20 and lower
semicontinuity of g, intlev, g # (). Thus continuity follows from Theorem 2.19.

O

2.7 Convex conjugates

From now on, we assume that U and Y are vector spaces that are in separating
duality under the bilinear form

(u,y).
That the bilinear form is separating means that for every u # u’, there isy € Y’

with (u — u',y) # 0. On U the weak topology o(U,Y) is the weakest locally
convex topology under which each

ur (u,y)
is continuous. That is, o(U,Y") is generated by sets of the form
{ueUl[u,y)] <a}

where @« > 0 and y € Y. Under o(U,Y), U is a locally convex topological space.
The Mackey topology 7(U,Y) is the strongest locally convex topology under
which each continuous linear functional can be identified with an element of Y.
The Mackey topology is generated by sets of the form

{ueU | Sg}g(u,w <1} (2.1)

where K is convex symmetric and o (Y, U)-compact.

Turning the idea around, when U is a locally convex topological vector space,
a natural choice for Y is the dual space of continuous linear functionals on U.
By Theorem 2.6, the bilinear form is separating. Especially for Banach spaces,
o(U,Y) is called the weak topology and o(Y,U) the weak*-topology, and the
Mackey topology 7(U,Y) coincides with the norm topology. We call both these
topologies simply weak topologies, when the spaces in question are clear. When
U = R?, we always choose Y = R? and the bilinear form as the usual inner
product.
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Example 2.22. Recall that, for p € [1,00), the Lebesque space LP := LP(2, F, P)
is a Banach space under the norm

lull := (El?)M?.

For p > 1, its continuous dual can be identified with L for p' satisfying 1/p +
1/p' = 1. For p=1, we set p' = oo, and the continuous dual of L' is the space
L = L*>®(Q, F, P) of essentially bounded random variables. For all p = [1,00),
the bilinear form between LP and LY s given by

(u,y) = Elu - y].

Note, however, than when L is equipped with the essential supremum norm,
its continuous dual is not L' (but the space of finitely additive measures on
(Q,F)). In particular, 7(L>, L") is a weaker topology than the one generated
by the essential supremum norm.

Given an extended real-valued function g on U, its conjugate g* : Y — R is

9" (y) = sup{(u,y) — g(u)}.
ueU

The function g* is also known as Legendre-Fenchel transform, polar function, or

convez conjugate of g. Since g* is a supremum of lower semicontinuous functions,

g* is a lower semicontinuous function on Y. The Fenchel inequality

g(u) + 9" (y) > (u,y)

follows directly from the definition of the convex conjugate. In the exercises, we
will familiarize ourselves with this transformation by calculating conjugates of
convex functions defined on R<.

The biconjugate of g is the function
9" (c) = sup{(u,y) — g"(y)}.
y

By the Fenchel inequality, we always have

g9

The following biconjugate theorem is the fundamental theorem on convex con-
jugates. The lower semicontinuous hull lsc g is a function defined via

epi(lsc g) :=clepig

while the convez hull co g is a function defined by

epi(cog) :=coepig
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The closure of a convex function g : U — R is the function clg : U — R defined
by

1 Iscg iflscg(u) > —oo for all u € U,
C =
g —o0o otherwise.

A function g : U — R is closed at u € U if g(u) = (clg)(u). A function is closed
if it is closed at every point.

Theorem 2.23 (Biconjugate theorem). Given a function g: U — R,

g =clcog.

Proof. We have (u,«) € epig** if and only if

a>(u,y) —pB Y(y,B) €epig”.

Here (y,8) € epig* if and only if g(u) > (u,y) — B for every u. Thus, epig** is
the intersection of the epigraphs of all continuous affine functionals dominated
by g.
On the other hand, by Theorem 2.7, epilscco g is the intersection of all closed
half-spaces

Hypy:={(u,a) €U xR [(u,y) +aB <~}
containing epig. We have (Iscco g)(u) > —oo for every u € U if and only if one

of the half-spaces has 5 # 0, or in other words, there is an affine function hg
dominated by g.

It thus suffices to show that if there is a half-space H, g containing epig but
not a point (@,a), then there is an affine function h such that ¢ > h but
h(a) > a. If epig C Hy g, then necessarily 8 < 0. If § < 0, then the
function h(u) = (u,y/(—=p)) + /B will do. If 8 = 0, then dom g is contained
in {u|(u,y) <~} while @ is not. It follows that g dominates the affine function
h(u) = ho(u) + AM({u,y) — ) for any A > 0. Since (@,y) > 7, we have h(a) > &
for A large enough. O

Exercise 2.7.1. A proper convexr function is o(U,Y)-lsc if and only if it is
T(U,Y)-lsc.

Given a set C C U, the function

oc(y) = sup(u,y)
ueC

is known as the support function of C,
j ;= inf {\ AC
je(u) = imf{A]ueAC}
as the gauge of C', and the set

C°:={y|ocly) <1}
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as the polar of C. Note that o¢ is the conjugate of the indicator function

6c(u){0 ifueC,

400 otherwise.

In the following theorem, clC' = C°° is known as the bipolar theorem.

Theorem 2.24. If a convex set C' contains the origin, then

oc = jCoa
J& = 6ce,
clC =Ce°.
Proof. Exercise. O

Theorem 2.25. The set C C U is a Mackey neighborhood of the origin if and
only if {y € Y | oc(y) < a} is weakly compact for some a > 0. In this case,
{y €Y | oc(y) < a} is weakly compact for all . In particular, C is a Mackey
neighborhood of the origin if and only if C° is weakly compact.

Proof. Let C be a Mackey neighborhood of the origin. By (2.1), K° C C for
some convex weakly compact K for which

{lyeY|ocly) <a}C{yeY |oke(y) <a}=aK” =aK.

Thus the closed set on the left side belongs to a weakly compact set and is thus
compact for all a > 0.

To prove the converse, fix & > 0 with aC° = {y € Y | 0c(y) < a} weakly
compact. The convex symmetric set K := co(aC°U(—aC®)) is weakly compact
as well (an exercise). By (2.1), K° is a Mackey neighborhood of the origin. Since
C° C K/a, we have aK° C C°° = clC, so C is a neighborhood of the origin. [

Theorem 2.26. Let g be a proper convex lower semicontinuous function on U.
The following are equivalent:

1. g is bounded from above on a T(U,Y)- neighborhood of u,

2. foreverya € R, {y €Y | g*(y) — (a,y) < a} is o(Y,U)-compact.
Here 1 implies 2 even when g is not Isc.

Proof. By translations, we may assume that @ = 0 and g(0) = 0. To prove that
1. implies 2., note that we have (conjugate inverts the order)

gu) <v+do(u) Yu <= g"(y)>o0oy)—7 Yyey,
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so, for any « € R,

yeY|g'(y)<a} C{yeY |oo(y) <a+1},

where the set on the right side is weakly compact when O is a Mackey neigh-
borhood of the origin.

That 2. implies 1., we may again do translations so that ¢*(0) = inf, g*(y) = 0;
the details are left as an exercise. Let v > 0 and denote

K:={yeY|g(y) <~}
If y ¢ K, we have
Jr(y) = mf{A |y € AK}
= inf{A|y € AK}
= inf{A [ g"(y/A) <7}
< inf{A ] g"(y)/A <7}
=9"(y)/.

If y € K, we have ji(y) < 1, so putting these together we get that g*(y) >
~vik (y) — 7. Conjugating, we get

9(u) < dr(u/v) + .
Therefore, g is bounded above in a neighborhood of the origin, since K° is the

polar of a weakly compact set. O

2.7.1 Exercises

Exercise 2.7.2. Let f be a convex lower semicontinous function on the real line.
Convince yourself that, given a “slope” v, f*(v) is the smallest constant o such
that the affine function x — vxr — « is majorized by f. What does this mean
geometrically?

Exercise 2.7.3. Calculate the conjugates of the following functions on the real
line:

1. f(x) = ||
2. f(z) = dp(x), where B ={z | |z] <1}.
3. flz) = %|x|p, forp>1.

4. V(z)=(e* —1)/a.
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Exercise 2.7.4. Let V be a nondecreasing convex function on the real line. An-
alyze V* using the geometric idea from the first exercise.

1. Is V* positive?

2. Is V* zero somewhere?

8. Is V* monotone?

4. Where is V* finite?

5. Is V* necessarily finite at the origin?

Hint: The answers depends on your choice of V.

2.8 Subgradients of convex functions

Assume again that g : U — R is convex. Given u such that g(u) is finite, a
vector y € Y is a subgradient of g at u if

g(u') > glu) + (' —u,y) Vu' €U.

The subdifferential Og(u) is the set of all subgradients of g at u. Note that we
avoided defining subgradients at points where the function is not finite.

Exercise 2.8.1. We have y € dg(u) if and only if
g(u) + 9" (y) = (u,y).

We say that g is subdifferentiable at u if dg(u) # 0.

Exercise 2.8.2. Assume that g is a differentiable convex function on the real line.
Then dg(u) = {g'(u)}, the derivative of g at u. Give an expression for g° in
terms of the derivative.

Exercise 2.8.3. Give an example of a proper lsc convex extended real-valued
function on the real line that is not subdifferentiable at a point in its domain.

Theorem 2.27. Assume that g is proper and bounded from above in a neighbor-
hood of u. Then dg(u) is nonempty and weakly compact, and the directional
derivate ¢'(u,-) is the support function of dg(u).

Proof. Exercise. Hint: show first that ¢’(u,-) is bounded above in a neighbor-
hood of the origin. O

Remark 2.28. Let U be a Frechet spaced (e.g., a Banach space) and g : U — R.
If g Isc proper convexr and aff dom g is closed, then g is either continuous and
subdifferentiable or identically —oo throughout rcoredom g. Here rcoredom g is
the core relative to aff dom g, the smallest contain containing domg. We omit
the proof.
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Theorem 2.29. For a proper convex g, we have (§*)>° = ddaomg- If 9 is also lsc,
then g>° = 0dom g* -

Proof. Exercise. U

2.9 Conjugate duality in optimization
Consider a general convex optimization problem
minimize f(z) overz € X, (2.2)

where f is an extended real-valued convex function on a vector space X. We
assume throughout that X is in separating duality with a vector space V. Given
another pair (U,Y) of vector spaces in separating duality, we say, following [?]
and [?], that a convex function F : X x U — R is a Rockafellian for problem
(2.2) if

f(z) = F(z,u) — (z,0)

for some @ € U and v € V. Problem (2.2) can then be written as
minimize F(z,a) — (x,0) overz € X.

Within the duality framework described below, this will be called the primal
problem. The dual problem associated with F is

maximize (4,y) — F*(0,y) overy €Y.
The primal optimum value function is defined by
= inf {F —
oo () xng{ (z,u) — (x,v)}
and the dual optimum value function by

Yu(v) = ELF(v,y) — (u,y)}-

By Theorem 2.8, these functions are convex. By Fenchel’s inequality,
F(z,u) + F*(v,y) > {(z,v) + (u,y) Y(z,u) e X xU, (v,y) €V XY,

0
ou(u) > =y, (v) YueUweV.

If w5(a) > —va(0), a duality gap is said to exist. Note that ¢ (y) = F*(v,y)
and v (z) = F**(z,u), where F** = cl F, by Theorem 2.23. In particular, the
dual problem can be written as

maximize (@,y) — 5(y) overy €Y.
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The properties of conjugates and subgradients from the previous section thus im-
ply that the absence of a duality gap and existence of dual solutions come down
to lower semicontinuity and subdifferentiability of ¢ at u#; see Theorem 2.31
and Theorem 2.32 below.

The Lagrangian associated with F' is the convex-concave function on X x Y
given by

Clearly, the conjugate of F' can be expressed as

F*(v,y) = jg@({(w,v) — L(z,y)}.

The Lagrangian minimazx problem to find a saddle value and/or a saddle point
of the convex-concave function

Ly a(z,y) := L(z,y) — (z,0) + (4, y).

We always have
inf sup L z(z,y) > supinf Ly z(z,y).

When the equality holds, the common value is called the minimaz or the saddle
value of Ly 5. A pair (Z,7) is called a saddle point of Ly 5 if

Lsa(z,9) > Lya(Z,9) > Lya(Z,y) VeeX,yeY.

When a saddle point (Z, §) exists, the saddle value exists and equals Lz (%, 7).

We have
<ﬂ7 y> - F*(T)’ y) = lgf Lfi,ﬂ(xa y) (23)

so the dual problem can be viewed as the maximization-half of the Lagrangian
minimax problem. When F' is closed in w in the sense F'(z,-) = cl F(z,-) for all
x, the biconjugate theorem gives

F(z,u) — (z,0) =sup Ls z(x,y),
Y

so the primal problem is the minimization-half of the minimax problem. In
general,
(cly F)(z,u) — (x,0) = sup Ly a(z, y), (2.4)
Yy

where (cl, F)(x,-) := cl F(z,-). Clearly,
cF<ecl, F<PF.

Recalling that ¢ (y) = F*(v,y) and v (z) = (cl F)(x,u), Theorem 2.23 yields
the following.
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Lemma 2.30. We have

(clipy)(u) = St;p{<u, y) = oY)}
= Sl;p{@t, y) — F*(v,9)}
= —7u(v)
< —(clyu)(v)
= inf{ys(2) — (z.0))
= igf{(cl F)(z,u) — (x,v)}
< igf{(clu F)(z,u) — (z,v)}
< ir;f{F(x,u) —(z,v)}

= ‘Pv(u)'

The following is an immediate consequence of Lemma 2.30 and equations (2.3)
and (2.4).

Theorem 2.31. The implications 1 < 2 = 3 = 4 hold among the following
conditions:

1. there is no duality gap;
2. @z s closed at u;
3. Ly g has a saddle value;

4. va 1s closed at v.

If F is closed in u, then 1 & 2 << 3. If F is closed, then 1 & 2 < 3 < 4.

Theorem 2.32. Assume that vz(@) < co. The implications 1 < 2 = 3 = 4 hold
among the following conditions:

1. there is no duality gap and y solves the dual;
2. either y € Opy(u) or py(a) = —oo;
3. infsup Ly 5(x,y) = inf L z(z, y);
T Yy x
4. va 18 closed at v and y solves the dual.

If F is closed in u, then 1 & 2 << 3. If F is closed, then 1 & 2 < 3 < 4.

Proof. Condition 1 means that either pz(a) + ¢i(y) = (4, y) or ¢z(a) = —oo.
Indeed, in the latter case, every y € Y solves the dual. This proves the equiva-
lence of 1 and 2. The remaining claims follow from Lemma 2.30 and equations

(2.3) and (2.4). 0
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Theorem 2.33. The implications 1 & 2 & 3 =4 5= 6< 7 hold among the
following conditions:

1. There is no duality gap, x solves the primal, y solves the dual and both
problems are feasible;

y € Dpy() and x solves the primal;
(0,y) € OF (z,u);

(z,y) is a saddle point of Ly 5;

U € 0, L(z,y) and @ € Oy[—L](x,y);
x € 0v5(v) and y solves the dual;
(x,u) € OF*(v,y).

R T

If F is closed in u, then 1 & 2 < 3 < 4 < 5. If F is closed, then 1 & 2 &
3456 T.

Proof. By Lemma 2.30, 1 means that
(aa y> - 90:—,(9) = <’U/7y> - F*(@7y) = F(xaﬂ) - (LU,@) = (1017(17’>7

which is equivalent to both 2 and 3. Condition 5 is simply a reformulation of 4.
By Lemma 2.30, 7 means that

(@y) = F*(0,y) = =7a(0) = 73(2) = (2,0) = (1 F)(2,u) - (2,0).
Since vi(x) = (cl F)(x, @), this is equivalent to 6. By Lemma 2.30, 1 implies
(@,y) — F*(v,y) = (clu F)(z,u) - (z,0) (2.5)

which is 4. If (cl, F) = F, this is, by Lemma 2.30, equivalent to 1. The equality
(2.5) clearly implies

(@,y) = F*(0,y) = (L F)(z,u) - (,0)
which is 7. If cl F' = F, this is, by Lemma 2.30, equivalent to 1. O

Condition 5 of Theorem 2.33 is sometimes referred to as “Kuhn-Tucker condi-
tions”, although condition 5 above is far more general than the original Kuhn-
Tucker conditions which only apply to optimization problems with explicit
equality and inequality constraints; see Example 2.36 below. It has now become
customary to refer to the optimality conditions in Example 2.36 as Karush-
Kuhn-Tucker (KKT) conditions to also credit the work of Karush who intro-
duced the conditions a few years before Kuhn and Tucker. The generalization
in condition 5 of Theorem 2.33 is due to Rockafellar. Accordingly, we will refer
to condition 5 in Theorem 2.33 as the KKTR-conditions.

Combining Theorem 2.32 with general properties of convex functions on locally
convex spaces, we obtain the following.
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Lemma 2.34. Assume that F is closed and proper and that, for every v € V,
wy 1s either relatively Mackey continuous at @ € U or pz(4) = —oco. Then, for
every v € V, there exists y such that all the conditions in Theorem 2.32 hold
and

1. g is closed and proper and the infimum in its definition is attained,

2. the recession function of vg is given by

Yo (v) = nEAF)™ (v, y) — (@ y)},

where the infimum is attained.
In particular, vz = F(-,0)*.
Proof. Omitted. O

Note that dom ¢, does not depend on v. We denote this set by dom ¢.

Theorem 2.35. Let X and U be Fréchet and let V and Y, respectively, be
the corresponding topological duals. Assume that F is closed and proper, u €
rcoredom ¢ and that aff dom ¢ is closed. Then, for every v € V, @z is either
relatively Mackey continuous at @ or pz() = —oo, there exists y such that all
the conditions in Theorem 2.32 hold and

1. g is closed and proper and the infimum in its definition is attained,

2. the recession function of vz is given by

7730(1}) = ;g{/{(F*)m(vay) - <ﬂa y>}a

where the infimum is attained.
In particular, v = F(-,u)*.
Proof. Omitted. O

The condition % € rcoredom ¢ in Theorem 2.35 holds if the primal problem is
strictly feasible in the sense that there is an T € X with (Z,u) € rcoredom F'.
If U is finite dimensional, then the closedness assumption in Theorem 2.35 is
redundant. The closedness assumption holds also if 4 € int dom ¢ which also
implies @ € coredom ¢. The interiority condition generalizes classical Slater-
type conditions which ask that @ € int dom F(Z, ) for some Z € X. In general,
aff dom ¢ is the projection of aff dom F' to U. The closedness of projections of
linear spaces is a classical question in functional analysis and various sufficient
conditions have been given.
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Example 2.36 (Lagrangian duality). Let X be a Fréchet space, U = R™, f;,
Jj=0,...,1lsc convex and f;, j =1+ 1,...,m continuous affine functions on
X. Consider the problem

minimize fo(z) overz € X,
subject to filx) <0 j=1,...,1,
f](x):() ji=1l+1,...,m.

This fits the general duality framework with V' the topological dual of X, Y =
R™  the Rockafellian

F(z,u) = file)+u; =0 forj=1+1,...,m,
400 otherwise,

v =0 and uw = 0. The Lagrangian becomes

+00 ifc ¢ ﬂé-:o dom f;,
L@,y) = fole) + X0 yifi(5) if € Nl_ydom f; and y € RY,,
—00 otherwise.

Assume that there exists a feasible T € X such that f;(Z) <0 forj =1,...,1
and either m =1 (no equality constraints) or T € ﬂé‘:o rcoredom f;. Then the
primal optimum value equals sup, inf, L(z,y) where the supremum is attained.
Moreover, an x € X solves the primal problem if and only if it is feasible and
there exists y € R™ such that

Oulfo+ Y yifilx) 20,

j=1
y; >0, yifi(x)=0 j=1,...,L

Proof. We prove only the case where there are no equality constraints. To prove
the first claim, it suffices, by Theorem 2.35, to show that 0 € rcore dom ¢, since
aff dom ¢ is automatically closed in R™. If there are no equality constraints,
¢(u) is bounded from above by the constant fo(Z) on the set {u € R™ | f;(Z)+
u; <0, j =1,...,m} which is a neighborhood of the origin in R™, so 0 €
rcoredom . By Theorem 2.33, the first claim implies the second one. O

We close this section by some general remarks on saddle functions. The La-

grangian L is not necessarily closed in x but —L is always closed in y. By the
biconjugate theorem,

(clp L)(z,y) = Sgp{@a v) — F*(v,y)},
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where (cl, L) is defined by (cl, L)(-,y) := cl L(-,y) for every y € Y. When F is
closed in wu,

F(z,u) = sup{L(z,y) + (u,y)}
Yy
and, when I is closed,

Pz, u) = Sgp{(clx L)(x,y) + (u, y)}-

The following can be found in [?].

Theorem 2.37. If F is closed, then all saddle functions between cl,, L and L have
the same saddle value and saddle points.

Proof. Given a function (z,y) — L(z,y), we define
(cly L)(x,-) == —cl(=L)(x,-) VzeX.
Since the infimums of a function and of its closure coincide, Theorem 2.23 gives
Sl;p{<u, y) + (clycly L)(z, y)} = St;p{@, y) + (cle L)(2,9)}
= sup{(z,v) + {u,y) = F" (v, )}

= F(z,u).

As already noted, F(z,u) = sup,{L(z,y) + (u,y)}. Thus, by Theorem 2.23
again, cl, cl, L = L. It follows that

inf L(z,y) = inf(cl, L)(z,y) VyeY

and

sup L(z,y) = sup(cly cly L)(z,y) = sup(cl, L)(z,y) Vze X.
y y y

The claims now follow from the fact that saddle values and saddle points are
characterized by the expressions on the left. O

Exercise 2.9.1. Let X = U = R. Find a lsc convexr function F : X x U such
that the primal and the dual problem have solutions but there is a duality gap.
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3 Normal integrands and integral functionals

Throughout, a finite dimensional space R" is equipped with the usual topology
and the usual Borel-o-algebra B(R™). Given a measurable space ({2, F), L°(R")
is the space of measurable function from (€, F) to (R™, B(R™)).

3.1 Random sets

Throughout S : Q = R? is a set-valued mapping, i.e., for every w, S(w) C R%.
The mapping S is measurable if the preimage

S7HO) = {we Q]| S(w)nO # 0}

of every open O C R? is measurable, i.e. S7!1(0) € F for every open O. The
mapping S is (resp. convet, cone, etc.) closed-valued when S(w) is (resp. convez,
conical, ete.) closed for each w € Q. The set

dom S :={w | S(w) # 0}

is the domain of S. Being the preimage of the whole space, it is measurable
as soon as S is measurable. If S is measurable, then its image-closure mapping
w +— ¢l S(w) is measurable, since its preimages of open sets coincide with those
of S. The function
d(z,A) = inf |z — 2|
z'€A

is the distance mapping. We denote the closed euclidean ball centered at x with
radius r by B,.(z). When the ball is centered at the origin, we denote B,..

Theorem 3.1. Let S : 2 = R" be closed-valued. The following are equivalent.

1. S is measurable,

S=H(C) € F for every compact set C,
S=H(C) € F for every closed set C,

S=Y(B) € F for every closed ball B,
S=1(0) € F for every open ball O,

{we Q| Sw) C O} eF for every open O,
{we Q| Sw) CC}eF for every closed C,

S I e T S

w i d(z, S(w)) is measurable for every v € R™.
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Proof. Exercise. Assuming 1, for a compact C' we have

STHC) =[S HC +intByy,)

which proves 2. For a closed C, we have C' = J,(CNB, ), so 3 implies 4. Clearly,
3 implies 4. For any open ball O,

0= U{Br(r) |7BT(Q) C Ov (%r) € QnaQ+}v

so 4 implies 5. Any open O is a countable union of open balls, so 5 implies 1.
Since {w | S(w) € A} = Q\S™1(A%), 3 and 6 are equivalent, and 4 and 7 are
equivalent. For any r € Ry, d(x, S(w)) < r if and only if S(w) NB,.(z) # 0, so
4 and 8 are equivalent. O

For a set-valued mapping S : 2 = R”,
gph S :={(z,w) eR" x Q| z € S(w)}
is the graph of S.

Corollary 3.2. The graph of a measurable closed-valued mapping is B(R™) @ F-
measurable.

Proof. Since S is closed, x € S(w) if and only if, for every r € Q., there is
q € Q" such that w € S™'(B,(q)), where B,.(q) is an open ball centered at ¢
with radius 7 containing . Thus

gphs= () U [S7(B:(g) x Br(q)],

reQ4 qeQm

where the right side is measurable. O

Measurability is preserved under many algebraic operations.

Theorem 3.3. Let J be a countable index set and let each S7, j € J, bea
measurable set-valued mapping. Then

1w ey SI(w) is measurable if each S7 is closed,
2. w Ujes S7(w) is measurable,
8w Zjej N SI(w) is measurable for finite J, where M € R,

4. w i (SY(w),...,S89(w)) is measurable for finite J; here we may allow
S Q= R%.
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Proof. 4. Let R(w) = (S*(w),...,S7(w)). Every open set O in the product
space is expressible as a union of rectangular open sets x;0J. Thus R~!(0) =
U, (N;(57)71(07)), where each (57)~'(0?) is measurable by the assumption.

3. Let R(w) = ijl M S7(w). For an open O, the set

J
O ={(@',....a") Y_I\al € 0}

Jj=1

is open in szle. Now

J
R™H0) = {w| (Q_N&)(w)nO # 0}
j=1
— {0 ('), .., 87 (@) N O £ 0},
where the set on the right-hand side is measurable by part 4.
2. (Ujes 8)710) = U;c7(87)71(O) for any open O.
1. Assume first that J = {1,2}. Take any compact C C R<, and denote
R”(w) = S¥(w) N C, then
(S*NS*HHC) = {w | SHw)NS*(w)NnC # B}
={w|0€R'(w) -~ R*(w)}
= (R' — R*)7'({0}).
Here R' — R? is measurable by part 3; let us show that it is closed-valued as
well. Since S” are closed-valued, R” are compact-valued, so R — R? is compact

valued. (an exercise). Hence S* N S? is measurable. The case of finite 7 follows
from by induction.

Suppose finally that J is countable, 7 = {1,2,3,...}. Denote Sk o= n L sv.
Note that (,2; S”(w) = N2, S*(w), and that S* are measurable by preceding.
The proof is complete as soon as we show

((5)7He) = [ (5")HO).

If we (NSY)"1(C), it is straight-forward to check that w € ﬂzo:l(g“)_l(C).
For the converse, take w € ﬂ;ozl(g“)’l(C). Since (S*(w) N C); is a nested
sequence of nonempty compact sets, (172, (5"(w) N C) # 0. By ,2, 5" (w) =
N°°, $*(w) this means that w € ((S*)~1(C). O

pn=1

Given a set A, the convezr hull co A of A is the smallest convex set containing
A. Equivalently, co A is the set of all convex combinations of the points of A.
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Corollary 3.4. Assume that S is a measurable set-valued mapping. Then
1. w coS(w) is measurable.

Proof. The mapping clco S is the closure of a countable union of mappings of
the form 3° . » M S, where J is finite and A’ > 0 are rational with -, , M = 1.
Thus clco S is measurable by Theorem 3.3, and so is co S.

Theorem 3.5. If M(-,w) : R® = R™ is such that
gph M (w) := {(z,u) | v € M(z,w)}

defines a measurable closed-valued mapping, then the following mappings are
measurable,

1. R(w) = M(S(w),w), where S : Q& = R™ is measurable and closed-valued,

2. w {z € R" | M(z,w) N S(w) # 0}, where S : @ = R™ is measurable
and closed-valued.

Proof. Let IT : R™ x R™ — R™ be the projection mapping. We have R = Ilo @
for Q(w) := [S(w) x R™] N gph M (w), which is measurable by Theorem 3.1.
Since R71(0) = Q=1(II7(0)), where II71(0) is open for any open O, R is
measurable.

To prove 2, we have {z | M(z,w) N S(w) # 0} = I'(S(w),w) for I'(-,w) :=
M~'(-,w). Here gphT'(w) = {(z,u) | u € M(x,w)}, so the result follows from
1. O

3.2 Normal integrands

A function h : Q x R® = R is a normal integrand on R™ if
epih(-,w) = {(z,a) e R" xR | h(z,w) < a}

defines a measurable closed-valued mapping. A normal integrand is convez (pos-
itively homogeneous etc.), if, for all w, h(-,w) is convex (positively homogeneous
etc). The indicator function of a set-valued mapping S,

{O if x € S(w),

Os(z,w) := dg(y =
s(@,w) 5 (@) 400 otherwise

defines a normal integrand on R” if and only if S is closed-valued and measur-
able.

A function h is a Caratheodory integrand if h(-,w) is continuous for each w € Q
and h(z,-) is measurable for each z € R™.
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Theorem 3.6. A Caratheodory integrand is a normal integrand.

Proof. Let {2V | v € N} be a dense set in R? and define o"4(w) = h(z2*,w) +q,
where ¢ € Q4. Since h(-,w) is continuous, the set O = {(z,a) | h(z,w) <
a} is open. For any (z,a) € epih(-,w) and for any open neighborhood O of
(z,a), ON O is open and nonempty, and there exists (z¥,a”?) € ON 0, ie.,
{(z",a”9(&) | v € N,q € Q} is dense in epih(-,w). Thus for any open set
O €U xR,

{w|epih(w)NO #0} = U{w | (z¥,a"%(w)) € O}
v,q
is measurable. O

Let Sp(w) := epih(-,w) and
Sp(w) :={(z,a) e R" xR | h(z,w) < a}.

Since preimages of open sets under S; and Sj are the same, one is measurable
if and only if the other is so.

Theorem 3.7. For a normal integrand h on R™ and B € L°, the level-set mapping
w = {r € RY | h(z,w) < B(w)}
is measurable and closed-valued. A function h : R x Q@ — R is a normal
integrand if and only if
leveg h(w) := {z € R" | h(z,w) < B}
is measurable and closed-valued for every 6 € R.
Proof. Let S(w) := {z € R? | h(z,w) < B(w)}. For a closed C C R", R(w) :=
C x {a|a < B(w)} is measurable and closed-valued (an exercise). Now
S7THO) ={w | S(w)NC # 0}

={w [ Su(w) N R(w) # 0}

= dom(epih N R)
which shows the measurability of S.

To prove the second claim, note first that the closedness of the level sets implies
that epih is closed-valued. Let (8”) be a dense sequence in R. Since countable
unions of measurable mappings are measurable and

levegr h(w) :=={z € R" | h(z,w) < 5"}
are measurable, we have

epi h(w) = U (levegr h(w) x [8Y,0)),

v

so S}, is measurable. O
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Theorem 3.8. A normal integrand h is B(R") @ F-measurable from R"™ x ) to
R. In particular,
w > h(z(w),w)

is measurable for any x € LO(R™).

Proof. Note that {[—o0, 3] | B € R} generate the o-algebra of R. For 8 € R,
lev<g h is closed-valued and measurable by Theorem 3.7, so {(z,w) | h(z,w) <
B} is measurable by Corollary 3.2. The second claim follows from the fact the
compositions of measurable functions are measurable. O

Theorem 3.9. The following are normal integrands:

1. h(z,w) = sup;c 7 h'(z,w), where h' are normal integrands and J is count-
able.

2. h(z,w) =Y, hi(z,w), where h' are normal integrands.
3. h(,w) = a(w)h’(-,w), where h® is a normal integrand. When a(w) = 0,
the scalar multiplication is defined as a(w)h®(-,w) = cldom h¥(-,w).

4. h(z,w) = f(z,u(w),w), where f : R® x R™ x Q — R is a normal integrand
and u € LO9(R™) is measurable.

Proof. Exercise (Hint: use Theorems 3.5, 3.6, 3.7 and 3.3).

In 1, epih = Nepih?, so the claim follows directly from Theorem 3.3. Below,
in each case, M satisfies the assumption of Theorem 3.5, which can be verified
using Theorems 3.6, 3.7 and 3.3.

To prove 2, let S = epi;1 x -+ x epi;s and

(r,a1 + -+ ay) foy=---=ax5=2x
Men,a,.. o5 00) = {@ otherwise

so that epih = MoS and the claim follows from Theorem 3.5.1. The multipli-
cation 3 follows similarly with

S(w) = {epi RO (w) if p(w) >0

epi bcl dom h(-,w) otherwise

and M (z,a,w) = {(z,8) | p(w)a < B}. In 4, we have epi h(w) = {z | M(z,w) €
epi f(+,-,w)} for M(z, o, w) := (z,u(w), ), so Theorem 3.5.2. applies.

O

Theorem 3.10. Assume that f : R® x R™ x Q — R is a normal integrand on
R™ x R™ and let

pluw) i= inf f(w,u,w)

The function defined by cl, p(u,w) is a normal integrand on R™. In particular,
if p(-,w) is lsc for every w, p is a normal integrand.

39



Proof. Let TI(x,u, ) = (u, ) be the projection from R™ x R™ x R to R™ x R.
Tt is easy to check that ITepi f°(w) = epip°(w), so, for an open O C R™ x R,

(epip?)~1(0) = (epi f)~1(II7(0)),

where the right side is measurable, since f is a normal integrand and II is
continuous. Thus epip is measurable. Moreover, w + clepip is measurable,
which shows that (u,w) — (Isc, p)(u,w) is a normal integrand. If p is Isc in the
first argument, it is thus a normal integrand. O

Corollary 3.11. Given a normal integrand h, p(w) := inf, h(x,w) is measurable,
and
S(w) := argmin h(z,w)

x

is measurable and closed-valued.

Proof. The first claim follows from Theorem 3.10. We have

Sw) ={z [ h(z,0) <p(w)},
so S is measurable by Theorem 3.7. Since h(-,w) is lsc, S is closed-valued. O

Example 3.12. For a measurable closed-valued S : @ = R™ and v € L(R™), the
projection mapping

w = Pg(y)(z(w)) := argmin [z" — z(w)|
z'eS(w)

1s measurable and closed-valued. Indeed, this follows from Corollary 3.11 applied
to h(z',w) := dg() (') + |2' — z(w)].
Combining Theorem 3.10 and Lemma 2.12 gives the following.

Corollary 3.13. Let h be a normal integrand such that h(x) > —plz| — m for
p,m € Ei, The functions

R (z,w) == inf {h(z',w)+vpw)lr —2'|} veN

z’ €R4

are Caratheodory integrands, (vp)-Lipschitz with h¥ (x) > —plz| —m and as v
increases, they increase pointwise to h.

3.3 Measurable selections
A function z : Q — R? is called a selection of S if x(w) € S(w) for all w € dom S.

The sequence (z¥) of measurable selections of S in the following theorem is
known as a Castaing representation of S.
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Theorem 3.14 (Castaing representation). Let S : Q = R? be closed-valued. Then
S is measurable if and only if dom S is measurable and there exists a sequence
xv € LO(R™) such that, for all w € dom S,

Sw)=c{z"(w) |r=1,2,...}.

Proof. Assuming the Castaing representation exists, we have, for an open O,

v=1

so S is measurable. Assume now that S is measurable. Let J be the countable
collection of ¢ = (qo,q1,---,q4), ¢ € Q¢ such that {qo,q1,-..,qq} are affinely
independent. For each q € J, we define recursively S%%(w) := Ps.)(qo0) and

Sq’i(w) = Psq,i71(w) (Qi)-

These mappings are measurable and closed-valued, by Example 3.12. Moreover,
S%4(w) is a singleton, a point in S(w) nearest to go. Setting z9(w) := S9%(w),
(27) is a Castaing representation of S.

Let us verify that S99 is single-valued. We fix w and omit it from the nota-
tion. By the recursive definition of S%%, for each ¢’, there is r* > 0 such that
Sad < OB(q*,r'). Thus, for any x € S99, |z — ¢'|> = (r")? for all 4. By affine
independence, these equations have a unique solution. O

Corollary 3.15 (Measurable selection theorem). Any measurable closed-valued
S : Q=3 R™ admits a measurable selection.

Corollary 3.16 (Doob—Dynkin, set-valued version). Let & be a random variable
with values in a measurable space (2, A). A set-valued mapping S is a o(§)-
measurable closed random set if and only if there there exists measurable closed-
valued S : 2 = R™ such that S(w) = S(€(w)). If S is convez-valued, S can be
chosen convez-valued.

Proof. The sufficiency is clear. To prove necessity, let (z¥) be a o(§)-measurable
Castaing representation of S. By Doob-Dynkin lemma ??, there exist Borel-
measurable ¢¥ : Z — R™ such that z¥(w) = ¢¥({(w)). Let

Sy =clfg"(y) |v=1,2,...}
so that S(w) = cl{g"({(w)) |v=1,2,...} = S(&(w)). If S is convex-valued, we
can take closed convex hull of S, which is measurable by Corollary 3.4. O

Corollary 3.17 (Doob-Dynkin for normal integrands). Let & be a random vari-
able with values in a measurable space (£, A). A function h is a o(€)-normal
integrand on R™ if and only if there exists a A-normal integrand H on R™ such
that

Mz, w) = H(z,{(w)).

If h is a convex normal integrand, H can be chosen a convex A-normal integrand.
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Proof. Apply Corollary 3.16 to the epigraphical mapping of h. O

Corollary 3.18. A closed-valued mapping S : Q = R"™ is measurable if and only
if there exists a sequence x¥ € LO(R™) such that

1. for each v, {w | z¥(w) € S(w)} is measurable,

2. for each w, S(w) N {z¥(w) | v € N} is dense in S(w).

Proof. Omitted. O

Theorem 3.19. For normal integrands h and i~L, we have h < h if and only
if, for every w € L*R"), h(w) < h(w). In particular, h = h if and only if
h(w) = h(w) for every w € L>®(R™).

Proof. Necessity is obvious. To prove the sufficiency, we may assume that h >
—m for some m € R;. Indeed... 77. Let h” and h” be the respective Lipschitz-
regularizations from Corollary 3.13. For a bounded measurable w : Q — R™, we
have h(w) < h(w) if and only if h”(w) < h”(w) for every v. Thus it suffices to

prove the claim for Lipschitz integrands A and h.

Assume for contradiction that, for some € > 0, the domain of

S(w) :==lev<_c(h — h)(-,w)

is nonempty. By Theorems 3.7 and 3.9, S is measurable. By Corollary 3.15,
there is a measurable @ with @ € S on dom S. For v large enough, w := w1 4|<,
and A := {|w| < v} Ndom S is nonempty which is a contradiction with the
assumption that h(w) < h(w). O

A function M : R"* xQ — R™ is a Caratheodory mapping if M (-, w) is continuous
for all w and M (z,-) is measurable for all x € R™.

Theorem 3.20. When M is a Caratheodory mapping,
gph M (-, w) = {(z,u) [ u € M(z,w)}
defines a closed-valued measurable mapping.

Proof. For any countable dense D C R", {(z, M (z,w)) | € D} is a Castaing
representation of gph M. O
3.4 Convexity

Theorem 3.21. Let h : Q x R® — R be such that, for almost every w, the

function h(-,w) is convex and its domain has nonempty interior. Then h is a
convex normal integrand if and only if h(x,-) is measurable for every x € R™.
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Proof. Omitted. O

For a convex-valued S, we define S°° as the w-wise recession cone of S, i.e.
SYw)={zeR" |+ A\ € S(w) Vz € S(w), A > 0}.

If S is closed convex-valued and Z(w) € S(w), then, by Theorem ?? in the
appendix,
5% (w) = [ MS(w) — z(w)),
A>0
so S (w) is the largest closed convex cone that can be translated into S(w).

Theorem 3.22. If S is measurable and closed convezx-valued, then so too is S*°.

Proof. By Corollary 3.15, there is 2 € L°(R") such that # € S on dom S. By
convexity,

1 _
5°(w) = () £(Sw) — ()
v=1
for w € dom S. The measurability now follows from Theorem 3.3. O

Given a convex normal integrand h, we define h®° scenariowise as
h> (- w) = h(,w)>;
see the Appendix.

Theorem 3.23. For a convex normal integrand h, h* is a normal integrand. If
h is proper, then
h(z Ax) — h(z
(o) — sup M)+ 20) = h(3(w) )
A>0 A

V(z,w) € R® x Q
for every T € L°(dom h).

Proof. By Theorem 3.22, h*° is a normal integrand. The formula follows from
Theorem ?? in the appendix. O

Theorem 3.24. Assume that f is a convex normal integrand and that the set-
valued mapping

N(w)={z e R" | f*(z,0,w) <0}
1s linear-valued. Then

p(u,w) == zleann f(z,u,w)

18 a mormal integrand with

P w) = it f ().

Moreover, given a u € LO(F), there is an x € LO(F) with z(w) L N(w) and
plu(w),w) = f(z(w), u(w),w).
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Proof. By Theorem 2.18, the linearity condition implies that the infimum in
the definition of p is attained and that p(-,w) is a lower semicontinuous convex

function with

PP w) = it f ().

By Theorem 3.10, the lower semicontinuity implies that p is a normal integrand.
By Theorem ?7, there is an T; that attains the minimum for every w. By Theo-
rem 2.18, we may replace Z;(w) by its projection to the orthogonal complement
of N¢(w). By Example 3.12, the projection preserves measurability. O

Given an extended real-valued function g on R™ and an R™-valued function
H on a subset dom H of R", we define their composition as the extended real-

valued function
g(H(x)) ifz € domH,

(goH)(e) = {+OO if x ¢ dom H.

Given a convex cone K C R™, the function H is said to be K-convex if the set

epi H = {(z,u) |z € dom H, H(zx) —u € K}
K

is convex. A K-convex function is closed if epiy H is a closed set. It is easily
verified (see the proof below) that if g is convex and H is K-convex then hoH
is convex if

H(zx)—ue K = g¢g(H(z)) <g(u) Va € domH. (3.1)
We say that H : R"xQ — R™ is a K -convex normal function if w — epiyx H (-, w)
is closed convex-valued and measurable.

Theorem 3.25. The following are conver normal integrands:

1. h(-,w) = a(w)h®(-,w), where a € LY and h° is a convex normal integrand.
When a(w) = 0, the scalar multiplication is defined as a(w)h®(-,w) =
cldom h%(-, w).

2. h(z,w) =i hi(z,w), where h' are convex normal integrands.

8. h = goH, where g is a convexr normal integrand and H is a K-conver
normal function such that (3.1) holds almost surely and (—K) N {u €
R™ | g% (u,w) < 0} is linear.

4. h(z,w) = g(A(w)z,w) where g is a convex normal integrand and A : R™ x
Q — R% is an affine Caratheodory mapping.

Proof. The first two parts follow from Theorem 3.9 and the fact that scalar
multiplication and the sum preserve convexity. By 2,

h(I,U,,(JJ) = g(’U,,UJ) =+ 6epiK H(-,w)(x7u)7
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defines a convex normal integrand. The growth condition gives
(9oH)(z,w) = inf h(z,u,w)
u€R™
while the linearity condition implies, by Theorem 3.24, that this expression is a

normal integrand. Part 4, follows from 3 by choosing H = A and K = {0}. O

Given a normal integrand h, we define h* scenariowise, that is,
h*(y,w) :=sup{u -y — h(u,w)}.
u
Theorem 3.26. Given a normal integrand h, h* is a convexr normal integrand.

Proof. Let (z¥,a”) be a Castaing representation of epih. On dom epi h,
sup,{z¥(w) -y — a” w € domepih
()  [SRAT @)y = (@) pi.
—00 w ¢ domepi h.
Being a countable supremum of normal integrands (in fact, Caratheodory inte-

grands), h* is normal. O

In particular, for a measurable .5,

O-S(:%w) = 0S(w) (U) = sSup r-v
z€S(w)

is a convex normal integrand. For a convex normal integrand h,
ah(z/o,w) if @ >0,
H(z,a,w) := ¢ h®(z,w) if =0,

+00 otherwise

is a normal integrand. Indeed, it is easy to verify that H is the conjugate of the
normal integrand defined by depi - (w) (v, —3). For a convex normal integrand h
and a € LO(Ry),

a(w)h(z/a(w),w) if a(w) > 0,
RO (z,w) := ¢ h™®(z,w) if a(w) =0,

400 otherwise

is a normal integrand. Indeed, this follows from (h%)* = (ah*)* and also from
h(z,w) = H(z, a(w),w).

Theorem 3.27. Given a convex normal integrand h, the set-valued mapping
w +— gph Oh(-,w)
is closed-valued and measurable. In particular, given x € LO(R™), the mapping
Oh(zx) := Oh(z(w),w)

is closed convex-valued and measurable.
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Proof. We have
gph Oh(-,w) = {(x,v) € R" x R" | h(z,w) + h* (v,w) —z - v < 0},

so the closedness follows from the lower semicontinuity of h and h* while the
measurability follows from Theorems 3.27 and 3.7. The second claim now follows
from Theorem 3.5 O

3.5 Integral functionals

Given a probability measure P on (Q, F), (Q,F, P) is a probability space. Let
L° be the space of random variables, where random variables, that agree P-
almost surely, are identified.

Given a normal integrand h, the associated integral functional Eh : L° — R is
defined by

Eh(z) := /h(x(w),w)dP(w).

Recall that w — h(z(w),w) is measurable by Theorem 3.8. Here and in what
follows, the expectation of an extended real-valued random variable is defined
as oo unless the positive part is integrable. Likewise, the sum of extended real
numbers is defined as +oco if any of the numbers equals +oo.

We say that two set-valued mappings S and S are indistinguishable if there
exists a P-null set N such that S = S outside N. Normal integrands are
said to indistinguishable if their epigraphical mappings are so. We say that a
property holds for normal integrands on R™ almost surely everywhere if there
exists a measurable set Q C Q of full P measure such that the property holds
on Q x R". In particular, normal integrands h and h are indistinguishable if
h = h almost surely everywhere.

Theorem 3.28. For normal integrands h and h, we have h < h almost surely
everywhere if and only if h(w) < h(w) almost surely for every w € L>*(R™). In
particular, h = h almost surely everywhere if and only if h(w) = h(w) almost
surely for every w € L™ (R™). In this case, h(w) = h(w) for every w € L°(R")
and Eh = Eh.

Proof. The proof is analogous to that of Theorem 3.19. O

A vector space X C LY is decomposable if L C X and 12 € X whenever
A € F and x € X. Equivalently, X is decomposable if

1A:L‘+1Q\Al‘l eu

whenever A € F, x € X and 2’ € L. Examples of decomposable spaces
include LP-spaces with p > 0 and Orlicz spaces 77.
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Theorem 3.29 (Interchange rule). For a normal integrand h : Q x R® — R and
a decomposable X, we have

zlg;( Eh(z) = E[zlen]g h(z)] (3.2)

if X € LY or the left side is less than 4+o00. If this common value is finite,

argmin Eh = {z € X | x € argminh P-a.s.}
TEX

Proof. By Theorem 3.10, the function p defined by
p(w):= inf h(z,w)

reR™

is measurable. When Ep = 400, the claim is trivial. Let a > Ep and € > 0 be
small enough so that Ef8 < a for 8 := € + max{p, —1/e}. The mapping

S(w) = {z [ h(z,w) < B(w)}

is measurable and closed-valued with P(dom S) = 1, so, by Corollary 3.15, there
exists # € L°(R™) such that h(z) < 3 almost surely and thus Eh(z) < Ef < a.
When X = L, this shows (3.2) since a > Ep was arbitrary. Let Z € X’ be such
that Eh(Z) < oo, and define

v _ _
xr~ = 1|$|SVx + 1‘x|>y$.

By construction, ¥ € X, and h(z") < max{h(x), h(Z)} for all v, so, by Fatou’s
lemma, Eh(z") < E[h(x)] + € for v large enough. Since o > Ep was arbitrary,
this proves the first claim.

Assume now that FEp is finite. If 2/ € argminh almost surely, then 2/ €
argmin Eh. If ' ¢ argminh, then P(A) > 0 for A = {h(z') > ¢ + p}
for some ¢ > 0, and, as above, there is x such that h(xz) < h(z') on A, so
Eh(1ax + 14c2’) < Eh(z'), which means that «’ ¢ argmin Eh. O

We equip LY with the translation invariant metric
d(w,a") == Ep(la’ — a),

where p is a bounded nondecreasing continuous function vanishing only at the
origin. A sequence (x*) in L° convergences in measure to an x € L° if

lim P({Ja" — 2| > e}) =0

for all € > 0.

Lemma 3.30. The space L° is a complete metric topological vector space where
a sequence converges if and only if it converges in probability. A sequence con-
verges in probability if and only if every subsequence has an almost surely con-
vergent subsequence with a common limit.
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Proof. Let (2¥),en be a sequence in L? and z € LY. If 2¥ — x in probability,
there is a subsequence (zV*)ren such that P(p(|z"* — z|) > 27%) < 27%. Let
A = {w | p(Jz¥* (w) — z(w)|) > 27*}. By monotone convergence,

ERY ol —a)) = Elp(la"* — z|)]
k=1 k=1

M

E[la,p(ja” — x]) + 1oy a,p(|2™ — [)]

el
Il
—

Ella, 4+ 10\4,27"]

M

>
Il
—

27%+27F) < 0

M8

>
Il
—

Thus, "=, p(|z¥* —z|) < oo almost surely so p(|z"* —z|) — 0 almost surely. For
the converse, assume that ¥ does not converge to x in probability. Then there
is an € > 0 and a subsequence such that P(|z¥* — z| > €) > e. By dominated
convergence, this cannot hold for almost surely converging subsequences.

Let ¥ — =z in probability. By the first claim, every subsequence has an al-
most surely converging subsequence z** — z. By dominated convergence,
d(z"*,x) — 0. This implies that the whole sequence convergences in the L°
metric. If ¥ does not converge to x in probability, there is an ¢ > 0, § > 0
and a subsequence such that P(|z¥" — x| > €) > . Then d(z*',z) > dp(e), so
subsequences of (x”/) cannot converge to x in L°.

If (z¥),en is Cauchy in L°, there is a subsequence (zV*)en such that d(z?++1, 2v) <
27%. By monotone convergence,

B3 pllat =] = 37 Blp(le — )] < 37278 < oo,
k=1 k=1

k=1

80 Y poy p(lavs+t — 2*]) < oo almost surely. Thus, (27*)en is almost surely
Cauchy in R"™ so it converges almost surely to an 2 € L°. By dominated
convergence, z¥* — « in L°. The triangle inequality now implies that the whole
sequence converges to x. ]

Exercise 3.5.1. For Q = [0, 1] and the Lebesque measure P, show that L° is not

locally convex. Hint: show that any nonempty open convex set is the whole LP.

We say that a normal integrand h is bounded from below if there is an m € L!
such that
h(z,w) > m(w) VreR" weA,

where A € F is of full measure.

Theorem 3.31. If h is a normal integrand bounded from below, then Eh is lsc
on LY.
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Proof. Let ¥ — z in L°. By Lemma 3.30, we may assume, by passing to a

subsequence if necessary, that ¥ — x almost surely. By lower semicontinuity
of h‘(7 CU),

liminf h(z"(w),w) > h(z(w),w)

V—r00

almost surely so lower semicontinuity follows from Fatou’s lemma. O

Remark 3.32. The lower boundedness assumption in Theorem 3.31 can be relaxed
as follows. Recall that A is an atom of P if for every B C A, P(B) =0 or
P(B) = P(A).

Given a normal integrand h such that Eh is proper on LY, Eh is Isc on L° if
and only if
A:={weQ|infh(zr,w) = —o0}

contains only atoms of P and at most finitely many of them, and there exists
m € LY such that h > —m on AC. If Eh is not lsc, Isc Eh = —oo on dom Eh.

The proof is left as an exercise.

Lemma 3.33. Given extended real-valued random variables & and &, we have
El& + & = ElG] + E[S]
under any of the following:
1 &6 €Lt
2. & €Lt oré& e LY,
3. &,& € LY.

4. & or & is {0, +oo}-valued.
Proof. Exercise. O

The following is an immediate corollary of Lemma 3.33.

Lemma 3.34. Given normal integrands hy and hs, we have
E[hl + hg] = E[hl] + E[hg]

under any of the following:

1. the integrands are lower bounded.

2. hi or hy is an indicator function of a measurable closed-valued mapping.

If h is a convex normal integrand, then Eh is a convex function on L°.
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Theorem 3.35. If h is a convex normal integrand such that Eh is lsc and proper,
then
(Eh)>® = Eh®™.

Proof. Let & € dom Eh. Since Eh is 1sc and h(Z) is integrable, Theorem ?? and
Lemma 3.33 give

(R0 — sup 5 |12 F oi) — h(z)
A>0

The difference quotients
h(Az(w) + Z(w),w) — h(Z(w),w)
A

increase pointwise to h*°(z(w),w). Thus, (Eh)® < Eh®. If  + T ¢ dom Eh,
then (Eh)*(z) = +oo. If +Z € dom Eh, the claim follows from the monotone
convergence theorem. O

Mz (w),w) ==

3.6 Existence of solutions

v, .
The sequence z* in the next lemma is called a random subsequence.

Lemma 3.36. For an almost surely bounded sequence (x*) in N, there exists Fr-
measurable integer-valued functions (1) and x € N such that z* — x almost
surely.

Proof. We will prove first that, for an almost surely bounded sequence (7,)
in L°(G;R?), there exists G-measurable integer-valued functions (u*) and n €
LY(G;R?) such that 7, — n almost surely.

Let 7' = limsup, 7}, puy =0 and pp = inf{v' > v | |n}, —7'| < 1/v} so that
nzlt,l, — 7', Applying this to such iteratively constructed (nui ) iteratively to each
component, we arrive at an sequence (u¢) such that e — 7 almost surely for
some 7 € LO(G; RY).

Applying the above to (xf)52; we get an Fp-measurable random subsequence pg
such that :ng — xo for an ¢ € L°(2, Fy, P;R™). Applying the above next to

(2/°)22; we get an Fj-measurable subsequence i} of u such that i — 21 for

T Jo=1
an z1 € LO(Q, Fy, P;R™). Since x4° — ¢ we also have 2’ — xo. Extracting
further subsequences similarly for t = 2,...,T we arrive at the conclusion. [J

Recall that, given a closed convex-valued mapping C, the closed convex-valued
mapping C*°, defined scenariowise as C*°(w) := C'(w)®°, is measurable by The-
orem 3.22.

Lemma 3.37. Let C be a closed convez-valued mapping. Then every sequence in
N(C) is almost surely bounded if and only if N(C>) = {0}.
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Proof. It {z e N' | x € C* a.s.} # {0}, then {x € N' | z € C a.s.} contains a
half-line and thus an unbounded sequence. Assume now that

{zeN|zeC™®as}={0}

and let (z”) be a sequence in N (C) By a translation with an adapted process,
we may assume that 0 € C' almost surely. Indeed, the translation does not affect
any of the conditions of the statement. Assume that the claim holds for any
T — 1-period model.

If p ;= sup |zf| < co almost surely, let

Nl = {(:I,‘l, - ,J}T) | Tt € LO(]:t)}
Ci(w) : ={(z1,...,27) | Fzo € p(w)B: (zg,...,27) € C(w)},

so that the results in Sections 5 and 6 give that C'; is a measurable closed-convex
mapping with

Cw) ={(z1,...27) | (0,21,...,27) € C®(w)}

and hence the induction hypotheses gives that (zY,...,z%) is bounded since

N(CF°) = {0}

Assume now that A(w) = {supaf = oo} has positive probability. Let o =
14/(Jzg| V1) and ¥ = a”z”. Passing to a random subsequence, we may assume
that o N\, 0 almost surely. We have ¥ € N, ¥ € o”C and |z§| < 1. Since
a’ <1,a”C C C by convexity. By the previous paragraph, (") is almost surely
bounded and thus there is a random subsequence (7¥) such that 27 — 7 € N/
almost surely. By Exercise 2.5.1, £ € C*°, so ¥ = 0 by assumption. This is a
contradiction, since [Zo| =1 on A by construction.

To start the induction for T" = 0, the argument is the same as in the previous
paragraph except we do not need to refer to the earlier paragraph. O

Theorem 3.38 (Komlés). Let (z¥),en be a sequence in LY(Q2, F, P;R™) that sat-
isfies one of the following conditions:

1. (2¥)yen is almost surely bounded in the sense that

sup |z¥(w)| < 00 a.s.;
veN

2. (z¥)yen is bounded in L*.

Then there exists a sequence (Z"),en of convex combinations T € co{z" | > v}
that converges almost surely to an R™-valued random variable.

Proof. Omitted. O
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The following gives sufficient conditions for existence of solutions. The condi-
tions will be generalized first in Theorem 3.43 below and later in Chapter 7?
after the development of the dynamic programming principle.

Theorem 3.39. Assume that h is a lower bounded convex normal integrand such
that
{z e N[ h>(x) <0} = {0}

almost surely. Then (SP) has an optimal solution.

Proof. Let (z¥) € N be such that Eh(z") — inf (SP). There exists v € R such
that
Eh(z") < 7.

Komlos theorem (Lemma 3.38) gives a sequence of convex combinations
oo
¢/ (w) =Y a"h(a"(w),w)
pn=v

that converges almost surely to a real-valued measurable function. In particular,
the function ¢(w) := sup, ¢”(w) is almost surely finite. Defining

¥ = i o H gt
p=v

we have by convexity that

hE¥ (w),w) < ¢"(w) < p(w) P-as.
and Fh(z”) — inf (SP). Then each Z” is a selection of

Cw) ={z|hz,w) < ¢(w)}-

Theorem 2.17 gives

C®(w) ={z e R" | h*°(z,w) < 0},

so (V) is almost surely bounded by Lemma 3.37.

By Lemma 3.38, there is a sequence (£)2; of convex combinations of (Z")52

that converges almost surely to a point x. By convexity, Ek(Z") — inf (SP).
The function Ek is Isc on L° by Theorem 3.31, so

Eh(z) < liminf Fh(Z") = inf (SP),

V—00

which completes the proof. O

92



Clearly, the second condition in Theorem 3.39 holds if, for P-almost every w € €,
{1' eR” | hoo(x’w) < 0} = {0}7

which means that h(-,w) is inf-compact. In the deterministic setting, the con-
dition simply means that the level sets of h are bounded.

The lower boundedness in Theorem 3.39 can be relaxed significantly using the
following very useful result. We denote

Nt = {veLl(R") | Elz-v] =0Vz € N},
where N'® := N N L™,

Lemma 3.40. Let x € N and v € N*. If E[z - v|T € L, then E[x -v] = 0.

Proof. Assume first that T" = 0. Defining 2" := 1{),<,y7, we have 2" € L°°, so
E[z¥ -v] =0 and

Elr-v]” <liminf E[z” - v]” = liminf E[2” - 0]t < E[z - 0],

V—r 00 V—r 00

where the inequalities follow from Fatou’s lemma. By dominated convergence,
Elz-v] =lim E[z¥ - v] = 0.

Assume now that the claim holds for every (T — 1)-period model. Defining
x” 1= 1{jze|<v}T, We have

T
D af o]t < @ o] vl < [ o] [ ]

SO E[ZZ":1 xf - v¢] = 0, by the induction hypothesis. Since zf € L, we get
E[z¥ - v] = 0. It then follows that E[x - v] = 0 just like in the case T =0. O

Example 3.41. If a martingale s and x € N are such that
T-1
E[Z xy - Asiq]T < oo,
t=0
then E[ngol x¢ - Asip1] = 0. This follows from Lemma 3.40 with v € N+

defined by vy = Aspiq.

Definition 3.42. A normal integrand h is ./\/’pl-bounded if there exists p € N'*
and m € L' such that
h(wi) >x p(w) - m(w)a

and
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Theorem 3.43. Assume that h is an N;'-bounded convez normal integrand such
that
{r e N | h®(x) —x-p <0} ={0}

almost surely. Then (SP) has an optimal solution.

Proof. Let k(z,w) := h(z,w) —z - p(w). By assumption, Fk = Fh on N, so
Theorem 3.39 proves the claim. O

Corollary 3.44. If h is an J\/}j‘-bounded normal integrand with
p € intdomh* P-a.s.,

then (SP) has optimal solutions.

Proof. By Theorem ??, the interiority condition means that h*°(x) > = - p for
all z € R™\ {0}, or in other words,

{r eR" | h®(z) —2-p <0} ={0} P-as.
Thus the claim follows from Theorem 3.39. O

Lemma 3.45. A normal integrand h is ./\/'pL-bounded if there exists p € N+ and
€ > 0 with
Ap € dom ER*

forall X € [1 —e,1+4 €. In this case
{zeN|R®@)<0as}t={zeN|h®@) —z p<0 as}.

Proof. The assumption implies Fh*(p) < oo and Eh*((1 + €¢)p) < oco. By
Fenchel’s inequality,

h(z,w)
h(z,w) =z - pw) > ex - p(w) = h* (1 + €)p(w),w).
(

Let € N. If either Eh(z) < oo or E[h(z) — x - p] < oo, the above inequalities
and Lemma 3.40 give E[x - p] = 0, so

The above inequalities also give

h>(z,w) = - p(w),
h*(z,w) — 2 - p(w) > ex - p(w).

If either h°°(2,0) < 0 or h*°(z,0) — 2 -p < 0 almost surely, then z-p < 0 almost
surely. Lemma 3.40 then implies z - p = 0 almost surely, which proves the last
claim. 0
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Note that Ap € dom Eh* means that
h(z,w) > Az - p(w) — m(w)

for some m € L'. Thus, h satisfies the assumptions of Lemma 3.45 if and only
if there exists p € N+, € > 0 and m € L' such that

h(z,w) > - p(w) + €|z - p(w)] — m(w).

In particular, the condition holds when A is bounded from below by an integrable
random variable. In the deterministic setting, the condition simply means that h
is bounded from below. More interesting examples will be given in Section 3.7.

3.7 Applications

Exercise 3.7.1. Verify that h in each application below is indeed a normal inte-
grand.

3.7.1 Mathematical programming
Example 3.46 (Mathematical programming). Consider the problem

minimize  Eho(z) over x € N
subject to hj(z) <0 P-as., j=1,...,m,

where h; are normal integrands. If there is a p € NE e>0 and an m € Lt
such that
ho(z) >z -p+elz-pl—m P-a.s.

for all x € R™ with
hj(z) <0 j=1,...,m P-as.
then the problem has a solution as soon as
{r e N | h5°(x) <0 P-a.5. Vj =0,...,m} = {0}.

Proof. This fits the general format of (SP) with

h(z,w) = ho(z,w) if hj(a:,'w) <Oforj=1,...,m,
+00 otherwise.
Indeed, by Theorem ??, h is a normal integrand and

Eho(z) if hj(z) <0 P-as. j=1,...,m,

+00 otherwise.

Eh(z) = {
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By 77,

B (a1, 0) he®(z,w) if h§°(z,w) <O for j=1,...,m,
W) = .
400 otherwise,

so the claim follows from Theorem 3.39 O
Example 3.47 (Composite models). The above formats can be extended to
h(z,w) = ho(z,w) + g(H (z,w),w),

where H is a random K-convex function from R™ to R™ and g is a conver
normal integrand on R™ satisfying (3.1). Choosing g = drm we recover Exam-
ple 3.46.

In the linear case, Example 3.46 can be written as follows.
Example 3.48 (Linear programming). Consider the problem

minimize  Elc-z] over x € N
subject to Axr <b P-a.s.,

Assume that there exists p € N+ and e > 0 such that

E 1Ean{x (c—Ap) | Az < b} > —c0

for A€ [1 —€,1+4¢€]. The problem has a solution as soon as

{zreN|c-2<0, Ar <0 P-a.s.} = {0}.

3.7.2 Stochastic control and problems of Bolza

Example 3.49 (Stochastic control). Consider the problem

T

> Li(X, Uy)

t=0

Subject to AXt = Atthl + BtUt,1 +u t= 17 N ,{Z—‘7

minimize FE

over (X,U) € N,

where X and U are processes of fized dimension, Ay and By are Fy-measurable
random matrices and ug is an Fy-measurable random vector all of appropriate
dimensions. The functions Ly are Fy-measurable convex normal integrands.

This is a classical formulation of convex stochastic optimal control where X
describes the state of the controlled system and U is the control. If all L, are
bounded from below and if Lo and L(x,) fort =1,...,T are inf-compact for
all x, then an optimal solution exists.
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Proof. This fits the general framework with z = (X, U),

T T
h(z) = ZLt(Xta Ut) + 25{0}(AXt — A X1 — BU—1 —wy),

t=0 t=1

Indeed, by Theorem ??, h is a convex normal integrand and by 77,

T T
hoo($) = ZL?O(Xt, Ut) + 25{0}(AXt — AtXt—l — BtUt—l)a
t=0 t=1
so the claim follows from Theorem 3.39. O
Example 3.50 (Stochastic problem of Bolza). Consider the problem

T
minimize E[Z Ki(wi—1,Axy) + k(zr)] overz € N, (3.3)
=0

where x is a process of fized dimension d, k is a mormal integrand, K; are

Fi-measurable convex normal integrands and x_ = 0. Assume that

1. There exists p € N+ and € > 0 such that for any X € [l —¢,1 + €|, there
are y € N and m; € L* with

Ky(xi—1, Axe) > M(Pt—1 — Ye—1) - Te—1 + Ye - T¢) — My,
k(a:T,w) Z —)\yT X — M7T41.
Optimal solutions exist as soon as

T
{z e N| D KX (w11, Azy) + k(1) <0 a.s.} = {0},

t=0

In particular, If Ki(z,-) are inf-compact for all x and t = 0,...,T, then an
optimal solution exists.

Proof. This fits the general format with

T
h(z,w) = Z Ki(xi—1, Az, w) + k(zr,w),
t=0
so the claim follows from Theorem 3.39. O

3.7.3 Financial mathematics

Later, we formulate optimal investment problem as stochastic control.
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Example 3.51 (Financial mathematics). Let s = (s;)i_, be an adapted R’ -valued
stochastic process describing the unit prices or assels in a perfectly liquid fi-
nancial market. Consider the problem of finding a dynamic trading strategy
2 = ()L, that provides the “best hedge” against a financial liability of deliver-
ing a random amount c € L° cash at time T. If we measure our risk preferences
over random cash-flows with the “expected shortfall” associated with a nonde-
creasing nonconstant convexr “loss function” V. : R — R, the problem can be
written as

T—1
minimize EV (u — Z 2 ~Ast+1) over x € Np, (3.4)

t=0

where Np denotes the set of adapted trading strategies z = (2;)1_, that satisfy
the portfolio constraints zy € Dy for allt = 0,...,T almost surely. Here Dy is
a random JFi-measurable set consisting of the portfolios we are allowed to hold
over time period (t,t + 1].

The problem admits a solution if there exists a P-absolutely continuous martin-
gale measure @ of the price process s such that, for y := dQ/dP, yu € L' and
EV*(Ay) < oo for A€ [1 —€,1+ €| and if

T-1
{zeN|Y 2 Asi1 20, 2z € D} = {0}

t=0

This last condition says that the only completely riskless strategy is the one that
does not invest in the risky assets.

Proof. The problem fits the general framework with

T—1
hz,w)=V (u(w) - Z zt - Aspr (w ) + Z op, (zt,w
t=0

Indeed, h is a convex normal integrand by Theorem ??. We have that h is
/\/Zf‘—bounded with py := —yAs;y1. Indeed, Fenchel’s inequality gives

T-1
h(z) > =y Z 2 - Asip1 — Nyu — V¥ (\'y),
t=0

and
m = max{\'yu 4+ V*(\y), Nyu + V*(A\y)}.

Since V' is a nonconstant function, we have V°°(u) > 0 for u > 0 and hence

T-1 T-1
Tt AStJ,_l < 0 4 Z Tt A$t+1 > 0
t=0 t=0
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SO

T-1
{r eR" | h*®(z,w) <0} = {z € R"| Z xt - Aspyp1(w) >0, 2 € Di(w)}
t=0

and the recession condition in Theorem 3.39 becomes the last condition in the
statement. O

Example 3.52 (Semistatic hedging). Consider the problem

T-1
minimize FEV (u - Z zt - Asgrg —c-Zo + So(:ig)> over z € Np,Zy € RY,
t=0

Example 3.53 (Currency markets). Consider Example 3.50 with
Ky(zy—1,Axy,w) = 0p,_, (x4-1,w) + 0c, (A, w)

for adapted sequences (D)1, and (Cy)L, of closed convex random sets. This
model can be used to describe trading in currency markets. Indeed, the Di(w)
can be used to describe portfolio constraints while Cy(w) models portfolios that
are freely available in the market.

4 Integral functionals in duality

Convex duality is based on the theory of conjugate functions on dual pairs of
locally convex topological vector spaces; see Sections ?? and 2.9. The first part
of this section reviews dual pairs of spaces of random variables while the sec-
ond part reviews conjugation of integral functionals on such spaces. This forms
the functional analytic setting for the duality theory of stochastic optimiza-
tion developed in the following sections. For full generality, we make minimal
assumptions on the spaces of random variables.

4.1 Dual spaces of random variables

Let U and Y be decomposable linear spaces (see Section ??) of R™-valued ran-
dom variables such that u-y € L' for all u € i and y € Y. We will assume that
U and Y are in separating duality under the bilinear form

(w,y) == Elu - y]

in the sense that for every nonzero uw € U, there exists a y € ) such that
(u,y) # 0 and vice versa. As usual, we identify random variables that coincide
almost surely so the elements of U and ) are actually equivalence classes of
random variables.
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We will also assume that the spaces are solid in the sense that if 4 € U and
u € LY are such that |u?| < |@?| almost surely for every i = 1,...,m, then u € U;
similarly for Y. Solidity implies that

U=U X XUy and V=D XXV, (4.1)

where U; and Y; are solid decomposable linear spaces of real-valued random
variables in separating duality under the bilinear form (u;,y;) — E[w;y;]. In
particular,

m

wiy; € L' and  (u,y) = ZE[ulyZ] Yuel, ye ). (4.2)
i=1

Remark 4.1. A linear space U of random variables is solid, in particular, if
well, uel, |u <|u=>uecld

where, as usual, |- | denotes the Fuclidean norm on R™. This stronger property
means that there exists a solid linear space Uy of real-valued random variables
such that

U={uec L’ |u|l €Uy} (4.3)

or, equivalently, that
U=uy.

A benefit of our general definition of solidity is that it does not require all com-
ponents of u to belong to the same space.

Proof. The stronger solidity property means that
U={ue Ll |Jucl: |u <|i|as}
which means that (4.3) holds with
Uy ={¢c L | Fucl: ¢ <l|ulas.}.

Linearity and solidity together with (4.3) imply U = UJ*. Assume now that
U = U for a linear solid Uy. Let u € L and 4 € U with |u| < |u|. There is a
constant ¢ > 0 such that

m m
e ful < Jul < fa <Y fal,
1=1 =1

where Y, |a’| € Uy, by linearity. Thus, for each i, |u’| < 3, |u’|/c so u’ € U,
by solidity. O

Most spaces of random variables encountered in applications are solid and de-
composable. Examples include the classical Lebesgue, Orlicz and Lorentz spaces
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as well as spaces of finite moments. Cartesian products of solid and decompos-
able spaces are solid and decomposable. If Uf; is in separating duality with ),
then Uy X -+ - X U, is in separating duality with )} x --- x V,,. Spaces that do
not satisfy our assumptions include the spaces of continuous functions or various
Sobolev spaces of functions on R™ as they are neither decomposable nor solid.
The space L° of all random variables is decomposable and solid, but if (Q, F, P)
is atomless, it cannot be paired with a nontrivial space of random variables.
Indeed, if y € L° is nonzero, then, by ??, u — E[u - y] is improper on L°.

In applications, one is often given a decomposable space Y C L' of random
variables and then needs to find an appropriate dual space ). In general, there
are several possibilities. The smallest decomposable space that is in separating
duality with & with respect to the bilinear form (u,y) = E[u - y] is the space
L of essentially bounded functions. The largest one is the Kdthe dual

U ={yecl’|u-ye L' Yuecl)l.

Kothe duals have simple characterizations for many familiar spaces of random
variables. For example, (LP) = L4 for any p € [1, 00| and the usual conjugate
exponent g of p. The following is easily verified.

Remark 4.2. Given a linear space U of random variables, we have

1. If L® C U, then U C L';
2. IfU C L', then L CU';

3. Ifulg €U for allu e U and A € F, then yla € U for all y € U' and
AeF;

4. If U is solid, then U’ is solid.

In particular, if U C L' is solid and decomposable, then U' C L' is solid and
decomposable.

A solid space containing all constant functions is decomposable. The following
shows that the converse does not hold in general.

Example 4.3. Let u > 1 be an unbounded real-valued random variable and let
U be the sum of L™ and the linear span of the set {uls | A € F}. Then U
is decomposable, by construction, but not solid, since it does not contain /u.
Indeed, assume that

N
Vu =1+ Za”ulAy
v=1

for some 4 € L, a finite partition (AV)Y_, and o € R. Since \/u is un-
bounded, 1 4vu has to be unbounded for some v. We have
u—a’u=1u

on A", which is impossible if the left side is unbounded.
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Given a topology on U, the corresponding topological dual of U is the linear
space of all continuous linear functionals on . A topology is compatible with
the bilinear form on U x Y if every continuous linear functional on U can be
expressed in the form

u— (u,y)

for some y € ). Such topologies can be characterized in terms of the “weak”
and “Mackey” topologies associated with the bilinear form. The weak topology
oU,Y) on U is the topology generated by the linear functionals u — (u,y)
where y € Y. Similarly for Y. The Mackey topology 7(U,Y) is the topology
generated by the sublinear functionals

op(u) = sup(u, ),
yeD

where D C Y is o(),U)-compact. Similarly for ). Given a topology on U,
the corresponding topological dual can be identified with ) if and only if the
topology is between o(U,Y) and 7(U,Y). If U is a Fréchet (e.g. Banach) space
under a given topology s and if ) the topological dual of U, then 7(U,Y)
coincides with s. In particular if ¥ = LP and Y = L? with p € [1,00) and ¢
the conjugate exponent of p, then the Mackey topology 7(U, DY) is just the usual
LP norm topology. However, 7(L>, L') is, in general, strictly smaller than the
norm topology of L.

The following relates the weak and Mackey topologies on U to those on L' and
L™ as well as to the metric topology of L°.

Lemma 4.4. We have L CU C L' and L CY C L' and

O—(leLOO)‘U c O’(U,y), O—(u’y)‘lz“ c U(LOOle)a
(LY L)y CTU,Y), 7U,V)|L=~ C7(L>,LY).

The L°-topology on U is weaker than 7(U,)).

Proof. Since U and Y are decomposable, L= C U and L™ C Y. Let u € U
and define y € L™ by y' = sign(u’). We have |jul|z: = Efu-y] € R. Thus,
U C L', and, by symmetry, Y C L'. The inclusions L® C U/ C L' and L>® C
Y C L' give the relations for the o-topologies. Since, by symmetry, analogous
relations are valid for the o-topologies on ), o(L>, L')-compact subsets of L>
are o(Y,U)-compact. Since 7(U,)) is generated by the support functions of
o(Y,U)-compact sets, we get (L', L>°)|yy C (U, V). The remaining inclusion is
verified similarly. As noted above, 7(L', L°)-topology is the L!-norm topology
on L'. Since the L%-topology on L' is weaker than the norm topology, the last
claim follows from 7(L, L>=)|y, C 7(U, ). O

Let X and V be decomposable solid spaces of R"-valued random variables in
separating duality under the bilinear form

(x,v) == Elx -v].
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A linear mapping A : X — U is weakly continuous if it is continuous with
respect to the weak topologies on X' and Y. This means that z — (Az,y) is
(X, V)-continuous for all y € Y, or equivalently, there exists a linear mapping
A* : Y — V such that

(Az,y) = (z, A"y) Vre X, yec).

The mapping A* is known as the adjoint of A.

We use the fact that the scenariowise Moore-Penrose inverse A of a random
matrix A is measurable.

Lemma 4.5. Let A € L°(R™*™) be a random matriz such that Az € U for all
x € X. The linear mapping A: X — U defined pointwise by

Ax = Az a.s.

is weakly continuous if and only if A*y € V for all y € Y, and in this case its
adjoint is given pointwise by

Ay =A%y a.s.,

the weak closure of rge A is U(rge A) and if Atu € X for all uw € U, then rge A
is weakly closed in U. IfV is the Kithe dual of X, then A*y € V for ally € Y.

Proof. For any x € X and y € ),

(Az,y) = E[(Az) - y] = Elz - A"y,
which proves the equivalence and the adjoint formula. When V is the Kéthe dual
of X, the above equation implies that = - A*y € L! for all z € X, so A*y € V.

It is clear that rge A C U(rge A). By ??, the set U(rge A) is L°-closed so, by 4.4,
it is also weakly closed. It follows that clrge A C U(rge A). Given u € U(rge A),
there exists, by 3.15, an € L® with u = Az. Defining z¥ := xl{z<vy, We have
¥ € X and Az” = ul{mgy}, S0

E[AzY -y] = Elu-y] Vye€Y,

by dominated convergence. Thus, Az” — u weakly, so clrge A = U(rge A).

If Afu € X for all u € U, then any u € rge A can be expressed as u = A(Afu),
where AT : U — X is defined pointwise by (Afu)(w) := AT(w)u(w). By the first
claim, A and A" are both weakly continuous. The set rge A is thus closed since
it is the kernel of the continuous mapping u — AAfu — u. O

The following characterizes the adjoint of the conditional expectation operator
with respect to a o-algebra G C F; see Section ?7.
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Lemma 4.6. Let G C F be a o-algebra such that E9u € U for all w € U. The
mapping B9 : U — U is weakly continuous if and only if E9y € Y for ally € Y
and, in this case, its adjoint is given by

(E9)*y = E% a.s.
If Y is the Kothe dual of U, then E9y € Y for ally € Y.
Proof. If u', 3, (E9u)'y’ and u*(EYy)" are integrable, ?? gives
E[ESu-y] = E[(E%) - ESy] = E[u - EY). (4.4)

Thus, if E9U C U and EY9Y C ), then, by (4.2), the function u — EY%u is
weakly continuous. On the other hand, if EY : Y — U is weakly continuous,
then u +— E[EYu-y] is o(U, Y)-continuous for y € Y. Thus, there exists ay’ € Y
such that E[E9u - y] = E[u - y'] for all u € U. Since y € L', (4.4) gives

E[ESu-y] = E[u- E9)] Yue L™.

Thus, v’ = E9y almost surely so E9Y C ).

Assume now that ) is the Kothe dual of &/ and let y € Y. It suffices to
show that E9y € ). By (4.2), it suffices to treat the case where at most one
component y* of y is nonzero. Without loss of generality, we may assume that
y' is nonnegative so that E9y’ is nonnegative as well. If ) is the Kothe dual,
it suffices to show that E[u’(E9y%)] < oo for every nonnegative u € U. By ?7?,
E[u'(E%")] = E[EY(u')y'], where the right side is finite, since E9U c Y. O

Many familiar spaces of random variables satisfy the condition E9U C U in 4.6
for every o-algebra G C F; see 77. The condition may fail, e.g., in Musielak-
Orlicz spaces with random Young functions.

When the matrix A in 4.5 is G-measurable, then the corresponding mapping
A X — U commutes with the G-conditional expectation.

Lemma 4.7. Let G C F be a o-algebra such that Euw e U for all w € U and
let A € L°(R™*") be a G-measurable random matriz such that Az € U for all
x € X. Then

EY9[Az] = AEYx

forallxz e X.

Proof. Let x € X. Changing x by setting all but its jth component to zero, we
still have z € X, by solidity of X. Thus, u := (A;j27)", € U since Az € U for
all x € X. Changing u by setting all but its ith component to zero, we still have
u € U, by solidity of U. Thus, by 4.4, A; ;27 is integrable for every i and j. By
7.2, E9[A;;27] = A;;E929. Applying ?7.1 to each component of Az then gives
EY9[Ax] = AEYz. O
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4.2 Conjugates of integral functionals

This section studies convex integral functionals on paired decomposable spaces
U and Y of random variables. More precisely, we fix a normal integrand h and
study the integral functionals Eh : U — R and Eh* : ) — R defined by

Eh(u) ::/Qh(u(w),w)dP(w)

and

Eh(y) = / B (y(w), w)dP (),

where

h*(v,w) := sup {z-v — h(z,w)}.
zER™

By 3.26, h* is a convex normal integrand. The next result characterizes the
conjugate and the subdifferential of E'h with respect to the pairing of & with J;
see Section ??. Recall that the conjugate of f is defined for each y € ) by

(ERh)*(y) := sup{(u,y) — Eh(u)}
u€eU

while the subdifferential O Eh(u) of Eh at a u € U is the closed convex set
OEh(u) :=={y € Y| Eh(u') > Eh(u) + (u' —u,y) Vu' €U}.
Given u € U, the mapping
w — Oh(u)(w) := Oh(u(w),w)
is measurable, by 3.27.
Theorem 4.8. If h is a convex normal integrand with dom Eh # (), then
(Eh)* = ER*

and
OFh(u) ={y €)Y |y € dh(u) a.s.}
for any w € U such that Eh(u) is finite.
Proof. By 3.33,
(u,y) = Eh(u) = Elu -y — h(u)]

for every u € U and y € Y. The first claim thus follows by applying 3.29 to the
normal integrand hy(u,w) := h(u,w) — v - y(w). As to the second, we have, by
definition, y € OFh(u) if and only if Eh(u) + (Eh)*(y) = (u,y). By the first
claim, this is equivalent to

Eh(u) + EW*(y) = {u, ).
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By Fenchel’s inequality, h(u)+h*(y) > u-y almost surely so, by 3.33, y € dEh(u)
if and only if
Elh(u) + h*(y) — u-y] = 0.
By Fenchel’s inequality again, this holds if and only if
h(u) +h*(y) =u-y

almost surely. This means that y € h(u) almost surely. O
Recall that a convex function g in a locally convex vector space is lsc with respect
to the weak topology if it is lsc merely with respect to the Mackey topology; see
??. The converse is immediate. From now on, we will simply say that a convex
function g on a locally convex vector space is Isc if it is lower semicontinuous
with respect to the Mackey topology. Accordingly, we say that a convex set

is closed if it is closed with respect to the Mackey topology. The closure of a
function g is defined by

o — Iscg iflscg(u) > —oo for all u € U,
—oo otherwise;

see Section ??. By 2.23, clg = ¢g**. The function g is said to be closed a point u
if g(u) = (clg)(u). A function which is closed at every point is said to be closed.
Clearly, a convex set is closed if and only if its indicator closed.

Corollary 4.9. Let h be a convex normal integrand. The following are equivalent:

1. dom Eh # ) and dom Eh* # ();

2. Eh is closed and proper;

8. Eh* is closed and proper;

4. dom Eh # () and there exist y €Y and o € L' such that

hu,w) > u-y(w) — alw) YueR™;

5. dom Eh* # () and there exist u € U and o € L' such that
M (y,w) > u(w) -y — alw) YueR™

and imply that Eh and Eh* are conjugates of each other and that y € OEh(u)
if and only if y € Oh(u) almost surely.

Proof. We prove the equivalence of 1, 2 and 4. The equivalence with 3 and 5
then follow by symmetry. By 4.8, 1 implies that Fh and ER* are conjugates of
each other so both are closed and proper and thus, 2 and 3 hold. Assuming 2,
the biconjugate theorem gives the existence of y € ) and a € R such that

Eh(u) > (u,y) —a Yu elU.
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Thus, by 4.8
a > (Eh)*(y) = ER*(y).

By Fenchel’s inequality,
h(uvw) + h*(y,w) >u- Y,

so 4 holds with a(w) = h*(y(w),w). If 4 holds, Fh*(y) < Ea, so 1 holds.

Assume 1. By 4.8, y € JFh(u) implies y € 0Oh(u) almost surely. On the
other hand, if w € U and y € Y are such that y € dh(u) almost surely, then
h(u) + h*(y) = u -y almost surely. The properness of Fh and Fh* implies that
the negative parts of h(u) and h*(y) are integrable so, by 3.33, Eh(u)+Eh*(y) =
(u,y), which means that y € Eh(u). O

Applying 4.9 to the indicator function of a closed-valued measurable mapping,
gives the following.

Corollary 4.10. Given a closed convez-valued measurable mapping S : Q2 = R™,
the set
US)={uecld|ues as}

is closed and convex.
Proof. I U(S) = 0 the claim holds trivially. If U (S) # 0 it follows by applying

4.9 to h(u,w) := ds(u,w). Indeed, we have 0 € dom Eh* so condition 1 of 4.9
holds. Thus, the function Eh = d4(s) is closed. O

Given a convex set C' C U, its core is the set core C' of points u € C such that
the positive hull

pos(C —u) := U AC —u)

A>0
is the whole space U. Recall that the Kothe dual of I is the linear space

U ={yel’|u-ye L' Yuecl}.
Theorem 4.11. If Eh is proper and Y =U’', then
OFh(u) = {y € L° | y € Oh(u) a.s.} # 0

for all w € coredom Eh and Eh is closed as soon as coredom Eh # (.

Proof. Let u € coredom Fh. We have u € intdom h almost surely. Indeed,
given a finite set {w;};e; € R™ whose convex hull is a neighborhood of the
origin, there is an € > 0 such that u + ew; € dom Eh for all ¢ € I. Thus,
u + ew; € dom h for all ¢ € I almost surely so u € int dom i almost surely.
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By ?? and 77, Oh(u) # 0 almost surely. By the measurable selection theorem,
there exists a y € L° with y € Oh(u) almost surely, i.e.

h(u(w) + v/, w) > h(u(w),w) +u' - y(w) Vu' € R™.
Given any v’ € U and 3 > 0, this implies,
< Eh(u+ pu') — Eh(u)
p— ﬂ .
Since u € coredom Eh, there is a § > 0 such that the right side is finite. Thus,

y € U so y € Y, by assumption. Together with the above inequalities, this
proves the first claim. The condition y € Oh(u) means that

h*(y) = u-y — h(u)

so we also get that both EFh and Eh* have nonempty domains. The last claim
thus follows from 4.9. O

Elu -y

The relative core of a set C' C U is the core of C' relative to its affine hull; see
Section ??. By 77, rcore C' is set of points u € C such that pos(C' — u) is linear.

Remark 4.12. Assume that Eh is proper, Y =U’,
U(aff dom h) C aff dom Eh,
and that U satisfies the stronger solidity property in 4.1. Then
OFEh(u) # 0

for all u € rcoredom Eh and Eh is closed as soon as rcoredom Eh # ().

Proof. Let u € rcoredom Eh and let 7 be the scenariowise projection to aff dom h—
u. We have u € rintdomh almost surely. Indeed, let {w;}ic; C R™ be a
finite set whose convex hull is a neighborhood of the origin in R™. Since
U(aff dom h) C aff dom Eh by assumption, there is an € > 0 such that u+erw; €
dom FEh for all ¢ € I. It follows that u+ erw; € dom h for all ¢ € I almost surely
so u € rintdom h almost surely. By ?? and ??, Oh(u) # 0 almost surely. By
the measurable selection theorem, there exists a y € L with y € 9h(u) almost
surely, i.e.

h(u(w) + v/, w) > h(u(w),w) +u' - y(w) Vu' € R™. (4.5)

Clearly, my € 0h(u) as well.

Let v € U. Since, by ??, |mu'| < |u/| almost surely, we have mu’ € U since U
satisfies the stronger solidity property in 4.1. By assumption, U (aff dom h) C
aff dom Fh, so there exists A > 0 such that u+ Amu’ € dom Eh. Combining this
with (4.5) gives

E -yl = EMu’ - y] < Eh(u+ M) — Eh(u) < oo.
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Since u' € U was arbitrary, this implies that 7y is in the Kéthe dual of ¢ and
thus, by assumption, in ). This proves the first claim. The last claim follows
from the conditions 7y € dh(u) and 7y € Y just like in the proof of 4.11. O

Note that the last assumption in 4.12 is slightly stronger than mere solidity of
U which means that u € U for all u € L such that |u'| < |@!| for some @ € U.

The following is a corollary of ?7?.

Theorem 4.13 (Jensen’s inequality). Let G C F be a o-algebra such that ESU C
U and E9Y C Y and let h be a G-measurable conver normal integrand such that
Eh*(y) < oo for somey € Y. Then

Eh(E%u) < Eh(u)
for every u € U.
Proof. By Fenchel’s inequality,
Eh(u) > Elu-y] — ER*(y)
for all w € U, so the claim follows from ?7. O

The following extends ?? from L' to more general I.

Theorem 4.14. Let G C F be a o-algebra such that EU c U and E°Y C Y.
Given a closed convez-valued random set S with U(S) # @, the following are
equivalent:

1. S is G-measurable;
2. E9u € U(S) for every u € U(S);

3. E9S C S almost surely.

Proof. By 77, it suffices to show that condition 2 here implies that of ??. Con-
dition 2 means that Eds(E9u) < Eds(u) for all u € U. By 4.9, ?? and 4.6, this
means that Fog(EYy) < Fog(y) for all y € Y. In particular,

Eog(E9) < Eos(y) Vye L™.
Applying the same argument in the pairing of L' with L> now gives
Eés(F%) < Eds(u) VYue L,

which is condition 2 in ??. O

The following is a corollary of ?7.
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Theorem 4.15. Let h be a convex normal integrand such that Eh : U — R is
proper and closed. Then

(ER)™ = ER™,
Odom Eh = Eadomh

and

cldom Eh = U(cldom h).

Proof. By 4.9, there exists y € ) such that h*(y) is integrable. By Fenchel’s
inequality,

h(u,w) = h(u,w) —u-y(w) = —h"(y(w),w),
so, by 3.31, Eh is proper and Isc on L. By ??,
(BR)® = ER™.
Since h*®°(u,w) = h*™(u,w) — u - y(w) and (ER)>®(u) = (ER)>® — Elu-y] on U,
we get (Eh)*° = Eh® on U. The second expression follows from the first one

and ??7. Applying 4.9 and 2.23 to the second expression, we get cldqom gn =
Edc dom n, which is the last expression. O

5 Duality for integrable strategies

We now return to the problem
minimize Eh(z) := /h(x(w),w)dp(w) overr € X NN (Pv)

from the introduction of this chapter. Again, we assume that h(z,w) = f(z, u(w),w)
for a convex normal integrand f and random vector @ € Y. By Theorem 3.9.4,
such an h is a normal integrand. As observed in the introduction, (Py) fits the
duality framework of Section 2.9 with the Rockafellian F' : X x X x U/ — R
defined by

F(a,2,u) = Bf(w,u) + oy (z — 2)

and the dualizing parameter (z,u) € X x U. Clearly,
F(z,z,u) = Ef(z,u) +dx,(r —2) V(z,z,u) € X x X xU,

where
X, =XNN

is the linear space of the adapted strategies in X.

In order to apply the results of Section 4, we assume that X and U are solid
decomposable spaces in separating duality with solid decomposable spaces V C
LO(Q, F,P;R") and Y C LO(Q, F, P;R™), respectively, under the bilinear forms

(x,v) == E[z-v] and (u,y):= Elu-y].
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Solidity implies that
X=X x--xXr and V=Vyx- - xVrp,

where A; and V; are solid decomposable spaces of R™-valued random variables
in separating duality under the bilinear form (z,v;) — E[z;-v;]. It follows that

T
(x,v) =ZE[a:t-Ut] Vee X, veV
t=0

and
Xa = Xo(]:o) X oo X XT(]:T).

We will denote the orthogonal complement of X, by
X ={veV|{x,v) =0 Vrei,}.
The following generalizes ?? which characterizes the set
Nt ={vel'|(z,v) =0 VzeNNL>®}
Lemma 5.1. The set X, is closed and

Xr=NtnVv={veV|Ev=0 t=0,...,T}.

Proof. By 7?7, N is closed in L so the first claim follows from 4.4. Since
Xa = Xo(fo) X e X XT(FT),

we have v € X;- if and only if E[z; - v;] = 0 for every z; € X;(F;). Here,
Elz; - vy]) = Elzy - (Eyvy)], by ??. The claim now follows from the fact that
X:(F:) separates points in V;(F;). Indeed, since the spaces are decomposable,
we have L>(F;) C X (F;) and Vi(F;) C LY (Fp). O

According to the general duality framework of Section 2.9, the dual problem
associated with the above specifications is the concave maximization problem

maximize <ﬂ7 y> - (Oap> y) over(p, y) €V X y, (D)
where F* : V x V x Y — R is the conjugate of F, i.e.

F*(v,py) i= sup{(z,v) + (z,p) + (u,y) — F(z,z,u)}.

T,Z,u
An explicit expression for F* will be given in 5.5 below. By Fenchel’s inequality,
F(z,0,u) > (u,y) — F*(0,p,y) VeeX, ueld, peV, ye),

SO

inf (Py) > sup (D),

71



where inf(Py) and sup(D) denote the optimum values of (Px) and (D), respec-
tively. A duality gap is said to exist if the inequality is strict. Conversely, we
say that there is no duality gap if inf (Px) = sup (D).

The Lagrangian associated with the function F' is the convex-concave function
Lon X xV x) given by

L = inf F —(z,p) — {u,y)}.
(@py)= ot AF@z0)=(2p) — ()}
The associated minimax problem is to find a saddle value and/or a saddle point
of the concave-convex function

La(z,p,y) = L(z, p,y) + (U,y)
when minimizing over x and maximizing over (p,y). If

inf sup Lﬁ(xvpa y) = sup inf Lﬁ(map7 y)a

T py py *
the common value is called the saddle value of L;. A point (x,p,y) is a saddle
point of Ly if

Lﬁ(‘r7p/7y/) g Lﬁ($7p7 y) S Lﬁ(z/apv y) VIE, € X} p/ € V? y/ € y

Clearly, the existence of a saddle point implies the existence of a saddle value.
By definition, the conjugate of F' can be expressed in term of the Lagrangian as

F*(U7p7 y) = Sup{<l‘,’l}> - L(Z‘,p, y)}
rEX

It follows that the dual problem coincides with the maximization half of the

minimax problem. Similarly, if F(z,z,u) is closed in (z,u), then by 2.23, the

primal problem coincides with the minimization half of the minimax problem.

The next three theorems are direct consequences of 2.31 and 2.32 and 2.33 in the
appendix. They all involve the assumption that the integral functional Ef be
closed in w. This means that E f(z,-) is closed in U for each z € X. Combined
with 5.1, this implies that the function F' is closed in (z,u). Recall that, by the
biconjugate theorem 2.23, a convex function is closed if and only if it coincides
with its biconjugate.

The optimum value function ¢ : X x U — R associated with F will be denoted
by

o(z,u) = xlélfv F(z,z,u).
By definition of F,

o(z,u) :;g({Ef(m,u) |x—zEN}:x12/fy{Ef(:v,u) |z —2€ X,}.

Clearly, ¢(0,4) = inf (Px). Note that we deviate slightly from the notation of
Section 2.9 where the primal optimum value function has a subindex v. We omit
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the subindex here since we set v = 0 throughout. Clearly, ©*(p,y) = F*(0,p,y)
so the dual problem can be written also as

maximize (u,y) — ¢ (p,y) over(p,y) €V x Y.

The following is a direct consequence of 2.31.

Theorem 5.2. The implications 1 < 2 = 3 hold among the following conditions:
1. inf (Px) = sup (D);
2. ¢ is closed at (0,1u);

3. The function Lg has a saddle value.
If Ef(x,u) is closed in u, then 1 & 2 < 3.

The integral functional E f(x,u) is closed in u in particular if it is jointly closed
in (x,u). By 4.8, this happens if dom Ef* N (V x ) # 0.

The following restatement of 2.32 characterizes situations where there is no
duality gap and, furthermore, the dual admits solutions. Recall that the sub-
differential 9p(z,u) of ¢ at a point (z,u) € X x U is the closed convex set of
points (v,y) € V x Y such that

() 2 p(zw) + (2 — 20) + (o —wyy) V() € X x U

Theorem 5.3. If ©(0,u) < oo, then the implications 1 < 2 = 3 hold among the
following conditions:

1. (p,y) solves (D) and inf (Py) = sup (D);
2. either (p,y) € 0p(0,u) or ¢(0,u) = —oo;

3. infsup Ly(x,p,y) = inf Ly (z,p,y).
T py ®

If, in addition, Ef(x,u) is closed in u, then 1 & 2 < 3.

The following restatement of 2.33 characterizes the situations where both primal
and dual solutions exist and there is no duality gap.

Theorem 5.4. The implications 1 < 2 = 3 hold among the following conditions:

1. x solves (Px), (p,y) solves (D) and inf (Px) =sup (D) € R;
2. (0,p,y) € OF (x,0,u);
3. 0e (%L(%p, y) and (O,ﬂ) € a(p,y)[_LKx,pv y)
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If Ef(x,u) is closed in u, then 1 < 2 < 3.

The subdifferential conditions in part 3 of 5.4 are known as the (generalized)
Karush-Kuhn- Tucker-Rockafellar (KKTR) conditions; see Section 2.9.

In order to write the dual problem and the optimality conditions more explicitly
in terms of the problem data, we will first derive explicit expressions for F™*.
Section 5.1 will focus on the Lagrangian and the associated minimax problem.

Theorem 5.5. If dom Ef N (X X U) # O, then Ef* is closed,

F*(v,p,y) = Ef*(v+p,y) +0x:(p)

and, in particular,

©"(p,y) = Ef*(p,y) +x-(p).
If, in addition, dom Ef*N(V x V) # 0, then the functions Ef, Ef*, F and F*
are all closed and proper.

Proof. Recall that F(z,z,u) = Ef(x,u) + dx,(x — z), where X, is closed by
5.1. By 4.8, the first assumption implies the closedness of Ef* and, by the
interchange rule in 3.29, that

F*(v,p,y) = sup  {(z,v) + (z,p) + (u,y) — Ef(z,u) |z — 2z € X,}
rzeX,zeX ,uclU

= sup {Elz-(v+p)+u-y— flz,u)—2"-p||2 € X}
reEX 2 eX, ucl

=Ef"(v+p,y) +0x1(p).

The expression for ¢* now follows from the fact that p(p,y) = F*(0,p,y), by
definition. When dom Ef N (X x U) # 0 and dom Ef* N (V x Y) # 0, both
Ef and Ef* are closed and proper, by 4.9 and then, the functions F' and F*
are closed as sums of closed functions. The properness of Ef and Ef* clearly
implies the properness of F' and F™*. O

Corollary 5.6. If dom Ef N (X x U) # 0, the dual problem (D) can be written
as
maximize (@,y) — Ef*(p,y) over (p,y) € X xY

as well as

maximize Efa-y— f*(p,y)] over (p,y) € X xY

Proof. The first claim follows directly from 5.5. As to the second, Fenchel’s
inequality gives

ffoy) zu-y— f(z,u)
so the assumption dom Ef N (X x U) # 0 implies that the negative part of

f*(p,y) is integrable for every (p,y) € V x Y. The claim thus follows from
3.33. 0
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The first condition in 5.5 clearly holds if (Py) is feasible. If in addition, the
dual problem is feasible, then by 5.6, the second condition in 5.5 holds as well.
Note that the dual is feasible e.g. if F' is bounded from below since then F*(0,0)
is finite.

In the deterministic setting, X;- = {0} so the dual problem becomes
maximize @-y— f*(0,y) over yeR™

and we recover a finite-dimensional instance of the general conjugate duality
framework; see Section 2.9. In general, the dual objective can be written also
as

(wy) - Efpy) =8 il @) —2pt(@=—u)-y]

This is the optimum value in a relaxed version of the primal problem (??) where
we are now allowed to optimize over both x and u and the information constraint
x € N has been removed so the minimization can be done scenariowise; see 3.29.
The constraints « € X, and v = @ have been replaced by linear penalties given
by the dual variables p and y.

Recall that the optimum value of (D) is always less than or equal to that of
(Px). If the value function ¢ is closed at (0, %) then, by 5.2, the optimum values
are equal. If (p,y) € d¢(0,@) then, by 5.3, there is no duality gap and (p,y)
solves the dual. This implies, in particular, that p is a subgradient of ¢ with
respect to the first argument at (0, ), i.e.

Ef(z+z,a) —(z,p) > ¢(0,a) VreX,,zeX.

In other words, p describes a linear penalty that would make it disadvantageous
to use nonadapted strategies in (Py). Such a p € X} is known as a shadow
price of information.

When the dimension n; of x; and p; is independent of time, the elements of
X:- can be seen as nonadapted martingale increments. Indeed, we then have
p € Xt if and only if p; = Amyyq for my € V; and mry1 € Vr such that

Et [AmtJrl] =0.

This is the usual martingale condition, but here m need not be adapted.

5.5 can be used to restate 5.2, 5.3 and 5.4 more explicitly. In particular, the
first part of 5.4 can be written as follows.

Theorem 5.7. If (Px) and (D) are feasible, then the following are equivalent:

1. = solves (Px), (p,y) solves (D) and inf (Py) = sup (D);

2. 1€ Xy, (p,y) € XL XY and

(p,y) € Of(z,u) a.s.

(6]



Proof. By 5.4, 1is equivalent to (0,p,y) € F(x,0, @) which means that F(x,0, %)+
F*(0,p,y) = (u,y). By Lemma 5.5, this means that = € X, p € X;- and

Ef(z,a)+ Ef*(p,y) = Elz - p] + E[a - y]. (5.1)
Given (z/,u') € X x U and (p',y’') € V x ), we have
f@ )+ 0 y) =22 p +uy, (5.2)

by Fenchel’s inequality, so the feasibility assumptions imply that the negative
parts of f(a',u') and f*(p’,y’) are integrable. Thus, by 3.33,

Ef(a' )+ Ef*(p',y") = Elf (@, u) + f*(0,)]
so (5.1) means that (x,a) and (p,y) satisfy (5.2) as an equality, i.e. (p,y) €
Of(x,u). O

If the subdifferential dp(0, @) is nonempty, then by 5.3, there is no duality gap
and a dual has a solution. 5.7 thus implies the following.

Corollary 5.8. If 0p(0,@) # 0, then inf (Px) = sup (D), the dual optimum is
attained and the following are equivalent for an x € X, :

1. = solves (Px);
2. there exists (p,y) € X;- x Y with

(p,y) € 0f(w,u) a.s.

5.1 Lagrangian integrands and KKTR-conditions

This section focuses on the Lagrangian L and the associated minimax problem.
The Lagrangian L itself has a somewhat cumbersome expression but it turns out
that it is “equivalent” to a simpler function that has the same saddle value and
saddle points. The expressions derived below, involve the Lagrangian integrand
1:R" x R™ x 2 = R defined by

l(‘r7y7w) = ulerﬁfm{f(x,u,w) —Uu- y}

For any (z,y,w), the function I(-,y,w) is convex, by 2.8, and I(z, -, w) is upper
semicontinuous and concave. Clearly,

f*(v,y,w) = Suﬂg {IZ?'U fl(ac,y,w)}
TER™

so, by 2.23,

(cle 1) (z,y,w) = sup {z v — f*(v,y,w)},
veR™

76



where, for each (y,w) € R™ x §, the function (cl; !)(+, y,w) denotes the closure
of the function I(-, y,w); see Section ?7?.

Given z € X, the function

(va) = —l(m(w), y’w) = ungI?n{u ‘Y= f(‘r<w)vuvw)}

is a normal integrand, by 3.9 and 3.26. Similarly, the function

(z,w) = (el (2, y(w), w) = sup {z - v — f*(v,y(w),w)}

veER

is normal integrand for any y € ). Thus, by ??, the functions
w = l(z(w), y(w),w) and  w = (cly ) (z(w), y(w),w)

are measurable for any (z,y) € X x Y. It follows that the integral functionals

El(z,y) == /Q (2(w), y(w), w)dP(w)
and

E(cl, ) (z,y) ::/(clwl)(x(w),y(w),w)dP(w)

Q
are well-defined extended real-valued functions on X x ).

We will denote the projection of dom E'f to the z-component by
dom, Ef :={x e X|Jueld: Ef(z,u) < oo}
and the projection of dom E f* to the y-component by
dom, Ef*:={yeY|Iveld: Ef(v,y) < co}.
Theorem 5.9. We have

+00 if v ¢ dom, Ef,
L(z,p,y) =< El(z,y) — (z,p) ifx € dom, Ef and p € X",
—00 otherwise.

Ifdom Ef N (X xU) #0, then

E(cl, ) (z,y) — (x,p) ify € domy, Ef* and p € X,
—00 otherwise.

(Clz L)(xapa y) - {

Ifdom EfN(X xU) # 0 and dom Ef*N(V x V) # 0, then all functions between
L and cl, L have the same saddle value and saddle points. In this case, the
KKTR-conditions

0 S azL($7p7 y)7 (Oaﬂ) € ap’y[—L]({L'7p7 y)
in 5.4 hold if and only if v € X,, p € X and

p € 0yl(z,y), ue€y[-ll(z,y) as.
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Proof. By 3.33,

L = inf F _ _
(o) = ot (Pl = () = (w.0)
:(ZM;IEI&Xu{E[f(x?u)_Z'p_u'ny_ZEXa}
—  if {E (=) p—u-yl|Z €A,
Lt B~ (= 2) w2 € )

so the expression for L follows from 3.29. By 5.5 and 3.33,

(cle L) (,p,y) = igg{@»w - F*(v,p,y)}

_ sup,ep{(z,v) — Ef*(v+p,y)} ifpe Xt
—00 otherwise

_ SuvaVE[x'Uff*(lU+pay)} iprXaJ‘,
—00 otherwise

so the expression for cl, L follows from 3.29 again. When dom Ef # @ and
dom E f* # (), the function F is closed and proper, by 5.5, so the claims about
saddle value and saddle points follow from 2.37.

By 5.4, the KKTR-conditions hold if and only if (0, p,y) € 0F (z,0, @) or, equiv-
alently, if
F(z,0,u) + F*(0,p,y) = (4 y).

By 5.5, this means that = € X,, p € X;- and
Ef(z,u) + Ef*(p,y) = Elu-y]
or, equivalently,
Ef(z,u) + Ef*(p,y) = Elz - p| + E[t - y].
Since, by Fenchel’s inequality,
[l u,w) + f*(vy,w) 2z v+u-y,

this means that (p,y) € df(x,u) almost surely. By 2.33, this is equivalent to
v € Oyl(z,y) and @ € 9y[-1](x,y). O

The functions L and cl, L are not quite integral functionals because of the
constraints on the variables. However, one of the saddle functions between L
and cl, L is the function

= Ell(z,y)—z-p] ifpe X,
L b b - @
(@.p.y) {—oo otherwise.

5.4, 5.9 and 2.37 thus yield the following extension of 5.7.
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Corollary 5.10. If (Py) and (D) are feasible, the following are equivalent:

1. x solves (Px), (p,y) solves (D) and inf (Py) = sup (D);
2. 1€ Xy, (p,y) €XExY and
(p,y) € Of (z,0) a.s.;
3. (z,p,y) is a saddle point of the integral functional
(z,p,y) = Ell(z,y) —z-p+a-yl,
when minimizing over x € X and mazimizing over (p,y) € X+ x V;
4. € X,, (p,y) € X <Y and
p € 0 l(z,y), uedy[-ll(z,y) as.
Similarly, we can augment 5.8 as follows.
Corollary 5.11. If 9p(0,@) # (0, the following are equivalent for an v € X,:
1. x solves (Px);
2. there exists (p,y) € X;- x Y with
(p,y) € Of(z,u) a.s;
3. there exists (p,y) € X;- x Y with

p € O l(z,y), wedy[-l(z,y) as.

In the deterministic setting, X;- = {0} so condition 3 in 5.11 becomes the

a

KKTR-condition in finite-dimensional convex optimization. In the stochastic
setting, the shadow price of information p € Xal allows us to write the KKTR-

conditions scenariowise.

5.2 Reduced dual problems

In many applications, one can restrict the dual variables (p,y) to a subset of
X x Y without lowering the optimum value of the dual problem. This happens,

in particular, under the following.

Assumption 5.12. There is a mapping I : V x Y — V x Y such that
(ID*OH S (p*

and {(0,2),I(p,y)) = (u,y) for all (p,y) € dom p*.

79



Indeed, under 5.12 the optimum value of (D) equals that of the problem
maximize (@,y) — " (p,y) over(p,y) € rgell (5.3)

while
II(argmax (D)) C argmax (5.3) = argmax (D) NrgeIl.

5.12 is clearly satisfied if II is the identity mapping but in many situations, more
interesting choices are available.

By 2.8, the function

— inf ©*
9(y) = inf " (p.y)
is convex on Y. It is clear that the optimum value of (D) equals that of the
problem
maximize (@,y) — g(y)
yel

and that a pair (p,y) solves (D) if and only if y solves (5.4) and p attains the
infimum in the definition of g. Recall that a mapping v : )Y — Y is idempotent
if yoy = 7.

(5.4)

Theorem 5.13 (Reduced dual). Assume that there exist mappings © : Y — V
and~y : Y — Y such that vy is idempotent and the mapping Il(p,y) = (7(y),v(y))
satisfies 5.12. Then

9(y) = ¢"(m(y),y) Vy € rgen,
optimum value of (D) coincides with that of the problem

maximize (4, y) — g(y)
Yy €rge,

(5.5)

and if y € rgey solves (5.5) then (m(y),y) solves (D). If (p,y) solves (D),
then v(y) solves (5.5). If (Px) and (5.5) are feasible, then the following are
equivalent:

1. x solves (Px), y solves (5.5) and inf (Px) = sup (5.5);

2. x€X,, ycrgey and
(7(y),y) € Of (z,0) a.s.;
3. x€ X, y€ergey and

w(y) € 0xl(z,y), ue€dy[-l(z,y) a.s.
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Proof. Given y € ), we have
9(v(y)) = inf ©*(p,7(y))
peY

< @ (m(y),7(y))
< ;relf} ©* (DY)
= g(v),

where the second inequality holds by the assumption on II. Combining the
above with ((0,@), IL(p, ) = (2, ), we get

sup (5.5) > sup (5.3) > sup (5.4),

where equalities must hold since, trivially, sup (5.4) > sup(5.5). Thus, the
optimum value of (5.5) equals that of (5.4) which in turn equals sup (D). When
~v is idempotent and y € rge -y, we have v(y) = y so the above hold with equalities
and

9(y) = ¢*(7(y), y)-
This gives the relations between the optimal solutions. The rest now follows
from 5.10. O

The conditions of 5.13 may seem rather special, but they are satisfied in many
applications; see Section 7 for examples. In the applications, the mappings m
and v are typically defined in terms of conditional expectations.

Theorem 5.14. If g is closed at y € Y and ¢ is closed at (0,u) for all u € U,
then g(y) = ©(0,-)*(y). In particular, if g and ¢ are closed, then g = ¢(0,-)*.

Proof. By 2.23,
g (u) = Sl;p{<u7 y) —9(y)}

= Spuf{m’ y) — " (p,y)}

= (cl¢)(0,u).

Under the closedness assumptions, another application of 2.23 proves the claim.
O

Remark 5.15. Under the assumptions of 5.14, the reduced dual (5.4) is the dual
problem obtained from the general conjugate duality but without the parameter
z € X. Unlike ¢*, however, the function g is not closed, in general.

The function ¢ is closed under the assumptions of 5.13 if 7 is continuous and
is the identity mapping. Indeed, 5.13 then says that g(y) = ¢*(7(y),y) which
is closed as a composition of a continuous linear mapping and a closed convex
function.

The following lemma gives sufficient conditions for 5.12.
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Lemma 5.16. LetI1: VXY >V xY and & : X x X XU — X be such that I is
continuous and linear and

Fé(x, z,u), 11" (2,u) < F(z,z,u) V(r,z,u) € X Xx X xU.
Then
pell* < ¢ and @*ell < p*.
If, in addition, I1*(0,0) € X, x {u}, then 5.12 holds.

Proof. Minimizing both sides of the inequality over x € X gives

inf F(z, z,u) <inf F({(x, z,u),II*(2,u)) <inf F(z,z,u) VY(z,u) € X xU

x
or, in other words, @oIl* < . By ??, this implies @*oIl < p*.
Assume now that I1*(0,u) € X, x {u}. Since dom p* C X} x ), we get

<(O’ ﬁ), H(p, y)> = <H* (Ov ﬂ)v (pa y)> = <’L_L, y>

for all (p,y) € dom ™. O

6 Duality for (P)

We now return to problem (??) where one optimizes over the space A of all
adapted strategies, not just those belonging to X' as in (Py). While problem
(Px) in Section 5 allows for a convenient dualization within the purely functional
analytic conjugate duality framework, there are interesting applications where
inf (Py) > inf (??) or where the infimum in (??) is attained in L° but not in
X; see 6.6 for a simple illustration. It may even happen that (Py) is infeasible
while (??) is not. This section shows that many of the duality relations between
(Px) and (D) derived in Section 5 also hold between (??) and (D).

Recall the dual of (Py) can be written as

maximize (4,y) — " (p,y) over(p,y) €V x Y. (D)

One could define a dual problem for (?77) simply by replacing ¢* by the conjugate
of the function @ : X x U — R defined by

@(z,u) == inf {Ef(z,u) [z -z € N}
€L

While in the definition of ¢, the strategies are sought from the locally convex
space X C L°, in the definition of @, we minimize over all of L°. Clearly,
?(0,7) = inf (??) and @ < . Under a mild condition, the conjugates of ¢ and
@ coincide, so we may regard (D) as the dual problem of both (Py) and (?7?).
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Lemma 6.1. Ifdom Ef N (X xU) # 0, then ¢* = ¢* and
0p(z,u) C 0p(z, u)

for every (z,u) € X x U with an equality whenever the left side is nonempty.

Proof. Since ¢ > @, we have ¢* < @*. To prove the converse, let (p,y) €
dom ¢*. By 5.5,
" (py) = Ef*(py) + 6x2 (p),

so p € X, Given any (z,2,u) € L® x X x U, Fenchel’s inequality gives
Ef(z,u) +onx(z —2) + Ef*(p,y) > E[(x — 2) - p| + E[2 - p] + E[u -y
so, by 3.40,
Ef(z,u) +0x(x —2) + Ef*(p,y) = Elz - p] + Elu - y].

Thus, ¢(z,u) 4+ ¢*(p,y) > (z,p) + (u,y) for all (z,u) € X XU, which means that
?*(p,y) < ¢*(p,y). This proves the first claim.

Trivially, Op(z,u) C 9p(z,u) if dp(z,u) = 0, so assume that dp(z,u) # . We
have, in particular, (z,u) € dom¢ and thus, dom Ef N (X x U) # (). By the
first claim, * = @*. Recall that, by Fenchel’s inequality,

o(z,u) + 0" (p,y) > (2,p) + (u,y)

and that the equality holds if and only if (p,y) € dp(z,u). Similarly for ¢. The
subdifferential inclusion thus follows from the fact that ¢ > @.

By the first claim and 2.23, clp = cl@. In particular, ¢ > @ > clyp. When
do(z,u) # 0, we have p(z,u) = clp(z,u) so ¢(z,u) = ¢(z,u) and thus, p(z,u)+

¢*(p,y) = (z,p) + (u,y) if and only if o(z,u) + ¢*(p,y) = (z,p) + (v, y). In
other words, (p,y) € 0@(z,u) if and only if (p,y) € dp(z,u). O

The following summarizes the relationships between problems (Py), (??) and
(D).

Theorem 6.2. Assume that dom Ef N (X x U) # 0. We have
inf (Py) > inf (??) > sup (D)
and
1. inf (2?) = sup (D) if and only if ¢ is closed at (0,a),
2. inf (Py) = inf (2?) = sup (D) if and only if ¢ is closed at (0,a),
3. if (0,a) < oo, then the following are equivalent:
(a) (p,y) solves (D) and inf (??) = sup (D);
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(b) either (p,y) € 9¢(0,a) or §(0,a) = —o0,
4. if 0(0,7) < 0o, then the following are equivalent:

(a) (p,y) solves (D) and inf (Pxy) = inf (??) = sup (D);
(b) either (p,y) € 0p(0,a) or ¢(0,a) = —oo.

Proof. The first inequality is trivial. Fenchel’s inequality gives

inf (7?) = @(0, @)

> sup {{4,y) — ¢ (py)}
(py)EVXY

= sup {{@,y) — " (p,y)} = sup (D),
(p,y)EVXY

where the second equality holds by 6.1.

By definition, inf (??) = ¢(0,4) and sup (D) = ¢**(0,a). By 6.1, ¢™* = §** so
part 1 follows from 2.23. Part 2 follows from 5.2 while part 4 follows from 5.3.
It remains to prove 3. By Fenchel’s inequality,

@(O’ Z) > <’U" y> - 415*(177 y)

Condition 3a means that either ¢(0,a) = —oo or ¢(0,2) = (@,y) — ¢*(p,y)
while, by the definition of a subgradient, 3b means that either ¢(0,4) = —oo or
?(0,2) = (u,y) — ¢*(p,y). The claim thus follows from 6.1. O

The condition dom EfN(X xU) # ) in 6.1 and 6.2 holds, in particular, if (Py) is
feasible. Sufficient conditions for the closedness of @ will be given in Chapter ??
while Chapter ?? gives sufficient conditions for the subdifferentiability of ¢ at
(0,a).

The following gives an analogue of 5.10 for general strategies x € L°.

Theorem 6.3. If dom Ef N (X xU) # 0 and (??) and (D) are feasible, then the
following are equivalent:

1. x solves (17), (p,y) solves (D) and inf (2?7) = sup (D);
2. x is feasible in (??), (p,y) is feasible in (D) and

(p,y) € Of (z,4) a.s.;
3. x is feasible in (??), (p,y) is feasible in (D) and

p € 0 l(z,y), uedy[-ll(z,y) as.
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Proof. The equivalence of 2 and 3 follows by scenariowise application of the
equivalence of 3 and 5 in 2.33. Let z € N and (p,y) € V x Y be feasible. By
Fenchel’s inequality,

flx,a)+ f*(p,y) —u-y>x-p as. (6.1)

so, by 3.33,
Ef(z,u)+ E[f*(p,y) —u-y] > Elz - p. (6.2)

By the feasibility of 2 and (p,y), the expectations on the left are finite so (6.2)
holds as an equality if and only if (6.1) holds as an equality almost surely.
Equality in (6.1) means that 2 holds. By Lemma 3.40, E[z - p] = 0, so equality
in (6.2) means that 1 holds. O

If 0p(0,u) # @, then, by 6.2, inf (??) = sup (D) and the dual has a solution. 6.3
thus implies the following optimality conditions for (7).

Corollary 6.4. If domEf N (X x U) # O and 0p(0,a) # 0, then inf (??7) =
sup (D), the dual optimum is attained, and the following are equivalent:

1. z solves (7);

2. x is feasible in (??) and there exists (p,y) feasible in (D) with
(p,y) € 0f (z,u) a.s;

3. x is feasible in (??) and there exists (p,y) feasible in (D) with

p € O l(z,y), wedy[-l(z,y) as.

Recall that, by 6.1, the condition d@(0,u) # 0 is implied by dp(0,u) # 0.
Sufficient conditions for this will be given in Chapter ?7.

Corollary 6.5. Assume that dom Ef N (X X U) # 0 and (p,y) € 0p(0,a). Then
optimal solutions x of (1?) are scenariowise minimizers of the function

=z, y(w),w) —x - p(w).

Conwversely, if the function has a unique scenariowise minimizer x and if (?7)
admits solutions, then x solves (??) and, in particular, x is feasible and adapted.

Proof. The first claim follows directly from 6.4 after observing that the first
inclusion in part 3 means that x minimizes the function

z = (2, y(w),w) =z - p(w).

If the primal admits solutions, then it satisfies the inclusions in part 3 of 6.4.
If the minimizer x of the above function is unique, it thus has to be a unique
primal solution. U
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Example 6.6. It may happen that
inf (Px) > inf (??) = sup (D).

Indeed, let
f(.T,U,OJ) = 5{0}(£T - uf(W))

If¢ ¢ X and u =1, then (??) is feasible while (Px) is not. Clearly Ef is proper
on X xU and f*(0,0) = 0, so inf (??) = sup (D) = 0. Another example with
finite inf (Px) < 0o is obtained by letting

[z, u,w) = (x0 — 1)* + 60y (w0 (w) — 71),

Fo = {Q,0} and £ € LO°(Fy) with € ¢ X. Since f is nonnegative, (1,£) is
optimal for (??) and the optimum value is zero. Here Ef is proper on X X U,
and, by a direct verification, f*(0,0) = 0, so the origin is a dual solution and
inf (??) = sup (D) = 0. On the other hand, the only feasible solution of (Px) is
the origin, so inf (Py) = 1.

Recall the reduced dual problems and the function
= inf ©*
9(y) = inf " (p.y)

from Section 5.2. The following extends 5.13 to general strategies x € N.

Theorem 6.7 (Reduced dual). Assume that there exist mappings w:Y — V and
v :Y = Y such that v is idempotent and the mapping (p,y) = (7(y),v(y))
satisfies 5.12. Then

9(y) = " (7(y),y) Vy € rge,
optimum value of (D) coincides with that of the problem

maximize (4, y) — g(y)
y € rge,

(6.3)

and if y € rgey solves (6.3) then (n(y),y) solves (D). If (p,y) solves (D),
then y(y) solves (6.3). If (??7) and (6.3) are feasible, then the following are
equivalent:

1. x solves (?7), y solves (6.3) and inf (??7) = sup (6.3);

2. x is feasible in (?7), y is feasible in (6.3) and
(m(y),y) € 0f (z, 1) a.s;

3. x is feasible in (??), y is feasible in (6.3) and

w(y) € 0xl(z,y), ue€dy[-l(x,y) a.s.
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Proof. The claims up to the equivalences are a repetition of 5.13. The equiva-
lences follow now from 6.3. O

The following is analogous to 5.14.

Theorem 6.8. Assume that dom Ef N (X xU) # 0. If g is closed at y € Y and
@ is closed at (0,u) for all w € U, then g(y) = ¢(0,-)*(y). In particular, if g
and @ are closed, then g = ¢(0,-)*.

Proof. By 2.23 and 6.1,

g"(u) = St;p{<u7 y) —9(y)}

= iu5{<u7 y) — 9" (0,y)}

(cle)(0,u) = (c1)(0,u).

Under the closedness assumptions, another application of 2.23 proves the claim.
O

The closedness of ¢ will be the topic of the Chapter ??7. The following is the
analogue of 5.16 for general strategies x. The proof is almost identical so it is
omitted.

Lemma 6.9. LetII: VxY =V xY and £ : L° x X xU — L be such that 11 is
continuous and linear and

F(&(x, z,u), 1% (2,u)) < F(z,2,u) Y(x,z,u) € L’ x X xU.

Then
@Il < ¢ and @ oll < "
If, in addition, I1*(0,a) € X, x {ua}, then 5.12 holds.

7 Applications

This section applies the general duality results of this chapter to the five ex-
amples considered at the beginning of the course. We find explicit expressions
for the involved functions and conditions but only give selected statements as
examples of how the general results can be applied.

7.1 Mathematical programming

Consider again problem

minimize Efo(x) over z €N,
subject to file) <0 j=1,...,las.,
file)=0 j=1+1,...,ma.s.
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This fits the general duality framework with o = 0 and

folz,w) fzedomH(,w), Hz,w)+ueK,

400 otherwise,

flz,u,w) = {
where K = RY x {0} and H is the random K-convex function defined by

dom H(-,w) = ﬂ dom f;(,w) and H(z,w)= (fi(z,w))];.

j=1

That f is a convex normal integrand follows from arguments similar to those
used in Section ?? to show that h is a convex normal integrand.

The Lagrangian integrand becomes

lx,y,w) = inf{f(z,u,w) —u-y}
=inf{fo(z,w) —u-y |z €dom H(-,w), H(z,w)+uec K}

+00 if v ¢ dom H(-,w),
=1 folz,w)+y -H(z,w) ifzedomH(,,w)andye K°,
—00 otherwise.

The conjugate of f is given by

f*(payaw) = Suﬂg {xpf l(mava)}
TER™

= sup {irp_ f()(xaw) _y'H(wi) ‘ T € domH(-,w)}
weRTl,

for y € K° and f*(p,y,w) = +oo for y ¢ K°. If domEf N (X xU) # 0,
Corollary 5.6 says that the dual problem can be written as

maximize F| ian {fo(z) +y - H(z) —x-p}] over (p,y) € XF xY
weRn (7.1)
subject to ye K° a.s.

To get more explicit expressions for f* and the dual problem, additional struc-
ture is needed; see e.g Example 7.2 below. Theorem 6.3 gives the following.

Theorem 7.1. If dom Ef N (X xU) # 0 and (??) and (7.1) are feasible, then
the following are equivalent:

1. z solves (?7), (p,y) solves (7.1) and inf (??) = sup (7.1);
2. x is feasible in (?7), (p,y) is feasible in (7.1) and

p € O:[fo+y - H|(x),
H(z)e K, yeK° y-H(x)=0

almost surely.
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Proof. By Theorem 6.3, it suffices to note that, when (z,y) € dom!, we have
0 € 9y[-l](z,y) = —H(z) + Nk (y),

if and only if H(z) € 9dk-(y). By ?THM? ??, this is equivalent to the given
complementarity condition. O

The more general composite format in Example 3.47 can be treated in an anal-
ogous way. In case of linear stochastic programming, the dual can be written
down explicitly in terms of the problem data.

Example 7.2 (Linear stochastic programming). Consider the problem

minimize Elx-c] overz e N

. (7.2)
subject to Ar+be K a.s.

from Example 3.48 and assume that there exists (x,u) € X xU such that E[z-c] <
0o and Ax +u+ b € K almost surely. The dual problem becomes

maximize FE[b-y] over pe X, ye ),
subject to  A*y+c=p, y€ K° a.s.

and the scenariowise KKTR-conditions

Ay +c=p,
Az +be K, yeK°® (Azx+b)-y=0,

where A* is the scenariowise transpose of A.

Proof. This is a special case of (??) with fy(r,w) = c¢(w) - ¢ and f;(z,w) =
a;(w) -z +bj(w) for j=1,...,m. We get

Wz, y,w) =2 c(w) +y-Aw)z +y - blw) — dxe(y)
and

f(p,y,w) = sup {z - p—l(z,y,w)}

rE€R"™
) -y-b(w) ify € K° and A*(w)y + c(w) = p,
]+ otherwise.

This gives the dual problem while the KKTR-conditions follow directly from
Theorem 7.1. O

The stochastic linear programming problem satisfies the assumptions of Theo-
rem 6.7 under natural conditions. We will denote the adapted projection of an
integrable process u = (us)L_, by

Yy = (Etut)z;o.
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Example 7.3 (Linear stochastic programming, reduced dual). In the setting of
Example 7.2 assume that c € V and A*y € V for ally € Y. Then, the optimum
value of the dual problem equals that of the reduced dual problem

maximize Eb-y] over ye),

7.3
subject to “(A*y+c)=0, ye K° a.s. (7.3)

and a pair (p,y) solves the dual if and only if y solves (7.3) and
p=A"y+c—"(A*y +c).
If (7.2) and (7.3) are feasible, then the following are equivalent:

1. x solves (7.2), y solves (7.3) and inf (??7) = sup (6.3);
2. x is feasible in (7.2), y is feasible in (7.3) and

“(A'y+¢)=0,
Az +be K, yeK°, (Az+b)-y=0.

Proof. This fits the format of Theorem 6.7 with 7(y) := A*y + ¢ — “(A*y + ¢)
and v(y) = y. Indeed, using the expression for f* in the proof of Example 7.2,
gives

E[-b-y] ifpe X}t andyec K°and A*y+c=p,
+o00o otherwise.

©*(py) = {

Since any p € X;- has %p = 0, it is clear that Assumption 5.12 is satisfied so the
claims follow from Theorem 6.7. O

Remark 7.4. If, in Ezample 7.3, the elements of ¢; and the columns A; of A
corresponding to x; are Fy-measurable, then by ?THM? 17, the reduced dual can
be written as

maximize Eb-y] over ye ),
subject to +A} - Ewy=0 Vt, ye K° a.s.

If, in addition, b € U and b is Fp-measurable and the space Y is such that
Ewy € for everyy € Y, then by ¢THM? 17, we can write this as

maximize E[b-yr] over (y)ig € MY,
subject to ¢+A; -y =0, y € K° VYt a.s.,

where MY is the linear space of martingales (y;)_o with y; € Y for all t.
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7.2 Optimal stopping

Consider again the relaxed optimal stopping problem

T
maximize E Z Rixy overxz € N,
t=0
T
subject to x>0, th <1 a.s.
t=0

from Sections ?? and ??. This fits the general duality framework with n; = 1,
m =1,
T . T
Y i oTR(w) ifx>0and ), ¢+ u <0,
+00 otherwise

f(x,u,w):{

and © = —1. Recall that we have flipped signs here to make the maximization
problem (??) fit the general format (?7). We get

l(z,y,w) = inf {f(z,u,w)—uy}

ueR”
T T
= inf {—thRt(w) —uy | x>0, th +u <0}
R — t=0
g mRew) +y i w4 Sry (@) iy 20,
] - otherwise

_ [ wily = Rew)) + 0ry () ify >0,
—00 otherwise

and

ff(pyw) = sup {z-p—Il(z,y,w)}
reR™

T
= sup Y wi[pr —y + Re(w)]

T€RY =0

_{O ify>0and p; + Ri(w) <y, t=0,...,T,

+o0o  otherwise.

Since dom Ef N (X x U) # B, Corollary 5.6 says that the dual of (??) can be
written as
minimize Ey over(p,y) € X} x Y,

. (7.4)
subject to pr+R: <y t=0,...,T a.s.

Again, we have changed the sign to conform to the tradition of writing the
optimal stopping problem as a maximization problem. It is clear that (??) is
feasible, and (7.4) is feasible as soon as the pathwise maximum max; R; of R
belongs ). Theorem 6.3 thus gives the following.
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Theorem 7.5. Assume that max; R, € Y. The following are equivalent:
1. x solves (17), (p,y) solves (7.4) and there is no duality gap;
2. x € N and (p,y) € X} x Y and

x>0, pp+Re <y, ;e(pe + Re —y)=0 t=0,...,T,
T T
y >0, thgl, y(Zwt—l)zo
t=0 t=0

almost surely.

In particular, a stopping time 7 € T solves (7?) and (p,y) € X;- x Y, solves
the (7.4) if and only if pr + Ry < y for all t and p; + R, = y almost surely.
Here, pr41 :=0.

Proof. The scenariowise KKTR-condition in Theorem 6.3 can be written as

pt+Rt—y€NR+(mt) t=20,...,T,
T
> @y —1€ Ne,(y).
t=0

This is equivalent to the conditions given in the statement; see 7THM? ??. The
second claim thus follows from Theorem 5.7 and Corollary 5.10. The last claim
follows from the fact that a 7 € T solves the optimal stopping problem (??) if
and only if the process x € N given by

1 ift=r,
Ty = .
0 ift#T
is optimal in (??); see the beginning of Section ??. O

Under mild conditions, the assumptions of Theorem 6.7 on the reduced dual
problem hold with the mappings 7 : Y — V and v : Y — Y given by n(y) =
(y — Evy)E, and v(y) = Ery, respectively. Combining Theorem 7.5 with The-
orem 6.7 thus gives the following.

Corollary 7.6 (Reduced dual). Assume that Ry € Y and EY CY CV; for all
t. The optimum value of (7.4) equals that of

minimize Ey overy € Vi (Fr)

. (7.5)
subject to R; < Ewy t=0,...,T a.s.

If (p,y) solves (7.4), then Ery solves (7.5). If y solves (7.5), then ((y —
Ew)E o, y) solves (7.4). An x € N solves (?7), y € Y4 (Fr) solves (7.5) and
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there is no duality gap if and only if

¢ > 0, RtSEty7 xt(Rt*Ety):O t=0,...,T,

T T
y >0, th <1, y(th—l)zo.
t=0 t=0

Remark 7.7. The reduced dual in Corollary 7.6 can be written as

minimize Fyg overy € MK (7.6)

subject to R; <y, t=0,...,T a.s., '
where MI is the cone of nonnegative martingales y with y, € Y for all t =
0,...,T. Thus, z € N solves the primal, y € M{ solves (7.6) and there is no
duality gap if and only if

x>0, Ry <y, w(Re—y) =0 t=0,...,T,

T T
yr >0, > @ <1, yr(d_z —1)=0.
t=0 t=0

In particular, a stopping time 7 € T is optimal in (?7) andy € M{ solves (7.6)
if and only if Ry <y for allt and R, = y,, where yp41 := yr.

Chapters 7?7 and ?? below give sufficient conditions for the absence of a duality
gap and the existence of dual solutions, respectively, in the general formulation
of (??). In optimal stopping, absence of a duality gap and the existence of dual
solutions can be proved directly using ?7THM? ??. The argument is based on the
Doob decomposition of the Snell envelope of the reward process R. A stochastic
process A is said to be predictable if A; is F;_1-measurable for all ¢.

Lemma 7.8 (Doob decomposition). Assume that E;Y C Y for all t. Given an
adapted process y = (y¢)L_o with y; € Y for all t, there exist unique processes
M and A such that

y=M+ A,

M is a martingale, A is predictable Ag = 0 and My, Ay € Y for allt. Ify is a
supermartingale, A is nonincreasing.

Proof. 1t suffices to define M and A recursively by Ag = 0, AA; = Ey_ 1Ay,
and My = yo, AM; = Ay, — AA;. The uniqueness follows from the fact that
a process that is both predictable and a martingale is necessarily a constant
process. O

Recall from Section ?? that the Snell envelope S of R is the smallest super-
martingale that dominates R.
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Corollary 7.9 (Snell envelope). Assume that Ry € Y and E;Y CY C V; for allt.
Then there is no duality gap and the martingale part M of the Snell envelope of
R solves (7.6). The optimal stopping times T are characterised by the condition
R, = M,, where My := Mr.

Proof. Let S be the Snell envelope of the reward process R. By decomposability
of Y, S; € Y and, since S is a supermartingale, it admits the decomposition
S = M + A from Lemma 7.8. Since A is nonincreasing and Ay = 0, the
martingale M dominates R and ESy = EM, while, by 7THM? ??, ESj equals
the optimum value of (??). Thus, M solves (7.6) and there is no duality gap.
The last claim now follows from that of Remark 7.7. O

Remark 7.10 (Davis—Karatzas duality). Trivially, the normal integrand

Flz,u,w) = {_ZtT_O 2 Re(w) if x>0, E?:o e +u <0 and ZtT:o x <1,

+00 otherwise

gives rise to the same primal problem as f introduced above. The corresponding
Lagrangian integrand becomes

1o Tt (y — Re(w)) + 0rn () + 0 (g me — 1) ify >0,
—00 otherwise

l~(£7y7w) = {

and the conjugate integrand

f*(pava) = Slgip{m o S i(l’,y,b.))}

Fe)

t=0

sup {Z zi(pe — y + R (w))

S

= sup {pt —y+ Re(w)}.

t=0,...,T

Much like in Remark 7.7, we find the reduced dual problem

minimize FE [ sup {R¢+yr — yt}} overy € MY. (7.7)
t=0,...,T

)

Note that, unlike f*, the normal integrand f* is everywhere finite and it is dom-
inated by f*. It follows that the optimum value of the dual problem associated
with f lies between the original primal and dual optimum values. In particular,
if inf (??) = sup (7.4), then the optimum value of (7.7) equals that of (7.4). The
finiteness of f* may make (7.7) easier to solve numerically. Being sandwiched
between the primal and the original dual, its values provide tighter upper bounds
for the optimum value of the primal problem.
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7.3 Optimal control

Consider the optimal control problem

minimize E over (X,U) €N,

T
> Li(Xe, Uh)
t=0

subject to AXy = A Xy 1 +BU_1+W, t=1,....T a.s.

(7.8)

and recall that X; takes values in RY and U; in RM. Problem (7.8) fits the
general duality framework with z = (X,U), i = W)L, ni=N+M, m=T
and

T T
f(x,u,w) = Z Lt(Xt, Ut,LU) + Z 6{0}(AX,5 — At(OJ)Xt_l — Bt(w)Ut_l — ut).
t=0

t=1

We thus assume that X and U are spaces of R(ITTDWNHEM)_ and RTM _yalued
random variables, respectively, and that (Wy,..., Wr) € U. By solidity,

U=U X xUp, V=)V %x XV,

where U, and ), are solid decomposable spaces of RM-valued random variables
in separating duality under the bilinear form (u, ;) — Efu;-y:]. It follows that

T

(u,y) = ZE[ut Y]

t=1
For simplicity, we assume further that, for all ¢,

=SxC, U, =S,
:S/XCI, V=

where S and C are solid decomposable spaces in separating duality with solid
decomposable spaces 8’ and C’, respectively.

The Lagrangian integrand becomes

l(xvva):uler]g {f(x,u,w)—u-y}
T T
:ZL Xt;Uu Z AX; — Xt 1— Bt( )Utfl) “ Y
t=0 t=1

Using the integration by parts formula,

T T
ZAXt Yy = _ZXt Ay,
=1

t=0
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where yg := yr4+1 := 0, we get

T
Z AX, — Xt 1— Bt( )Utfl) “ Yt
t=1

M=

Xt (Ayrrr + Af 1 (W) Yer1) + Up - Bl (W)yes1),  (7.9)
t

Il
o

where Aryy := 0 and Bpy; := 0. Thus, the Lagrangian integrand can be
written as

Uz, y,w) = Z[Lt(Xt; Ut,w)

t=0
+ (X1, Up) - (Ayeyr + A:Jrl(w)ytJrlaB;+1<w)yt+1)]

and the conjugate of f becomes

f*('U,y,UJ) = Suﬁg {x v —l(m,y,w)}
TER™

= ZL — (Ayeq1 + At+1( W)Ytr1, Bf+1(w)yt+1)7w).

As soon as dom Ef N (X x U) # B, Theorem 5.5 says that the conjugate of the
optimum value function can be written as

T

D L — (Ayerr + Afy i, Biayin)
t=0

o (p,y)=E +dox:(p) (7.10)

and, by Corollary 5.6, the dual problem becomes

maximize FE Z Wy -y — Z Li(pt — (Ayesr + A7 Y41, Bf+1yt+1))‘|
t=1
over (p,y) € X x V.
(7.11)

Theorem 6.3 gives the following.

Theorem 7.11. Ifdom Ef N (X xU) # 0 and (7.8) and (7.11) are feasible, then
the following are equivalent:

1. (X,U) solves (7.8), (p,y) solves (7.11) and there is no duality gap;
2. (X,U) is feasible in (7.8), (p,y) is feasible in (7.11) and
— (Aye1 + A} Y1, B Y1) € OLy( Xy, Uy),

for all t almost surely.
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The optimality conditions in Theorem 7.11 yield a characterization of the opti-
mal control U as a pointwise minimizer of a “Hamiltonian” function associated

with problem (7.8).

Remark 7.12 (Maximum principle). The scenariowise KK TR-conditions in The-
orem 7.11 mean that (X,U) satisfies the system equations and that

—(AYt+1,0) € Ox,,v) He (X, Uty ye41) — b
where
Hy(Xe, Up, yiv1) i= Li(Xe, Up) + yei1 - (A1 X + BryaUs).
This can be written equivalently as

Up € argmin{Hy (X, Uz, ye41) — (X¢, Us) - pe },
U;eRM

—Ayi1 € aXtI:It(Xt,ptayt+1)7

where

Hy( X, ptyyry1) = UiélﬂgM{Ht(Xtv Ut, ys41) — (Xt Up) - pe}-

If, for all (X¢, U, ys41) € RY x RM x RN,
Ocx,uny He(Xt, Us, ye 1) = Ox, He (X, U, yey1) X Ou, He(Xt, Up, i), (7.12)
this can be written as

Up € argmin{Hy (X, Up, ye41) — (Xe, Ur) - pe},
Ute]RJ\/I

Ay € Ox {AH (X, Up,ye41) — (Xo, Up) - i}

almost surely. Condition (7.12) holds, by ?THM? ??, in particular, if Ly is of
the form
Ly(X,U) = L{(X,U) + Ly (X) + L{ (U),

where all the functions are convex and LY is finite and differentiable.
Proof. The optimality conditions in Theorem 7.11 mean that
_(Ayt+1a O) S 8ft(Xt, Ut)a (713)

where fi(X¢,Up) := He(Xe, Ug, yr41) — (X, Up) - pe. The first claim thus follows
from Theorem 2.33 with v = 0, z = Uy, v = X; and F = f;. Under (7.12),
condition (7.13) can be written as

—Ayi41 € 3tht(Xt, Ut),
0 € Oy, [i(X¢, Up),

which is the second condition. O
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Remark 7.19 below gives a version of the maximum principle which does not
involve the shadow price of information p. This will require some extra assump-
tions on the problem data. Recall that the Kéthe dual of a space U of random
variables is the linear space

{ye L |u-y e L' Yu cU}.

Assumption 7.13. The spaces S’ and C' are the Kéthe duals of S and C, respec-
tively, and, for allt,

1. BE;SCS and E.C CC,

Except for condition 2, Assumption 7.13 holds automatically e.g. in Lebesgue
and Orlicz spaces; see the examples in Section 4.1. Condition 2 imposes natural
integrability conditions on the matrices. It holds e.g. in spaces of finite moments
if the elements of A; and B; have finite moments; see 7THM? ??. By Lemma 4.6
and Lemma 4.5, Assumption 7.13 implies that, for all ¢,

1. E,8' €& and EC' C C,
2. ArS' C 8 and BrS' C (.

Note that, under Assumption 7.13, dom E fN (X xU) # () means that dom E[ZZ;O LN
X # 0 for every t. This holds in particular, if each EL; is proper on S x C.

Under Assumption 7.13, the dual problem (7.11) can be simplified using the
general techniques of Section 5.2. We will find that problem (7.8) satisfies
Assumption 5.12 with different choices for the mapping II resulting in different
restrictions in the dual problem.

Remark 7.14. Let (p,y) € X x Y. Since x = (X,U), the shadow price of
information p € X;- can be decomposed as p = (V,Y), where V € (8")T+! and
Y € (C"T*L. Under Assumption 7.13, there exists (p,§) € X x Y that achieves
the same dual objective value as (p,y) but the component of p; corresponding to
the state Xy is zero for t > 1. This is quite natural given that the information
constraint on the state X; for t > 1 is redundant as observed in ?THM? 7.

Proof. Define IT* : X xU — X xU by IT*(Z, R,u) = (Z, R, u), where Z is given
by

Zy = Zy,
AZ; = AZi 1+ BeRi 1 + uy.

Given (z,z,u) € dom F and (&, Z, 4) = IT*(x, 2z, u), we have

AXy = A X+ BlUiq +uy
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S0
AXy —Zy) = Al( X1 — Zp—1) + B (U1 — Ry—1).

It follows that z — Z € N so F(Z,z,4) = F(z, z,u). We thus have

F(2,11*(z,u)) < F(z,2,u) (z,2,u) € L° x X xU.

Recursive application of Lemma 4.5 shows that, under Assumption 7.13, IT* is
continuous so it has a continuous adjoint II. Clearly, IT*(0,%) € X, x {@}, so
Assumption 5.12 holds, by Lemma 6.9. Thus, as observed at the beginning of
79 5.2, we may restrict the dual problem to rgeIl. Since

kerIT* = {(Z,R,u) | Zy =0, R=0, u =0},
we have
clrgell = (ker IT*): = {(V,Y,9) | Vi =0 t=1,...,T}

which completes the proof. O

Recall that the adapted projection “y of a process y € ) is defined by *y; :=
Ey,. We will denote the set of adapted processes in ) by V.

Remark 7.15. Let Assumption 7.13 hold and (p,y) € X3+ x Y. There evists
(P,§) € X x YV, that achieves the same dual objective value as (p,y). In
particular, if dual solutions exist, then there exists one where y is adapted. If,
in addition, each Ly is Fyy1-measurable and each ELy is closed and proper on
S x C, then there exists (p,7) € X x Y, such that p; is Fyy1-measurable and
(P, J) achieves dual objective value at least as good as (p,y).

Proof. Let § = %y and

Pt = pt + (A¥sr1 + A1 0e+1, By Uev1) — (AYsrr + Al Yer1, Bipayerr)-

Tt is clear that the dual objective values are the same at (p,y) and (p,§), while
Lemma 4.7 implies $ € X;-. Under the additional assumptions, for any (p,y) €
X:- x Y, Theorem 4.13 implies

T
E Li(pt — (Ayrs1 + Af1Ye+1, Bf+1yt+1))]
t=0
T
Z Ly (Erialpd] — (Ayet1 + A1 Yes1, B:+1yt+1))] ;
t=
which completes the proof. O

Theorem 6.7 yields the following.
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Corollary 7.16 (Reduced dual). Assume that each Ly is Fi-measurable, each EL;
1s closed and proper on S XC and that Assumption 7.13 holds. Then the optimum
value of the dual problem (7.11) equals that of the reduced dual problem

T T
maximize £ D Wiy — Y Li(—Ei(Ayspr + Afy19er1s Biaye) | (7.14)
¢ t=1 t=0

and the dual has a solution if and only if the reduced dual has a solution. If
dom EfN(X xU) # 0 and (7.8) and (7.14) are feasible, then the following are
equivalent:

1. (X,U) solves (7.8), y solves (7.14) and inf (7.8) = sup (7.14);
2. (X,U) is feasible in (7.8), y is feasible in (7.14) and
—Ei(Ayir1 + Afp Y1, Biayer1) € OLy(Xy, Uy)

for all t almost surely.

Proof. By Assumption 7.13, the mappings 7 : Y — V and v : Y — ) are
well-defined by v(y) = *y and

T(Y)e = (A1 + Ay “Yerr, Bicy “Yer1) — Er(Aysgr + Af 1 yer1, B yer)-

It suffices to show that they satisfy the assumptions of Theorem 6.7. Applying
the Jensen’s inequality in Theorem 4.13 to the expression of ¢* in (7.10) gives,
for every (p,y) € Xt x Y,

T
0" (py) =E lZ L; (pe — (Ayrsr + A7 1y, Bf+1yt+1))]
t=0

T
> E [Z Ly (—Et[Ayer + Al Yt Bf+1yt+1])]
t=0

=" (7(y),7(y)),

which is the first condition in Assumption 5.12. Since © = W is adapted, the
last condition in Assumption 5.12 holds by 7THM? ?7?. O

The following gives a more functional analytic proof of Corollary 7.16. The
argument is based on establishing the properties of the primal problem in
Lemma 5.16.

Remark 7.17. We saw in the derivation of the Lagrangian integrand that the
random linear mapping

K(I,W) = (AXt - At((.L))Xt_l - Bt(w)Ut—l)thl
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has scenariowise adjoint given by

K*(y,w) = —(Aytp1 + A 1Yit1, Bt*+1yt+1)tT:o-

By Lemma 4.5, Assumption 7.13 implies that the pointwise application of K
induces a continuous linear mapping IC : X — U and that its adjoint C* : Y — V
18 given by pointwise application of K*.

Given (x,z,u) € dom F, we have x —z € N and K(z) = u. Jensen’s inequality
gives
EL(E: X, E.Uy) < EL(X¢,Uy)

while
K(*z) =K(z) + K"z —2) =u+ K("2 — 2) = u+ K("2) — K(2).
Since K(*z) and K(*z) are adapted, we have
K(z) ="u+ K("2) — "K(2).
Thus, the conditions of Lemma 5.16 are satisfied with £(z, z,u) = °z and
IT"(z,u) = (0, %u + K(°2) — “K(z)).

We have

(IT"(z,u), (p,y)) = ("u+ K("2) = “K(2), )

= (2,"K*(y) = K*("y)) + (u,“y)

so the adjoint of II* is given by Il(p,y) = (“K*(y) — K*(“y),y). This satisfies
the assumptions of Theorem 6.7.

Remark 7.18. FEwven if the normal integrands L; are not Fy-measurable, one
can apply Corollary 7.16 to the optimal control problem where each Li has been
replaced by its conditional expectation EyL;. The corresponding optimality con-
ditions would then become

—Ey(Ayr1 + A Y1, Bigyer1) € O(Ey Ly ) (Xy, Uy)

for all t almost surely. By Fenchel’s inequality, dual feasibility implies that
Li(X:,U;) are quasi-integrable for every (X,U) € X so, by ?THM? ?? and
¢THM? 77,

T

ZLt(Xt; Ut)

t=0

E ) V(X,U) € X,.

T
> (EiLi) (X, Uy)
t=0

The two control problems thus coincide over the space X,.
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Remark 7.19 (Maximum principle in reduced form). The scenariowise optimality
condition in Corollary 7.16 can be written as

—(EtAyi41,0) € Ox,vyHe(Xe, Up, yeg1),
where
Hy(Xe, U, yeqr) := Lo(Xe, Up) + B ALy ] - Xo + By BYyyesa] - Use
As in Remark 7.12, the optimality conditions can thus be written as

Ut S argmin Ht(Xt, Ut, yt+1)7
UtERM

—E Ay € 3XHt(Xt, Yet1),

where

Ht(Xt7yt+1) = Ulél]]gM Ht(Xtv Uta Z/t+1)-

7.4 Problems of Lagrange

Consider again problem (?7?)

T

ZKt(a:t, A:ct)] overr € N

t=0

minimize F

from Section ??. This fits the general duality framework with @ = 0 and

T

flz,u,w) = ZKt(xt, Az + up,w).
=0

We thus assume that both X and U are spaces of Rt yalued random vari-
ables. For simplicity, we assume that

Xt:Sa Vt:S/a u:X7 y:V7

where S and S’ are solid decomposable spaces in separating duality under the
bilinear form (x;, v;) := E[x; - v].

The Lagrangian integrand becomes

l(axy,w) = ugﬁfm{f(x’ ’LL,OL)) —Uu- y}

T
= Z (Al’t * Yt + Ht(xhytaw))

t

Il
o

I
B

(= - Aypyr + He(ze, yr,w))

~
Il
=
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where we define yry1 := 0 and

Hi(ze, ye,w) = inf {Ki(xe, up,w) — ue - ye )

uy ERA

The function H; is called the Hamiltonian associated with K;. It has similar
properties as the Lagrangian integrand in Section 5.1. In particular, Hy(x¢, y¢, w)
is convex in z; and concave in ;. The conjugate integrand can be written as

f*(v,y,w) = Sup {x'v _l(x7yaw)}

T€ER™
T
= buﬂg {Zﬂft Uy — Z xt'Ayt+1+Ht($t,yt7w))}
z€R" =0

Z K (v + Ayiyr, e, w).
=0

If dom Ef N (X xU) # 0, Theorem 5.5 says that the conjugate of the optimum
value function can be written as

T
" (p,y) = ZK (Pt + Ayi1,yt) | + 0x2 (p) (7.15)
=0
and, by Corollary 5.6, the dual problem becomes
T
maximize Z (pe + Aytﬂ,yt)] over(p,y) € Xt x Y. (7.16)
=0

Theorem 5.7 and Corollary 5.10 now give the following.

Theorem 7.20. If dom Ef N (X xU) # 0 and (??) and (7.16) are feasible, then
the following are equivalent:

1. x solves (?7), (p,y) solves (7.16) and there is no duality gap;
2. x is feasible in (??), (p,y) is feasible in (7.16) and, for all t,
(Pt + Ayit1,yr) € OKy(xy, Axy)

almost surely;

3. x is feasible in (?7), (p,y) is feasible in (7.16) and, for allt,

Dt + Ayt+1 S 8th<xt,yt)7
AfEt S ay[_Ht](xtvyt)v

almost surely.
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The subgradient condition in part 2 of Theorem 7.21 is known as Fuler-Lagrange
condition for (??) while the conditions in 3 are known as Hamiltonian conditions.
To clarify the connection with classical formulations, consider the deterministic
case where p = 0 and assume that both K; and H; are differentiable. Condition
3 can then be written as

Ay = Vol (x4, y:), Axy = =VyH(2,14)
while the conditions in 2 become
Ayt+1 = vth(l't, A.’Et), Yy = VuKt(xt, A:ct),

which is a discrete-time version of the classical Euler-Lagrange equation

. d .
vth(xtv -Tt) - ﬁvuKt(xt, "I/'t).

Much as in Remark 7.12, one could formulate the optimality conditions in part
3 of Theorem 7.21 in the form of a maximum principle, where the optimal
solutions x are pointwise minimizers of a linearly tilted Hamiltonian.

Under the following assumption, the optimality conditions can be written with-
out the shadow price of information p, much as in Corollary 7.16.

Assumption 7.21. The space S’ is the Kithe dual of S and E;S C S for all t.

By Lemma 4.6, Assumption 7.22 implies that F;S’ C &’ for all t. As before, we
will denote the set of adapted processes in Y by ),. The adapted projection *y
of a process y € Y is defined by “y; = Eiy;.

Theorem 6.7 yields the following.
Corollary 7.22 (Reduced dual). Assume that dom Ef N (X x U) # 0, Assump-
tion 7.22 holds, that (??) and (7.16) are feasible and that, for all t, K; is F;-

measurable and EK; is proper on S X §. Then the optimum value of the dual
problem (7.16) equals that of the reduced dual problem

T
maximize E[- Z K} (EAyiy1,y:)] overy € YV,
t=0

and the dual has a solution if and only if the reduced dual has a solution. If the
reduced dual has a solution, then an x is optimal if and only if it is feasible and
there is a y feasible in the reduced dual such that

EiAyi11 € 0. Hy (x4, y1),
A.’L‘t S ay[—Ht](iEt, yt)

almost surely.
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Proof. Under Assumption 7.22, the mappings 7 : J — V and v : Y — )Y are
well-defined by v(y) = %y and

T(Y)t = Ee[Aye1] — A%Yeqa.

It suffices to show that they satisfy the assumptions of Theorem 6.7. Applying
the Jensen’s inequality in Theorem 4.13 to the expression of ¢* in (7.15) gives,
for every (p,y) € X;- x V),

o' (py)=FE

T
Z K{(pt + Ayii1, yt)‘|

t=

(=)

>FE K[ (Ei[Ayiq], Eilys])

-

t=0
=" (m(y):7(¥)),

which is the first condition in Assumption 5.12. The last condition in Assump-
tion 5.12 holds trivially since @ = 0. O

Remark 7.23. By Lemma 7.8, any y € Y, has a unique decomposition y =
M + A where M is a martingale and A is predictable with Ag = 0. Defining
Apy1 = —Mryp the reduced dual problem in Corollary 7.23 can thus be written
without conditional expectations as

T
maximize E[— Y K (AAy1, My + Ay)]  over (M, A) € MY x Y,
t=0

where MY C Y and Yp C Y are the linear spaces of martingales and predictable
processes, respectively. Accordingly, the optimality conditions in Corollary 7.23
can be written as

AAii1 € O Hy(2e, My + Ay),
Al’t € ay[—Ht}((Et, Mt + At)

Example 7.24 (Optimal stopping). Let Assumption 7.22 hold and let R be an
adapted process with Ry € S’ for all t. The relaxed optimal stopping problem
from Section 1?7 can be written as

T

maximize EZRtAxt subject to Az >0, 7 <1 a.s.
I€N+ =0

This is a problem of Lagrange with

Kt(xt,ut) = —Rtut + (S]R7 (l’t — ].) + (S]RJr (’U/t)
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We get
K (ve,ye) = sup {ay- v +wp -y — Kz, we)}
T¢,ur €ER

sup {z¢-ve +up -y + Reug | 2 < 1, ug > 0}
Tt,ur€R

B {vt ifve >0 and Ry +y; <0,

400 otherwise,

so the reduced dual in Corollary 7.23 becomes

maximize  Eyg overy € Y,
subject to  E:[Ay:y1] > 0,
Ry +y: <0,

where yr41 := 0. With the change of variables S = —y, this can be written as

minimize ESy overS € ),
subject to Ei[AS:4+4] <0,
R, < 5.

Here one minimizes the expectation of the initial value of a supermartingale
that dominates the reward process. In the dual problem in Corollary 7.6, one
minimizes expectation of the initial value of a martingale that dominates the
reward process. By Corollary 7.9, the martingale part of the Snell envelope S
of R solves the dual in Corollary 7.6 while the above dual is solved by the Snell
envelope itself. Indeed, if the dual had a solution S better than the Snell envelope,
then S would be a supermartingale that dominates R (recall that ST+1 = yr+1 =
0) and it would be strictly smaller than the Snell envelope at t = 0, contradicting
the definition of the Snell envelope.

The following is an analogue of the first part of 7THM? ?7.
Corollary 7.25 (Cost-to-go functions). Recall the Bellman equations

Ve =0,
V, = BV,
Vici(zo1,w) = igﬂgd{(Eth)(xt’ Azy,w) + Vi(a,w)}

from Section ??. If x and (p,y) satisfy the optimality conditions in Theorem 7.21
and if Ki(x¢, Azy) and Vi(xzy) are integrable, then

—Eiyiy1 € OVi(zy)

for all t almost surely.
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Proof. Since yri+1 = 0, by definition, the claim holds trivially for t = T'. Assume
that —Fyysi1 € OVi(at) and let

Ft((Et, l‘t,l,UJ) = (Eth)((Et, Al’t7W) + V;(.’L'hUJ).

If x and (p, y) satisfy the optimality conditions in Theorem 7.21 and if K;(x¢, Azy)
is integrable, 7THM? ?? gives

(EtAyit1, Bryr) € O(EKy) (2, Azy).

By ?THM? ??,
(0, —Evy) € OF (x4, 24—1).

By Theorem 2.33, this implies — Fyy; € 3{4_1(@_1). If Vt—1($t—1) is integrable,
?THM? ?? gives —E;_1y; € OVi—1(x4—1). The claim now follows by induction
on t. O

Much as in 7THM? ??, converse of Corollary 7.26 holds under additional con-
ditions.

7.5 Financial mathematics

Consider again problem (3.4)

T—
minimize E Asiyq over z €N,

subject to 2, € Dy t=0,...,T a.s.

from Section ??. This fits the general duality framework with @ = ¢ and

[z, u,w) (U - Zﬂct Aspyr(w > +Z§Dt(w) ).

We thus assume that X; and I are spaces of R”- and R-valued random variables,
respectively, and that ¢ € U. For simplicity, we also assume that, for all ¢,

X,=S and V=8

where S and 8’ are solid decomposable spaces in separating duality. We continue
with the assumptions of Section ?? on the model. In particular, the loss function
V' is convex, nondecreasing and nonconstant, 0 € D; almost surely for all ¢, and
Dy = {0}. For convenience, we will also assume that V' (0) = 0.

The Lagrangian integrand can be written as

Uz, y,) = inf {f(z,u,) — uy)

T-1 T
-y Z Tt - Asppg(w) = Vi(y,w) + Z 0D, (w) (@)
t=0 t=0
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and, since Dy = {0}, the conjugate of f becomes

f*(v,yv('U) = Ssup {.’17 U= l(w,y,w)}

zeRJ
T—1
= V*(y,W) + Z OD¢(w) (vt + yAStJrl(w))a
t=0
where
op,(w)(v) = sup z-v
€D (w)

is the support function of D;(w). Since Ef is finite at the origin, Theorem 5.5
says that the conjugate of the optimum value function can be written as

T-1

V(W) + > op,(pe+ yAsiir)
=0

" (p,y) =E +0x1 (p) (7.17)

and, by Corollary 5.6, the dual problem becomes

T-1

cy—V*(y) - Z op, (Pt + yAsii1)
t=0

maximize F over(p,y) € X x V.

(7.18)
Theorem 5.7 and Corollary 5.10 now give the following.

Theorem 7.26. If (3.4) and (7.18) are feasible, then the following are equivalent:

1. z solves (3.4), (p,y) solves (7.18) and there is no duality gap;
2. x is feasible in (3.4), (p,y) is feasible in (7.18) and

T-1

y €0V (u— Z Xt - Aspy1),
t=0

pt+yASt+1€NDt(xt) t:O,7T—1

almost surely.

For the rest of the section, we focus on the reduced dual problem. The following
assumption implies the existence of the mappings 7 and « in Theorem 6.7.

Assumption 7.27. ) is the Kithe dual of U and, for all t, X; = L>®, V; = L*
and, for everyt=0,...,T

1. BUCU,
2. A8t+1 € Z/{,

where spy1 := 0.

108



Part 1 of Assumption 7.28 holds automatically, e.g., in Lebesgue and Orlicz
spaces; see TTHM? 77 in Section ??. By Lemma 4.6 and Lemma 4.5, Assump-
tion 7.28 implies that, for all ¢,

1. B, YyC,
2. yAsiyq € Lt for all y € Y.

Lemma 7.28. Under Assumption 7.28, the mappings 7w :Y —V and~vy:Y — Y
defined by

(EilyAsii1] — yAsi1) o,
Yy

are continuous and satisfy the assumptions of Theorem 6.7.

Proof. By Lemma 4.5 and Lemma 4.6, Assumption 7.28 implies that the map-
ping 7 is continuous. Applying the Jensen’s inequality in Theorem 4.13 to the
expression of ¢* in (7.17) gives, for every (p,y) € X+ x Y,

T—1

¢*(0,y) = EV*(y) + Y _ b, (pr + yAsiy1)]
t=0

> E[V*(y) + Z op, (Et[yAsiii])]
t=0

=" (m(y),7(y))
which is the first condition in Assumption 5.12. The last condition in Assump-

tion 5.12 holds trivially since 7 is the identity mapping. O

The following is a direct consequence of Lemma 7.29 and Theorem 6.7.

Theorem 7.29 (Reduced dual). Let Assumption 7.28 hold and 7 be as in Lemma 7.29.
Then the optimum value of (7.18) coincides with that of the problem

T-1

maximize E |cy—V*(y) — Z op,(Ei[yAsi1])| overy e Y (7.19)
t=0

and if y € Y solves (7.19), then (w(y),y) solves (7.18). If (p,y) € V x Y solves
(7.18) then y solves (7.18). If (3.4) and (7.19) are feasible, then the following

are equivalent:

1. z solves (3.4), y solves (7.19) and inf (3.4) = sup (7.19);
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2. x is feasible in (3.4), y is feasible in (7.19) and

T-1

y € 9V(c— Z xy - Aspyr),

t=0
Et[yASt-‘rl] S NDt(It) tZO,,T

almost surely.

Since V is nondecreasing, the first subgradient condition in Theorem 7.30 implies
that y is almost surely nonnegative. In the absence of portfolio constraints, the
last condition reads FEi[yAs;1] = 0. When y # 0, this is means, by ?7THM? ??,
that s is a martingale under the probability measure Q defined by dQ/dP :=
y/Ey.

Combining Theorem 6.7, Theorem 6.8 and Lemma 7.29 gives the following.

Theorem 7.30. Assume that ¢ is closed at (0,¢) for all c € U and that Assump-
tion 7.28 holds. Then

2(0,)"(y) = E

T—1
V() + Y op,(E: [yAstH])] :

t=0

Proof. By Lemma 7.29 and Theorem 6.7,

T—1
V() + 3 op, (B, [yAstH])] ,

g(y) = ;rel;fj o (py) =@ (n(y),y) = F
t=0

where 7 is continuous. Thus, g is closed as a composition of a continuous
linear mapping with a closed convex function. Thus, the claim follows from
Theorem 6.8. O

When V' = ég_, the optimum value function of (3.4) becomes §5, where

C:= {(z,u)e)(xu 3z el’: x—2z€WN,

T—1
xy € Dy, Z Tt ASp1 > u a.s.}.
t=0

The set
C:={ccU|(0,c) € C}

—{uEU

consists of claims that can be superhedged without a cost by dynamic trading
in the market.

t=0

T-1
Jx e N, z, € Dy, Z Ty Asiy1 > u a.s.} (7.20)
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Example 7.31. Assume that V = 0g_ and let Assumption 7.28 hold. We then
have ¢ =6 so, by Lemma 6.1, ¢* = ¢* = 05 and equation (7.17) becomes

T-1
os(p,y) =E |0r, (y) + Z op, (Pt + yAsir1) | +x1 (p)-
=0

If the portfolio constraints D, are conical, then op, is the indicator of the polar
Dy of Dy and ¢* = 63,, where

C°= {p.y) € Xzf_ X Vi | pe +yAsi € D}

is the polar of C; see ?THM? 2. If (p,y) € C°, then Ey[yAs, 1] € D§. If
there are no portfolio constraints, we have Dy = R’ so that DY = {0} and the
condition becomes Ei[yAs; 1] = 0 which, for nonzero y € Y+ means that s is
a martingale under the probability measure Q defined by dQ/dP := y/Ey; see
?THM? ??. Similarly, if Dy = R (prohibition of short selling), the condition
means that s is a supermartingale under Q.

If C is closed, then by Theorem 7.31, the support function of C has the expression

T-1

Uc(?/) = 52(2/) = 95(07 )*(y) =F §R+ (y) + Z 0D, (Et[yAStJrl])
t=0

If, in addition, D, are conical, we get
C° = {y € y+ | Et[yASH_ﬂ S Dto t=20,....,T—1 CL.S}.

Again, if there are no portfolio constraints, the elements of C° are nonnegative
multiples of martingale densities. Sufficient conditions for the closedness of C
will be given in Section ?7.

The following example is concerned with a variant of problem (3.4) where the
objective is replaced by the “optimized certainty equivalent” discussed briefly in
?THM? ??. Its proof is a direct application of Theorem 6.7 and Theorem 6.2.

Example 7.32 (Optimized certainty equivalent). Consider the problem

T-1

minimize V(¢ — Z xy - Asgy1) over x € N
t=0

subject to 1z € Dy t=0,...,T a.s,

(7.21)

where V : LY — R is the optimized certainty equivalent associated with the
normal integrand V, i.e.

V(e) == oifé%{a +EV(c—a)}
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see YTHM? ??. This fits the general duality framework with time t running from
—1toT,z_1=0a, F-1 ={0,Q}, u=c and

T T-1
f(@u,w)=a+ ZéDt(w)(xt) +Vu—a-— Z x - Aspy1(w)),
t=0 =0

where & = (a, x). Indeed, problem (1.2) can then be written as
minimize Ef(#, u) over & € N, (7.22)

where N = LY(F_1) x N. In addition to Assumption 7.28, we set X_1 = L™
and V_, = L.

The dual problem can be written as

T-1

maximize E[V*(y) + Z op,(pe +yAsi1)] over (p,y) € X €Y (7.23)
t=0 :
subject to p_1 +y=1 a.s.
If Assumption 7.28 holds, the reduced dual becomes
T—1
maximize E |lyc—=V*(y) — Z op, (Et[yAsiy1])| over y €Y
= (7.24)

subject to FEy=1.

Note that the dual problems are the same as (7.18) and (7.19) except that they
have the additional constraint requiring Ey = 1. The optimum value of (7.21)
equals that of (7.23) and (7.24) if and only if the function

Bz u) = inf {Bf(2,u) | &2 ¢€ N}

is closed at (0,¢) with respect to o(X x U,V x V), where X := X_; x X and

V = V_1 x V. Sufficient conditions for the closedness of @ will be given in
Section ??. If (7.21) and (7.24) are feasible, then the following are equivalent:

1. (a, ) solves (7.22), y solves (7.24) and inf (7.22) = sup (7.24);
2. (o, x) is feasible in (7.22), y is feasible in (7.24) and

0
Et[yASH_ﬂ S NDt (Jit) t=20,...,T.

Given any y € Y4 with By =1, ?THM? 7?7 gives

Ei[yAsi1] = Ei[y) B [Asiya],
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where the measure Q is defined by dQ/dP = y. Thus, by positive homogeneity
of the support function and by ?THM? 1?7, (7.24) can be written as

imize E[c] — EV*(dQ/dP) — E®
maximize B[ (dQ/dP)

Z_: O-Dt(EtQ[ASt-’rl])] )

t=0

where QY is the set of probability measures with dQ/dP € Y. If there are no
portfolio constraints, this can be written as

maximize E9[c] — E[V*(dQ/dP)] over Q € QY,

where QY is the set of martingale measures in QY. When V (u) = dg_, problem
(7.21) becomes the superhedging problem (1.2) and V* = ér,. When V(u) =
exp(u) — 1, the optimized certainty equivalent becomes the entropic risk measure

V(c) = In Ee”.
In this case, V*(y) = ylogy — y + 14 g, (y), so that
EV*(dQ/dP) = E?1n(dQ/dP),

the entropy of Q relative to P. When V(u) = Bu™ for 8 > 1, the optimized
certainty equivalent becomes the Conditional Value at Risk and V* = 6|9 g).

Proof. The Lagrangian integrand becomes

T-1 T
= — y(Oé + Z Tt - A8t+1(o.))) + ZéDt(w) (:L’t) - V*(y)
t=0 t=0

and the conjugate of f,

fH(v,y,w) = sup {&-v—1(Z,y,w)}

TER™
T—1
=V*(y) + ooy (v1 +y—1)+ Z 0D, (w) (Ve + yAsi 1 (w)).
=0

Since Ef is finite at the origin, Theorem 5.5 says that

E[V*(y) + X0 op, (pr + yAsiy1)] if (p,y) € XEx Y
0 (p,y) = and p_, +y =1,
+00 otherwise,

where X := {pe V| E[z-p] = 0Vz € N NX}. Defining a mapping 7 : Y — V
by 7(y)-1 := Ey —y and 7w(y); := Et[yAsit1] — yAseq for t > 0, Jensen’s
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inequality in Theorem 4.13 gives, for any (p,y) € /f’al x ),

T—1
0 (p,y) = E[V* (y) + 5{0}(]971 +y—1)+ Z op, (P41 + yAStH)]
t=0
T—-1
> E[V*(y) + 610y (By — 1)+ > _ op, (BryAsi])]
t=0

=" (7(y),y)-

Thus, by Theorem 6.7, sup (7.24) = SUP(pﬁ)ef}xy{@’ y) —¢*(p,y)}, so the claim
follows from Theorem 6.2. ‘ ]

The next example studies the semi-static portfolio optimization problem from
Example 1.6.

Example 7.33 (Semi-static hedging). Consider again problem (1.3)

T—1

minimize EV (c - Z Ty ASgy1 —C- T+ So(iz)> over (z,7) € N x RY,
t=0

subject to xr €Dy t=0,...,T a.s.

from Ezxample 1.6 and assume that the claim c as well as the components of ¢
belong to U. We start by rewriting the problem in the equivalent form

T—1
minimize EV (c - Z Xy - Asgp1 —C- T+ a> over(z,Z,a) € N x R7 x R,
t=0
subject to €Dy t=0,...,T a.s.
So(.i‘) <a.

This fits the general duality framework with time t running from —1 to T, F_; =
{Q,0}, 1 = (Z,0) e R xR, u = c and

T-1
f(‘%ﬂ]'?w) =V (U - Z Tt A'St—O—l("‘}) - E(w) : era,w)
t=0

T
+ Z 6Dt (w) (xtv w) + 5epi So ('fa Oé),
=0
where & = (z_1,x). Indeed, since V is nondecreasing, (ZT,z) solves (1.3) if and
only if & = (Z,S0(Z),x) solves
minimize Ef(Z,u) &€ N,

where N := L°(Q, F_1, P; R7 x R) x N. In addition to Assumption 7.28, we set
X 1 =L® and V_1 = L.

114



The optimum value of (1.3) equals that of

T—1
ma;%rjr}ize Elcy—=V*(y) - Z oD, (Et[yAsiia]) | — oepis, (Elye], —Ely])
=0

(7.25)
if and only if the function

?(z,u) = ziengo{Ef(i“,u) | & —zeN}

is closed at (0,c) with respect to o(X XU,V xY), where X := X_1 x X and
V:=V_1 xV. If (1.3) and (7.25) are feasible, then the following are equivalent:

1. (Z,x) solves (1.3), y solves (7.25) and inf (??7) = sup (7.25);
2. (Z,x) is feasible in (1.3), y is feasible in (7.25) and

t=0

-1
y € oV (c—th~Ast+1—c-x+So(x)>,

Et[yASt+1] S NDt(l't) 0,...,T,

Elye] € 9(E[y]So)(7)
almost surely.
Proof. The corresponding Lagrangian integrand becomes

U y,0) = it {0 ) — uy)
T-1
= irél{{ {V <u — tz:; Ty Aspr(w) — e(w) - T+ a,w) - uy}
T
+ Z 5Dt(w) (xtv LU) + 5epi So (ja Oé)
t=0

=y (a —¢(w) - T — i Ty - A8t+1(w)> - V*(y,w)

+ Z 6Dt(w) (xt) + (sepi So (i‘7 a)7
t=0
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and the conjugate of f,

[ (v,y,w) = sup {&-v —I(z,y,w)}

ZERN
T—1
=V*(yw)+ Y_ sup {z; - (v + yAsi1(w)) = Op, () ()}
t—0 TtERY
+  sup  {(Z, ) (v-1 + (ye(w), —Y) — depi s, (T, ) }
(z,a) ERI xR
T-1
=V*(y,w) + Z 0D, (w) (Ve + YyAsiy1(w))
=0

+ Oepi 5, (V-1 + (y&(w), —y)).
By Theorem 5.5,

T-1

0" (py) = E V() + Y 00, (0 + yAst11) + Tepisy (p-1 + (48 —))
t=0

if (p,y) € XL x Y and ¢*(p,y) = oo otherwise. Here
XL :={peV|E[z-p=0Vze N x X}.

Defining 7 : Y — V by

m(y)-1 = (Elyc] — y¢, —Ey] +y)
m(Y)t := BelyAsip1] —yAsegyr t=0,...,T—1,

Jensen’s inequality in Theorem 4.13 gives, for any (p,y) € X+ x Yy,

T-1
Sp(pa y) =F V*(y) + Z 0p, (pt + yAst—I-l) + Oepi So (p—l + (y@ y))]
-~
> E V() + Y op,(BelyAsii1]) + oepi s, (Elyd, —Ely))
t=0
= o(m(y),y). (7.26)

Thus, the claims follow from Theorem 6.7 by choosing 7 as the identity mapping.
Indeed, the conditions

m(y) € 0.U(Z,y), ue€dy[-1(Z,v)
can be written as

(E[yé]v 7E[y]) € NcpiSO (i'y a),
m(y)t € —yAsi11 + Np,(z) t=0,...,T,

T-1
ce— (a —(w) -7 — Z Ty Ast+1(w)> + V™ (y).
=0
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By ?7THM? ??, the last condition can be written as

T—1
yG@V(cZzt~Ast+16~i+a>. (727)
t=0
If Efy] > 0, then the first condition says that o = So(Z) and
Elyc] .
€ 05 (z

which is equivalent to the last subdifferential condition in the statement. If
Ely] = 0, then y = 0 and the first condition simply means that So(zZ) < a.
Since V' is nondecreasing, (7.27) implies the first condition in the statement. If
optimality conditions in the statement hold, the above conditions holds with
a= S8y (57) O

The last term in the objective of (7.25) simplifies into a constraint in the case
of a sublinear cost function Sy.

Remark 7.34 (Calibration of martingale measures). The support function of
epi Sy in the dual problem (7.25) in Example 7.34 can be expressed, by ¢THM? 77,
as

aSi(v/a) if a >0,
Oepi Sg ('Ua —Oé) = (SS)OO(U) Zf o = O7
400 otherwise.
If Sy is sublinear, then S§(-,w) is the indicator of a closed convex set. Denoting
this set by Co(w), we have
dcy(v/a) if a>0,
Oepi So ('U, _Oé) = 5030 (U) if a =0,

+00 otherwise.

For oo > 0, this equals 0., c,(v) where

aCy  if a >0,
ayCy = )
Cy ifa=0.

The reduced dual (7.25) can then be written with explicit constraints as

T-1
maximize E|lcy—V*(y) — Z op, (Et[yAsiy1])| overy €y
t=0
subject to Elye] € Ey]+Co.
If E[y] > 0, the constraint means that
ECz e Co,
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where Q is the probability measure defined by dQ/dP = y/FEy. The constraint
thus requires that the measure @ be “calibrated” to the observed market prices of
the claims ¢. For example, if infinite quantities are available to buy and sell at
prices s* € R” and s* € R7, respectively (see Example 1.6), then Cy = [s°, 5]
and the constraint can be written as the vector inequalities

s < B9 < s°

saying that the measure QQ “prices” the claims between the bid-ask spread.

We end this section by some functional analytic reformulations of the studied
problems.

Remark 7.35. The optimum value of (7.21) can be expressed as
pock(c) = ifé&{a + ¢olc — o)},

where g is the optimum value function of problem Example 3.4 with respect to
c. The conjugate of pocr can thus be written as

voce(y) = Scu£{<67 Y) +a—o(c—a)}
= sup{(c,y) — @ — po(c — a)}

c,a

= sup{(c,y) — (1 — E[y]) — ¢o(c)}

c,x

{wé(y) if Ely] =1

400 otherwise.

If pock is closed and proper then, by Theorem 2.23,
poce(c) = sup{{c,y) — ¢o(c) | Ely] = 1}.
y

If the assumptions of Theorem 7.31 are satisfied, we thus get

voce(c) = qugy{EQ[c] — EV*(dQ/dP) — E¢ Z op,(E Ast+1])}

Note that if V = 0r_, then pocg coincides with the function
wsu(c) = érelg{{a |c—aeC}

where C is the set of claims that can be superhedged without a cost; see (7.20).
Under the above assumptions, we thus have the dual representation

wsu(c) = supy{EQ — E9 Z op,( Ast+1])}
QeQ
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where QY is the set of probability measures with dQ/dP € Y. If, in addition,
there are no portfolio constraints, this becomes

wsm(c) = sup EQ[C],
QeQY

where QY is the set of elements of Q¥ under which s is a martingale.

The following reformulates the optimum value function of problem (1.3) in terms
of that of (3.4).

Remark 7.36. The optimum value of problem (1.3) can be expressed as

SOSSH(C) = inf (po(C—l—So(i‘) —i‘~5),
z€dom Sy
where g is the optimum value function of Example 3.4 with respect to c. Thus,
the conjugate of wssm can be written as

pssu(y) = sup {{cy) —polc+ So(z) —7-0)}

c,zedom Sy

= sup  {{¢ = So(@) +7-¢y) — pol(c)}

¢’ ,z€dom So

=¢o(y) + sup {(Z-¢y) — (So(T),y)}

z€dom So

=¢o(y) + sup {z-Elye] - Ely]So(2)}
zedom Sy

= ©5(Y) + Tepi s, (Elyc], —E[y])
ElylS5(Elyel/Elyl) if Ely] >0,

= wo(y) + 9 (S5)>(E[yel) if Ely] =0,
+o00 otherwise.

Much as in Remark 7.36, one can then use Theorem 2.23 and the dual repre-
sentation of pg in Theorem 7.31 to derive a dual representation for pssm-

7.6 Subdifferentials and conditional expectations

This section applies the results of Section 5 to the general theory of conditional
expectations of normal integrands. More precisely, Theorem 7.38 below gives
sufficient conditions for the commutation of conditional expectation and subd-
ifferentiation of a normal integrand. The result is interesting in its own right
but it will not be needed for subsequent developments in this book. Sufficient
conditions for the assumptions of Theorem 7.38 will be given in Section ?7?.

Given a convex normal integrand h and an x € L°(R™), Theorem 3.27 says that
the set valued mapping Oh(z)(w) := Oh(x(w),w) is closed convex-valued and
measurable. We denote the G-measurable selections of a set-valued mapping
S: Q=R by X(G;S) or, if S =R™ almost surely, simply X(G). Recall from
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?THM? 7?7, that if S is closed convex-valued and measurable, then it has a G-
conditional expectation for any o-algebra G C F. The G-conditional expectation
is the unique closed convex-valued G-measurable mapping E9S such that

LYG; EYS) = cl{E%|v € L}(F;9)},
where the closure is taken in the L!'-topology.

Theorem 7.37. Let h be a convex normal integrand and G C F a a-glgebm such
that ER* is proper on'V and, for allv € V, the function ¢, : X — R given by

0u(2) i= it {Elh(x) — 0] | 2 — 2 € X(G)}

1s either subdifferentiable or equal to —oo at the origin. We have
V(G; B9 [0h(x)]) = V(G; )(Eh)())

for all x € dom Eh N X(G). If there exists an T € dom Eh N X(G) such that
V(0h(z)) # 0, then
O(E9h)(x) = E9[0h(x)] a.s.

for every x € L°(G) such that h(z) € L' and V(Oh(x)) # 0.
Proof. Let € dom EhN X (G). By Fenchel’s inequality, h(x) + h*(v) > - v, so
the properness of Eh* on V implies that h is L-bounded and h(x)~ € L!. Thus,

by ?THM? 72,
EY9% € O(EYh)(x) a.s.

for every v € V(0h(z)). Since L'-convergence implies almost sure convergence
and since 9(EYh)(z) is closed-valued, we thus get

LY(G; E9[0h(x)]) € LY(G; (Eh)())
and, in particular,
V(G; E9[0h(x)]) € V(G; O(ER)(x)).

To prove the converse, let v € V(G;d(EY9Rh)(x)). Since h is L-bounded and
h(z)~ € L', Theorem 3.29 and ?THM? ?? give

¢ (0) = inf E[h(z") — 2 v

' €X(G)
- B ) o'
= E[ jnf {(B9h)(a) —a'-v}]
= E[(E9h)(2) —z - v]
= E[h(z) — z - v],

which is finite since € dom Eh and h(z)~ € L'.
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We apply Theorem 5.3 to the one-period instance of (Py) where T =0, Fy = G,
u =0 and
flz,u,w) = h(z,w) —x - v.
The assumption on ¢, implies ¢,(0) < oo so dom Ef N (X x U) # O and, by
Theorem 5.5,
F*(’U,p, y) = Ef*(U + D, y) + 5Xai (p)
and, in particular,
©*(py) = Ef*(p,y) +x1 (p),

where f*(p,y,w) = h*(v + p,w) + 070y (y) and XLt ={peV|EY%=0}. Thus,
by Theorem 5.3,

inf  Eh(z) —x-v] = —Eh*(v+p) | E9p =0},
et o [h(z) — @ - v] 21615{ (v+p) | EYp =0}

where the supremum is attained by some p € V. Since Eh is proper on X (G),
?THM? ?? and the interchange rule in Theorem 3.29 give

Lo BlGe) —x= b {B(EOR)(@) (o))
= —E(E%h)*(v)

so Bh*(v + p) = E(Eh)*(v). By ?THM? ?? and ?THM? ??, ESh*(v + p) >
(E9h)*(v) almost surely, so we must have,

E9n*(v+p) = (B9h)*(v) a.s. (7.28)
Since v € A(E9h)(x) almost surely,
(E9R)(2) + (E9R)*(v) =z -v a.s.
so, by (7.28),
(E9h)(z) + ESh*(v+p) =2 -v a.s.
Since E[z - p] = 0 and h(z) is integrable, ?7THM? ?? gives
E[h(z) +h*(v+p) —x- (v+p)] = 0.

This implies that the Fenchel’s inequality h(z) + h*(v + D) —x - (v +p) > 0
must hold as an equality almost surely. The equality means that v+ p € 9h(x).
Taking conditional expectations, we get v € EY[0h(z)] almost surely so

v € V(G; E9[0h(x)])

which completes the proof of the first claim.

Let € L°(G) such that h(z) € L' and V(dh(x)) # 0. Define, for every v € N,
x¥ = 1avx + 1o\ a» @, where A” = {|z| < v}. We have 2¥ € dom Eh N X(G)
and V(Oh(z")) # 0. By 7THM? ??, the first claim implies

O(E9h)(z") = E9[Oh(z")] a.s.
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By ?THM? 7?7 and ?THM? ?2.1,

E9[0h(z)) on A",

BO(0n(")] = {Eg Oh(E)]  on 0\ A,

In particular, d(E9h)(x) = E9[0h(z)] on A”. It now suffices to note that
U, A = Q. O
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