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The probabilistic framework

In what follows, let / be a non-degenerate interval in Ry with 0 € /
and E be a separable Banach space.

Further, let (2, F,P) be a probability space and F = (F¢)te; be a
filtration of F such that the usual conditions hold.

We shall consider the separable Hilbert space ¢? of all sequences
a = (aj)ien of real numbers with %% a? < oo, and we recall
from the Riesz-Fischer Theorem that any separable Hilbert space of
infinite dimension is isometrically isomorphic to ¢2.
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Then there is a norm | - | that turns the linear space £5(¢2, E) of
all E-valued linear, continuous and radonifying maps on 2 into a
separable Banach space.

Under the hypothesis that E is 2-smooth, for any F-progressively
measurable process U : | x Q — L£o(¢?, E) satisfying

/!Uslgds<oo a.s.
0

and a sequence W = (W());cy of independent standard Brownian
motions with respect to I, the stochastic integral

/ Us dWs
0

can be constructed as continuous F-local martingale.
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For a sequence (Y;)jen of independent A(0, 1)-distributed random
variables a linear continuous map L : /> — E is called radonifying if
the series Y 72, Y;L(ei) converges in second moment.

This property is independent of the choice of (Y;);en, and if it holds,
then the distribution of the series is uniquely determined.

It follows that the resulting linear space £»(¢2, E), equipped with
1

the norm
[e'e) 2 5
> Yil(e) } :
i=1

is indeed a separable Banach space and we have |L| < |L|, for all
Le Ez(ﬁz, E).

‘L’g = E{
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Example (Hilbert-Schmidt norm)
Ford,meNlet E=R™and Ac R™9 If L: (%2 - R™ is given

by
ai

L@):=A|: |,
ad

then L € L5(¢2,R™) and
L5 =E[JAYP] = tr(ATA) = |A]?

for the random vector Y := (Y4,..., Yy)" and the Hilbert-Schmidt

norm | - | on R™*9
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We recall that E is 2-smooth if and only if there is a norm || - || that
is equivalent to | - | such that

I + 112+ [1x = I < 2)x[1* + &lly||?

for all x,y € E and some ¢ > 2. In this case, E is uniformly smooth
and reflexive.

If equality holds for ¢ = 2, then we recover the parallelogram identity
and || - || is induced by an inner product.

In general, an equivalent norm to | - | that turns E into a Hilbert
space does not need to exist, since

LP(S,B, 1)

is a 2-smooth Banach space whenever (S, B, i) is a o-finite measure
space and p > 2.
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Within this framework, we consider the stochastic Volterra equation

t t
Xe=6&+ / B s(Xs)ds + / Yis(Xs)dWs  as. (1)
0 0

for t € I coupled with a value condition. Here,
& is an E-valued FF-progressively measurable process,

D is a non-empty set of E-valued random vectors such thatif Y € D
and Z is an E-valued random vector with

Y=7 as., then ZeD,
and the random coefficients
B:IxIxQxD—-E and L:IxIxQxD— Lo(?E)

are admissible in a suitable sense.
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As Banach-valued functionals,

Bes()(w) and Xis()(w)

depend on the random vector X; of any solution X, and their domain
D could be the linear space

LP(Q, E)

of all E-valued p-fold integrable random vectors, where s, t € | with
s<t,weQand p>1

Hence, (1) represents a novel type of stochastic Volterra equation
for which the presented paper derives unique solutions.

In particular, for controlled and distribution-dependent coefficients
we obtain strong solutions.
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A solution to (1) is an E-valued F-progressively measurable process
X such that
Xs €D forae sel

and the set of all t € | for which
t
/ Bt,s(Xs)| + \Zt,s(Xs)Bds < oo and
0

¢ ¢ (2)
Xe =&+ / Bt s(Xs)ds + / Yo s(Xs)dWs  as.
0 0

fails has Lebesgue measure zero. Moreover, if in addition X; € D
and (2) holds for every t € [, then X is called regular.
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Controlled distribution-dependent coefficients

For p>1let D= LP(Q,E) and

Bt s(Xs) = f(t — s)b(Xs, as, L(Xs, as))7

Yis(Xs) =g(t — S)J(Xs, as, L(Xs, as))

for all s,t € I with s < t and X € D, where f,g : | — R are
measurable,

A is a separable Banach space, « is an A-valued F-progressively
measurable control process and the maps

b: ExAXPHExA) = E, o0:ExAxPy(ExA)— Lo(f? E)

are Borel measurable.
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For a separable Banach space S we recall that P,(S) is the Polish
space of all Borel probability measures on S satisfying

/ IxIP p(dx) < oo,
S

equipped with the pth Wasserstein metric given by

1
P
) ‘= inf — ylPdé(x, ,
p(1,v) GE;DQW)</SX5|X y|P do(x y))

where P(u,v) is the convex space of all Borel probability measures
f on S x S that admit
uoand v

as first and second marginal distributions, respectively.

Moreover, note that strong solutions to (1) can be defined by using
the natural filtration of £, « and W), where i € N.
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Unique strong solutions (K., 2026)

Let p > 2, f and g2 be locally integrable and b and o be Lipschitz
continuous. Then the following assertions hold:

(i) If esssupsepo o Ell¢s|P] + E[|as|P] < oo for all t € [, then
there is a unique strong solution X¢ to (1) such that

esssupE[|X¢[P] < oo forall t € /.
s€[0,t]

(i) If just fot E[|&s|P] + E[|as|P] ds < oo for any t € I, then we
obtain a unique strong solution X¢ satisfying

t
/ E[|X¢|P] ds < oo forany t € .
0
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Unique strong solutions (cont.)

(iii) Let £ = &o a.s. and E[|£o|] + esssupsco ¢ E[|as|9] < oo for
all g > 2 and assume that

fluy=u"' and g(u) = w2

for all u € I\ {0} with v €]0,1] and § €]0,]. Then (1)
admits a unique, strong and regular solution X% such that

sup E[IX%]9] < 00
s€[0,t]

for all t € | and g > 2 and whose paths are locally 5-Hélder
continuous for any /5 €]0,~v A J].
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For establishing the existence of solutions, the progressive o-field A
is used as follows.

Progressively measurable weak modifications of

stochastic Volterra integrals

Let U: 1 x1xQ — La(¢? E) be a B(I) ® A-measurable map
such that

t
/ |Urs|3ds < oo as. foranytel.
0

Then there is an E-valued F-progressively measurable process X
such that

t
Xt:/ Uts dWs as. forae tel
0
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The fact that solutions can be chosen to be strong relies on the
following general result.

Measurability in the pth Wasserstein space

Let J be a non-empty set and S be a separable Banach space.
Then for any product measurable process X : J x 2 — S such

that
E[1X/"] < 0o

for all t € J, the distribution map

J = Pp(S), tr— L(X)

is Borel measurable.
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