DIFFERENTIAL EQUATIONS DRIVEN BY LEVY WHITE NOISE
IN SPACES OF HILBERT-SPACE-VALUED STOCHASTIC
DISTRIBUTIONS

THILO MEYER-BRANDIS

ABSTRACT. We develop a white noise framework and the theory of stochastic distribution
spaces for Hilbert-space-valued Lévy processes. We then apply these concepts to the
study of generalized solutions of stochastic evolution equations in these spaces driven by
Lévy white noise.

Key words and phrases. White noise, Lévy processes, Hilbert space valued stochastic
distributions, Evolution equations.

2000 Mathematics Subject Classification. 60H15, 60H40, 60G51.

1. INTRODUCTION

White noise analysis for Brownian motion was first introduced by Hida [12] and subse-
quently developed by him and other researchers. It has been proved to be a powerful tool
in different areas like mathematical physics (see [13] and references therein) or stochastic
partial differential equations (see [14]). More recently it has been successfully applied in
mathematical finance to generalize the Clark-Haussmann-Ocone Theorem and to handle
hedging situations in incomplete markets with jumps (see [1], [9], [25]). Also, it serves as a
useful framework for anticipative stochastic calculus (see [8]). Further, in [23] white noise
theory is employed to study existence of strong solutions of fully non-linear SDE’s.

This increasing interest in white noise analysis has initiated different extensions of the
original Gaussian setting. First extensions to a non Gaussian setting were performed in
[2], [16]. Recently, a white noise space for general Lévy processes has been constructed
in [20]. Another direction was taken by the authors in [11]. They stayed in the Gaussian
framework but extended the white noise theory for R™-valued stochastic distributions as
presented in [14] to H-valued stochastic distributions for a general separable real Hilbert
space H. The authors define the white noise of an H-valued weak Wiener process and
the corresponding white noise concepts are applied to study H-valued stochastic evolution
equations.

The purpose of this paper is to combine ideas from [20] and [11] and to develop a white
noise framework for Hilbert-space-valued Lévy processes. As an application we then look
in Section 4 at stochastic evolution equations driven by additive Lévy noise with values in
spaces of stochastic H-valued distributions of the following type
(1.1) % = AX,+ B oW,

Xy = $€D(A)CS(H)_1, 0<t<T.

Here S(H)_; is the Kondratiev space of H-valued stochastic distributions, A is the
generator with domain D(A) of a Cy-semigroup S; on H, B is a bounded operator on
H and W; is the white noise of an H-valued weak Lévy process W (t) (see Section 2 for
definitions). For example, the stochastic Lévy noise driven heat equation

(1.2) dX(t,x) = AgX(t,x)dt+dW(t,z)

X(t,z) = Ofortel0,T],z €00, X(0,z)=0for ze€O,
1



2 HILBERT SPACE VALUED STOCHASTIC DISTRIBUTIONS

where O = {x € R™;0 < zp, < ag,k = 1,...,n}, can be represented in the form (1.1) with
Hilbert space H = L?(0), generator A = A, and B = I. As in the Gaussian setting, one
can see that only for the case n = 1 there is an H-valued solution of equation (1.2). The
white noise framework proposed in this paper allows for a generalized solution in H-valued
stochastic distribution spaces for all n.

We mention that equations of type (1.2) could also be interpreted in the context of R-
valued stochastic distributions with (N + 1)-parameter Lévy noise (see [26]). One would
then get an R-valued stochastic distribution X (¢, z) for every (t,z) € [0,T] x O ¢ R¥*+!
instead of an L?(0)-valued stochastic distribution X (¢) for every ¢ € [0,7]. In particular,
when solving the equation by applying the Hermite transform H(X (¢,x)) (see Section 3.5
for definition) one has to require strict differentiability of H(X (¢,x)) in z. In contrast, in
the Hilbert space setting differentiability in x is relaxed to the sense of distribution.

The remaining parts of the paper are organized as follows. In Section 2 we recall
some preliminaries of Hilbert-space-valued Lévy processes and white noise analysis in
one dimension. In Section 3 we establish the white noise concepts around a Hilbert-
space-valued Lévy process. We mention that we are obliged to consider Lévy processes
that can be decomposed into independent components. However, from a modelling point
of view, these processes form an important class. Also, we focus on pure jump Lévy
processes, but the extension to processes including a Gaussian part is straight forward. The
construction of the stochastic distribution spaces as well as the characterization of their
elements through the Hermite transform follow closely the exposure in [11]. Concerning
the Wick product we choose a different approach than [11] and define the Wick product
between Hilbert-Schmidt-operator-valued distributions and H-valued distributions. We
introduce the weak Lévy process and define the Hitsuda-Skorohod integral with respect
to its white noise. We show that this integral corresponds to the Ito type integral with
respect to a Hilbert space valued Lévy process in case the integrator is predictable. In
Section 4 we then formulate the setting for evolution equations of type (1.1).

2. PRELIMINARIES

Notation 2.1. For the whole paper we let H be a separable real Hilbert space of dimension
N € {N,o0}. We denote by (-,-) the inner product and by ||-||; the corresponding norm
on H and we let (h;)Y., be an orthonormal basis of H.

In this Section we quickly recall the definition and some properties of Hilbert-space-
valued Lévy processes as well as some aspects of the white noise theory for Poisson random
measures developed in [20]. These concepts are going to be at the base of the next Section.

2.1. Hilbert-space-valued Lévy processes. Let (2, F,P) be a probability space. Con-
cerning general theory about H-valued random variables we refer the reader for example
to the book [7]. As for the special case H = R, a Lévy process with values in H is defined
through the following properties:

Definition 2.2. Let L = (L(t))t>0 be a family of H-valued random variables defined on
(Q,F,P). We call L a Lévy process if

(1) for every t > s > 0 the increment L(t) — L(s) is independent of the o-algebra
generated by {L(u) : 0 <u < s},

(2) for every s,t,u > 0 the increments L(t + u) — L(t) and L(s + u) — L(s) have the
same distribution,

(3) L(0) =0 P-a.s.,

(4) t — L(t) is continuous in probability,

(5) for P almost every w € Q the path ¢ — L(t)(w) is cadlag.

As is known for Lévy processes in finite dimensional Hilbert spaces, there is a corre-
sponding Lévy-Khintchine formula and a Lévy-It6 decomposition into a finite variation,
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a Brownian and a jump part of infinite dimensional Hilbert space valued Lévy processes.
For more information on this see for example [3]. For general information on finite dimen-
sional Lévy processes we refer to [5], [27] or [15]. Putting L;(t) := (L(t), h;) ;; the following
results can for example be found in [29].

Proposition 2.3. Let L;(t) be as defined above. Then

(1) for every i =1,...,N, L;(t) is an R-valued Lévy process,
(2) SN 1Li(t)|? < oo P-as. for all t > 0,
(3) for any s,t,u > 0 and any finite set F' 5 7, the random vectors (L;(t 4+ u) — L;(t) :
i€ F)and (Li(s+u)— Li(s) : i € F) have the same distribution.
Conwversely, if we have (1)-(3) above then L(t) := Zf\il L;(t)h; converges P-a.s. in H for
every t >0 and (L(t))i>0 is an an H-valued Lévy process.

Assume the Lévy process is integrable and set L(t) := L(t) — E[L(t)], where E[L(t)]
denotes the expectation of L(t). In the case L(t) is a Q-Brownian motion, where Q is
the covariance operator of L(t), the orthonormal basis (h;)icn consisting of eigenvectors
of Q decomposes L(t) into independent R-valued Brownian motions L;(t) (see [7]). In the

. -2
case L(t) is a Lévy process including jumps such that F [HL(t)HH} < oo forallt >0, a

corresponding decomposition into uncorrelated scalar processes can be achieved. In fact,
let @) be the symmetric, positive semi-definite operator of trace class uniquely defined
through the relation

(Qx,y) =FE [<i(1), x>H <f)(1), y>H] , x,y € H.

Then it can be shown that ¢Q is the covariance operator of f/(t) for every t > 0. Moreover,
let (\;)ien be the eigenvectors of @ with corresponding orthonormal basis consisting of

eigenvectors (h;)icn. If we set Li(t) := <I~/(t), hi>H it follows that

N N

With this choice of orthonormal basis consisting of eigenvectors of Q we thus get that i(t)
is decomposed in uncorrelated scalar Lévy processes L;(t), i.e.

EPM@EAQ]ZO if i #j.

_ 2
Li(t) ‘

MwQ:EMHUM}:E

2.2. White noise for Poisson random measures. In the scalar case H = R a white
noise theory for Poisson random measures has been developed in [25], [20] and [19]. Here,
we shortly present the construction of the white noise probability space for the Poisson
random measure associated to a pure jump Lévy processes from [20] which will be the
starting point in the next Section. For general information about white noise theory the
reader is referred to the excellent accounts of [13], [18] and [24].

Let v(d(¢) be a Lévy measure on Ry := R— {0}, i.e. fRo 1 Az?v(d¢) < co. We denote by
S(RY) the Schwartz space on R%. The space S'(R?) is the dual of S(R?), that is the space

of tempered distributions. The space S (X) is defined as the quotient algebra
(2.1) S(X) = S(X) /N,
where S(X) is a subspace of S(R?), given by

(2.2 S(X) = {w,o € SR p(t,0) = (5)(10) = o}
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and where the closed ideal N in S(X) is defined as
(2.3) Ny i= {6 € S(X) : 18] 2y = O}

with 7 = v(d¢)dt. The space S(X) is a (countably Hilbertian) nuclear algebra. We
indicate by S'(X) its dual.

From the Bochner-Minlos theorem we deduce that there exists a unique probability
measure p on the Borel sets of S'(X) such that

(2.4) /g . "9 dp(w) = exp ( /X (e — 1)d7r>

for all ¢ € S(X), where (w, @) := w(¢) denotes the action of w € S'(X) on ¢ € S(X). We
have established the white noise probability space

(2.5) (Q, F, P) = (g'(X),B(g‘(X)),M> .

By using generalized Charlier polynomials Cy, (w) € (g (X )®”> | (dual of the n-th completed

symmetric tensor product of S (X)) with itself) it is possible to construct an orthogonal
L?(p)—basis {Kq(w)},es defined by

(2.6) Ka(w) = (Clay (@), 65%),

where J is the multiindex set of all & = («, ag, ...) with finitely many non-zero compo-
nents o; € Ng. The symbol §%® denotes the symmetrization of (5?6” ® ... ® (5?% , Where
{d};51 C S(X) is the following orthonormal basis of L2 (r):

(2.7) Ok (t,C) = Ox(jp (¢, €) := & (E)m(Q).
Here {¢;(?)}; is the orthonormal L?(dt) basis consisting of Hermite functions, {n;(¢)}, is
an orthonormal basis of L?(v) and k(3,1) is the diagonally counting map given through
(i+5)*+i—j
5 .
We denote for a given k the inverse image by A~1(k) =: (i(k),j(k)).
Then every X € L?(u) has the unique representation

(2.9) X = Z callo

(2.8) k=A(,j) =

acd
with Fourier coefficients ¢, € R. Moreover we have the isometry
2 2
(2.10) X[ T2 = > alcl
aced

with al := a1! aql... for @ € J. In particular, if v(d() is such that [ 2?v(d¢) < oo, then
one can show that the family of L?(u) random variables

(2.11) L(t,w) := (C1(w), 1jp4(s)¢) = Z// O)¢v(d¢)ds K,
i>1 0 t] XRO

defines a square integrable pure jump Lévy martingale with Lévy measure v(d(). Here,
€¢; stands for the multiindex with all entries 0 except a 1 on the j’th place. Moreover,
by the density of S(X) and the isometry (2.9) the action of Cy(w) has been extended
to f(s,¢) = Ljpy(s)C € L? (7). The associated compensated Poisson random measure is
denoted by

N(dt,d¢) = N(dt,d¢) — v(d¢)dt
where N(dt,d() = N(w,dt,d() is the jump measure of L(t,w).
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3. WHITE NOISE FRAMEWORK FOR HILBERT SPACE VALUED LEVY PROCESSES

In this Section we want to introduce concepts and techniques from white noise theory
that serve the purpose of studying stochastic differential equations driven by H-valued
Lévy white noise. The case when the noise is caused by a cylindrical Brownian motion
is treated in [11] where the approach of [14] for R™ is transferred to infinite dimensional
Hilbert spaces. As in the one dimensional case, the authors in [11] can take the space
of tempered distributions S’(R) as underlying white noise probability space due to the
Gaussian nature of cylindrical Brownian motion. For a general H-valued Lévy process the
space S’(R) becomes too small in order to define an appropriate white noise measure on
it. One alternative would be to construct a white noise measure on the space of Hilbert-
space-valued distributions, which is the space of all continuous functions from S(R) to H.
For differential equations driven by a Q-Brownian motion this is done in [4]. However, we
decide to take the direct product of S’ (X)’s as introduced in Subsection 2.2 as underlying
probability space because this easier allows for the introduction of a weak Lévy process,
the analogue of a weak Brownian motion.

Further, we mention that we will focus on Hilbert space valued pure jump Lévy pro-
cesses L(t) where the corresponding decomposition is not only into uncorrelated but into
independent square integrable scalar Lévy processes L;(t).

3.1. Abstract stochastic distributions. Let (;(d¢))Y, be a sequence of Lévy mea-
sures on Ry such that for all ¢

0<X:== [ C*(d) <R, R > 0.
Ro

To each v; we associate the corresponding test function space S’Z(X ) and white noise space
(gl(X) Fi, Mi) as presented in (2.5). We form the direct sum Sy = @fv 1 Si(X) induced
with the direct product topology and denote by SH its topological dual. Then S'IH is
1somorphlc to the product HZ 1 S (X) induced with the product topology. We define

= Hi:l Fi and ppr = HZ]\; 1 i and establish our underlying white noise probability
space

(3.1) (Q, F,P) = (S*’H,;rH,MH) .

The first step will be to introduce an orthogonal basis for square integrable real valued
random variables L2(R, ug) on (€, F,P). As in Subsection 2.6, we denote by {0ij} 51

C S;(X) an orthonormal basis of L2(dt x v;) for every i. We count the basis elements
diagonally and define 6y := J;; , where

k= A, ])

n (2.8). For a multiindex o = (o, 2,...) € J with index o = | we now define
IC ( ) € L%(R, ) in the following way: to every entry oy, determine the corresponding
tuple (i(k),j(k)) and group the entries according to the first index (k). In this way one
creates finitely many, lets say p, submultiindices

ﬁZT = (617527 )a
ir =1(k), k€Al )n{l,..l}, r=1,..,p,

where

0 otherwise.

8; = { Qj(k) if ke A(Z'r, ) N {1, l}
=

For w = (w1, ws, ...) € S we set

Kig @) 1= (Ol (w3,), 077" )



6 HILBERT SPACE VALUED STOCHASTIC DISTRIBUTIONS

where C?r (w;, ) is the n-th Charlier polynomial on S’;T (X) and 55 p " is the symmetrization
of 55??1 ® ... 6% s = index B . We then define

S

p
(3.2) Ka(w) =[] K& (w).
r=1

By the chaos expansion result from Subsection 3.3 and the product structure of (2, F, P)
one gets like in ([14], Thm 2.2.3 & 2.2.4) that the family {K,(w)},c; constitutes an
orthogonal basis of L2(R, u):

Proposition 3.1. Every X € L*(R, uy) has the unique representation

(3.3) X=> caKa

aced
with Fourier coefficients cq € R. Moreover we have the isometry
2 2
(3.4) X [Ty = D aled
aced

with a! := a1! aql... fora e J.

Having established a chaos expansion for real valued random variables on our probability
space it is now quite straight forward to introduce a chaos expansion for H-valued random
variables and spaces of stochastic distributions. We omit detailed proofs because they are
analogous to the Gaussian case presented in [11]. Denote by L?(H,up) the space of
square integrable H-valued random variables. Given F(w) € L?(H,uy) we put a;(w) :=
(F(w), hi) g were (h;)N, was an orthonormal basis of H. Then a;(w) € L?(uy) and the

sum
N
Z a; (w) hi
=1

converges in L?(H, pup) to F(w). Expressing each a;(w) by its chaos expansion (3.3), say
> acy CiaKa, yields:

Theorem 3.2. The family {Ka(w)hi}i]ilﬂej is an orthogonal basis of L>(H, pug). Every
F(w) € L?>(H, pug) has the unique representation

N N
Fw)=> aiwhi =YY caka(whi, ¢,a €R,
=1

i i=1 aceJ
with corresponding isometry
N
2 2
1@ 2y = 2 D e
i=1 aeJ

This chaos expansion is now employed to define Kondratiev spaces of H-valued stochas-
tic test functions and distributions. We remind that in the case of an H = R-valued pure
jump Lévy processes these spaces have been constructed in [19]. For a € J we set

o0
(2N)* = [ J(25).
i€l
Definition 3.3. Let p € [0,1]. Define the space of H-valued stochastic test functions
S(H), as all functions

N

flw) = Z Z ¢;aKa(w)hi, ¢, € R,

i=1 aeJ
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in L?(H, py) such that for all ¢ € N
N N

Hf”rth = Z Z alltPc? (2N)1 = Z Za!l"'pcfa(QN)qo‘ < 0.

i=1 aeJ agJ i=1
Definition 3.4. Let p € [0,1]. Define the space of H-valued stochastic distributions
S(H)—, as all formal expansions
N

F(w)= Z Z ¢;ala(W)hi, o € R,

i=1 aeJ
such that for some ¢ € N

N N
1P, =3 Yt o = 3 3 atth, o) <o

i=1 aeJ acJ i=1

Note that we have the following representations for f(w) € S(H), respectively F(w) €
S(H)_p:

N N
flw) = Z Z Cia’Ca(W)hi = Z caKa(w) = Zfi(w)hi’
i=1

i=1 a€J aed
N N
Fl) = Y ) coaKa@hi=) caKalw) =Y Fi(w)hi,
i=1a€g acd i=1
where f;(w) € S(R),, Fi(w) € S(R)_, and ¢, = Zf\;l ¢,ahi € H. Moreover, for g € N
N
IF15, = D al™lleally @N) = 1fily 4
aceJ =1
N
IFI5, = D al'Plealfy @GN =Y 1R, _,,
aceJ i=1

where | fi|/2j’ , respectively |Fl]2_ p—q are the corresponding norms in S (R), respectively
S(R)_.

The family of seminorms ||f||/2)7q7 q € N gives rise to a topology on S(H), and it can be
shown that S(H)_, is the topological dual with dual action

(Fw), fw)) = al(ba, o)y

aeJ
for F(w) = > ,c7baKa(w) € S(H)-, and f(w) = > cscaKa(w) € S(H),. Finally we
note that for general p € [0, 1] we have
S(H), € S(H), € S(H)o € L*(H.ugr) € S(H)—o C S(H), C S(H)_1.

The spaces S(H )o respectively S(H)_q are also referred to as H-valued Hida test function
respectively Hida distribution spaces.

3.2. Some key S(H)_j-valued processes. The purpose of the white noise theory pre-
sented in this paper is to provide a tool to solve stochastic differential equations in spaces
of generalized H-valued stochastic processes. A generalized H-valued stochastic process
is a function of ¢ € R that takes values in the space S(H)_1:

F(t):R—S(H)_1.

For these S(H)_;-valued functions the usual calculus concepts of continuity, differentia-
bility and integration in the strong sense (i.e. in the topology of S(H)_1) apply. For a
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more detailed description of how these concepts are expressed through the corresponding
chaos expansion we refer to [11] where the in this regard completely analogous Gaussian
case is treated. We now want to introduce some key generalized processes in the context
of white noise theory for Lévy processes: to our family (v;(d¢))Y, of Lévy measures we
construct the corresponding the H -valued Lévy process (if existing), the weak Lévy process
and its singular white noise process.

Example 3.5. (H-valued Lévy process) As becomes clear from Proposition 2.3, a square
integrable pure jump H-valued Lévy process with independent components is characterized
through the corresponding family of Lévy measures (v;)Y, of scalar Lévy processes such
that

(3.5) Z g%l (d¢) <

Lets assume condition (3.5) is valid for our family (1;)¥ ;. We put
L,‘(?f) :Li(t,w) = <C’]’_(w ,fi>H, 1= 1,...,N,

where f(s,¢) = (0,...,0,10,4(5)¢,0,...) with 1j ;(s)¢ on the i-th place. Then {L;(t )}1 1
is a family of R-valued independent, pure jump, square integrable Lévy martingales. Each
L;(t) has Lévy measure v; with corresponding isometry

E[Lit)*] =t [ Cwv(d) <tR.
Ro

Then by Proposition 2.3

N
(3.6) L(t) = L(t,w) :== Y Li(t)hs
=1

is a square integrable H-valued Lévy process with covariance operator () that has eigen-
values \; = fRo C%v;(d¢) and eigenvectors h;. We can derive its chaos expansion by using
expansion (2.11) on every L;(t):

L(t) = ZZ <//0t xRo (05:¢) VZ(dC)ds) s

21]1

= Zzék,mm) (//Ot . (05 €) Vi(dg)ds> Ke, hi

i=1 k=1

= deﬁ i.j) M (//Ot]xR (6: ¢) vi(dC)d ) Zak

where 01 (t) := 0k A5 (ff[o fxRo (03i €) I/i(dC)dS) h; € H. Because of condition (3.5) it is
clear that the sum in (3.6) converges in L2(H, ) to L(t).

Example 3.6. (weak Lévy process) If condition (3.5) is not fulfilled then our sequence
(VZ) ¥, does not correspond to an H-valued Lévy process and the formal sum in (3.6) does
not converge in L?(H, i) any more. But it converges in S(H)_g as will follow from the
calculations below. However, we don’t want to consider L(t) as defined in (3.6) but some
kind of normalization. More precisely, we define the weak Lévy process corresponding to
our family (;)Y, of Lévy measures (fulfilling condition (3.5) or not) to be the formal sum

N o0
(3.7) W(t) ==Y Wit)hi = > thi(t) Ko,
i=1 k=1
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where W;(t) := ——L;(t) and

wk(t) kA(z,j (//Ot R 5]2C Vz(dC) ) hi € H.

Note that W (t) is a normalization of L(t) in the sense that E [W;(t)?] =1 for all i. W(t)
is not in L?(H, puy) but it is a generalized process with values in S(H)_g. This can be
seen from

[e§) 2
>0l (24" = 2_3 Ay ( J]L, o i 0miaoa ) (20

<

=

k:l

for all ¢ > 2. It is the weak Lévy process W (t) and not the Lévy process L(t) which
will be the key underlying driving process in our study of stochastic differential equations.
However, if (1;), is such that L(t) exists the information contained in the integral with
respect to W(t) is identical to the information contained in the integral with respect
to L(t). But the scheme to construct the Hitsuda-Skorohod integral through the Wick
product gets standardized for all families (1), by considering W (t) (see Section 3.4).

Example 3.7. (singular white noise) The singular white noise process W (t) is defined as
the time derivative of the weak Lévy process. It is given by the following chaos expansion

Zm,]f(/RO(jxt,oouZ(dc)1 zﬁk

where k() = Op.aq) - ( Sy (36(£,0) ©) ui(dC)> h; € H. Similarly to the weak Lévy

process one can show that W (t) € S(H)_o. To this purpose one uses the fact that by
the form of the basis d;;(¢,() (see (2.7) ) and the uniform boundedness of the Hermite
functions £(t); one has ||k (t)||; < C for some constant C.

3.3. Wick product. In the finite dimensional case the Wick product, denoted by ¢, can
be defined between S(R"*")_;-valued and S(R"™)_;-valued stochastic distribution. The
Wick product is thus an operation between generalized £(R", R )-valued and generalized
R"-valued random variables:

o1 S(R™™)_; x S(R")_; — S(R™)_;

Here L(R™,R™) denotes the space of linear operators between R™ and R™, which equipped
with the Hilbert-Schmidt norm is identified with the Hilbert space R™*" in the construc-
tion of S(R™*™)_;

In this Section we want to extend this concept to infinite dimensional Hilbert spaces.
Let U be another separable real Hilbert space with orthonormal basis {Ui}ij\ip where
M € {N,o00}. The Wick product would thus be an operation between a generalized
random operator from H to U and a generalized H-valued random variable. However,
the space L(H,U) of bounded linear operators between H and U is not appropriate to
construct generalized random operators S(L(H,U))_1 because L(H,U) is not a Hilbert
space anymore when H or U are infinite dimensional. Instead we will consider the space of
Hilbert-Schmidt operators from H to U denoted by Lo(H,U). An operator B € L(H,U)
is Hilbert-Schmidt iff

N
> IBhilf; < oo
i=1
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The reason Lo(H,U) is the appropriate space is twofold. Firstly, Lo(H,U) is a separable
Hilbert space with orthonormal basis given through the double sequence {u; ®h;}; j, where
uj ® h; is the linear operator defined by

(uj ® hy) (x) :=u; (hi,x), v € H.

We can thus employ the machinery developed in the previous Section to construct spaces
of Lo(H,U)-valued stochastic test functions S(L2(H,U)), and stochastic distributions
S(L2(H,U))—p. The second reason is that the relation between Wick product and Skoro-
hod/It6 integration known from the finite dimensional case (see next subsection) should
also be valid in infinite dimensions. And as has been shown in [28] for the case of It6
integration with respect to a weak Wiener process, Lo(H,U) is the appropriate space for
integrands to take values. The same makes sense for integration with respect to a weak
Lévy process as we will see.
Note that for B(w) € S(L2(H,U))—, we get the representation

M,N
Bw)= Y buaKaw)(u @) = baKa(w),

ji=1lacJ acJ

where by = Y100 b o (u; @ hy) € Lo(H,U).

Definition 3.8. The Wick product B ¢ F' of

B=) buKo € S(Lo(H,U))1, F = caka € S(H)1,
aeJ acg

with by € Lo(H,U), cq € H is defined as

BoF:= > ba(cg)Kass=>_ | D balcs) | Ky,

a,BeT v€J \a+B=vy
where by (cg) denotes the operator b, applied to cq.
Example 3.9. If B € L5(H,U) is deterministic and F(w) € L?(H, puy) then
Bo F(w) =B (F(w)).
This is easily seen from the definition.

As in the finite dimensional case, test function and distribution spaces are invariant
under the Wick operation in the following sense:

Lemma 3.10. For p € {0,1} we have
B € S(L2(H,U))—p, FeSH)-,= BoF e S{U)_,,
b € S(L2(H,U))y, feSH),=bofeSU),.

Proof. We only show the statement for p = —1, the other cases being similar. There exist
q1,q2 € N such that

2 2 _
IBI?y 0 = D llcallfy (2N)71* < oo,
acJ
2 2 _
IFI2 gy = Z Hbauﬁz(H,U) (2N) 7% < oo.
acJ

Then with ¢ = ¢1 + ¢2 + q3, where q3 > 1,
2
1BoF||Zy
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2

2
= | D baleg)|| @)<Y | D llbalep)lly | (2N)TT

veJ ||a+B=y U veJ \a+B=y

< ENTEL Y BallZ, ey (2N Y lleslly (2N)~07

veJ a+p=~ a+pB=y
<y (N <Z bl Zy 1,0, (QN)_W> > llesllyy 2N)717 ) < co.
veJ acd BeJ
Here we have used that 3. 7(2N)7%7 < oo for g3 > 1 (see [30]). O

Next, we introduce the Wick composition of stochastic-operator-valued distributions.
Let V be a third separable Hilbert space.

Definition 3.11. Let B € S(L2(H,U))—1 and G € S(L2(U,V))_1. We then define
G<O>B H S(H)_l — S(V)_l by

(GSB)o F:=Go(BoF), FeS(H)_1
and call GEB for Wick composition between G and B.

Note that because of Lemma 3.10 this definition is well defined. Also, the subspaces
specified in Lemma 3.10 stay invariant under BSG.

Example 3.12. Let B € S(L2(H, H))_1. Then we define the Wick exponential of B as

o0

. 1 .
(3.8) exp® B := —'Bon
i

where B = B<°>B...<°>ﬁ is the n-fold Wick composition of B. It will become clear in
Example 3.21 that exp® B is well defined in the sense that

1 .

Z — B F
n!

n=0

converges in S(H)_; when [ — oo for every F € S(H)_;.

3.4. Hitsuda-Skorohod integration. One of the most important properties of the Wick
product in finite dimensions is that it enables to express Ito-Skorohod integration as a
Bochner integral in S(R™)_q (for more information see [14] for the Gaussian and [9] for the
Lévy process case). In this Subsection we extend this concept to the infinite dimensional
case.

Definition 3.13. A process F(t) : R —=S(H)_q is said to be Pettis integrable if
(F(t), f) € L'(R, dt)

for all f € S(H)o. Then the Pettis integral of F(t), denoted by [, F(t)dt, is the unique
element in S(H)_o such that

</RF(t) dt,f> :/R<F(t),f> dt.

The existence of the Pettis integral [, F'(¢)dt in S(H)_g follows from the fact that

[ #w. ) a
R
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is a bounded linear operator on S(H)o. If we represent F(t) € S(H)_¢ as F(t) =
> acg Ca(t)Kq then it is straight forward to show (proof analogous to [11]) that F(t)
is Pettis integrable if

(3.9) S al (/R ||ca(t)||Hdt>2 (2N) 1 < oo

acd
for some ¢ € N. In this case we have

AF@ﬁZE:A%@ﬁ&“

acJ

where [, ¢o(t)dt is a Bochner integral in H.

Using the Wick product defined in the previous subsection we now construct the abstract
Hitsuda-Skorohod integral with respect to to a weak Lévy process. Let again U be another
separable real Hilbert space with orthonormal basis {u;}}£,, M € {N, 0o}, and recall that

W (t) denotes the singular white noise defined in Example 3.7.

Definition 3.14. Suppose B(t) : R —S(La(H,U))_qg is such that B(t) o W(t) is Pettis
integrable in S(U)—g. Then the abstract Hitsuda-Skorohod integral with respect to to the
weak Lévy process W (t) is defined as

/B@oW@ﬁGSW)@
R
The following Proposition gives a sufficient criteria for the existence of the abstract
Hitsuda-Skorohod integral.
Proposition 3.15. Let B(t) = _,c7ba(t)Ko € S(L2(H,U)) 0. If

(3.10) sup {2 [ 1000 0 1 | < ¢
acJg R ’

for some q € N, then the abstract Hitsuda-Skorohod integral of B(t) exists.
Proof. By the definition of the singular white noise we have

s o= (3 i) &, = X,

YET \aterp=y veJ
We first consider

2
< / ||pv<t>|Udt> < [ omtoi3 at
R R
2

< [ ( S oot gy anu)HH) dt
R atep="y

<oy / a2 1.0
ater=y /B

where we used the boundedness of ||k(t)||; as in Example 3.7. Taking into account that
(a+ €,)! < al(|a + 1), we can now verify condition (3.9) for ¢ > 1. O

We conclude this subsection by demonstrating that the abstract Hitsuda-Skorohod in-
tegral also in infinite dimensions extends the Itd type integral with respect to a Hilbert-
space-valued Lévy process. Literature about stochastic integration with respect to infinite
dimensional Hilbert-space-valued Lévy process seems to be rather scarce. Two references
where such integrals are constructed are [6] and [29], whereas in [17] and [22] stochastic
integration with respect to general martingales in Hilbert spaces is treated. We will here
illustrate that the abstract Hitsuda-Skorohod integral generalizes the integral based on a
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series approach introduced in [29] (which in turn in [29] was shown to be equivalent to
the integral in [6]). Let L(t) be an H-valued Lévy process as defined in Example 3.5 with
corresponding independent scalar decomposition L;(t) and covariance operator () with
eigenvalues \;. Denote by {F;}i~0, Ft C Fp, the augmented filtration generated by L(t).
Let a stochastic operator valued process

®(t): [0,T) — L*(L(H,U), pyy)
be predictable and piecewise continuous in ¢, where L(H, U) is equipped with the operator

norm, and let ®;(¢) := ®(¢)(h;). Then the stochastic integral of ®(¢) with respect to L(t)
is in [29] defined as the following L?(U, iz )-limit (which always exists):

T N n—1
t)dL(t) := 1 D, (tx) (Li(t L;(t
[} ewane = tim S5 o (i) - L)

for a sequence of refining partitions 0 =ty < ... <t, =T.

Proposition 3.16. Define the stochastic L(H,U)-valued process B(t) through

) = VAi®i(t)
where \; and ®;(t) are as above. Then B(t) € L*(Lo(H,U), uy) for all t, its abstract
Hitsuda-Skorohod integral exists and

T T
(3.11) / B(t) o W(t) dt / B(t) dL(L).
0 0
Proof. Tt is sufficient to show the statement for a simple process ®(t) of the form

D(t) = ®1(q (1),

where 0 < a <b<T and ® € L2(L(H,U), uy) is Fa-adapted.
Note first that
N

1B 2y 1.0y = ZAH@ Mo SISO pemm YA < o0,
=1

and we get B(t) € L*(Ly(H, U),MH). It is then straight forward to see that condition
(3.10) is fulfilled and the Hitsuda-Skorohod integral of B(t) exists.

To verify equality (3. 11) we represent B(t) and W (t) in the following way

B(t) = Zzbﬂa Ka(w) (u; @ hy) ZBN ) (uj @ hy),

Jji=laeg Jyi=1
W) = Z D Kik(t) Keyhi _ZWi(t)h
i=1 k€A(i,") =1

where Bj;(t) € L*(R,pup) is predictable, ri(t) = (rp(t), hi)y and Wi(t) is the chaos
expansion of the scalar white noise corresponding to the scalar Lévy process W;(t). We
then get

N M
- Z Z Z bjia(t)ﬁik (1) uj Ko,

ok i=1 j=1

— ZZ > balt)r( amuj_zz/ Bji(t)dW;(t

=1 j= 1a,kEA(z, i=1 j=1

= ZZBJZ u]/dW Z\Fcb /dW

=1 j=1
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N T
= > ®ia) (L<b)—L(a)):/ O(t) dL(t).
i=1 0

Here ff Bj;i(t)dW;(t) is the usual It6 integral and where we have used the known relation
between the abstract Hitsuda-Skorohod integral and the It6 integral in one dimension in
the equality marked by . U

Remark 3.17. As can be seen from Proposition 3.16, we have to ’scale’ the operator
process ®(t) in the It6 integral by the sequence {1/A;}; in order to get the corresponding
operator in the Hitsuda-Skorohod integral. This is due to the fact that we integrate with
respect to the 'normalized’ weak Lévy process W (t) in the Hitsuda-Skorohod integral; i.e.
we standardize the covariance information of the integrator and transfer this information
into the integrand. In this way, the space of Hilbert-Schmidt operators Lo(H,U) is the
optimal space for the integrands in the Hitsuda-Skorohod integral for all sequences of Lévy
measures (v;(d¢))N,.

If we didn’t consider the weak weak Lévy process W(t) but the Lévy process L(t) corre-
sponding to (v;(d¢))Y, as integrator, the alternative but less convenient approach would
be to adopt the corresponding Hilbert spaces. More precisely, like in the construction of
the stochastic integral with respect to a ()-Brownian motion (see for example [7]), consider
the Hilbert space Hy = Q(H) C H with inner product induced by @ (as before @ is the
covariance operator of L(t)). Then L(t) would be in S(Hp)—o with the same chaos expan-
sion as the one of W (t) in S(H)_o. The abstract Hitsuda-Skorohod integral with respect
to L(t), which then generalizes the It integral without scaling the integrands, would be
defined for integrands taking values in S(La(Ho,U))—o.

3.5. Hermite transform. The last white noise concept we treat in this Section is the
Hermite transform. As in the finite dimensional case introduced in [14], the Hermite
transform is a very useful tool to characterize elements and topology of S(H)_1. In the
following of this Subsection we only state the key results we need later on. The proofs
are analogue to the ones in [11] where the Hermite transform and its properties in the
Gaussian case is elaborated.

We denote by Hc respectively Uc the complexification of H respectively U. Further,
we set 2% = [[, 2 for z € CN and a multiindex a.

Definition 3.18. The Hermite transform of F' =) ; caKa(w) € S(H) -1 is defined as
HF (2) := Z caz®
aceJ
for z € CN so that the limit exists in Hc.

In the following we often drop the dependence on z and only write HF. From the
definition it becomes clear that the Hermite transform carries Wick operations over to
deterministic operations. More precisely, for B € S(L2(H,U))_1, F € S(H)_1 we have

(3.12) M (B o F) = HB(HF)

where HB(z) € Lo(Hc,Uc) and HF(z) € Hc. Further, for B € S(L2(H,U))-1, G €
S(L2(U, V)1

(3.13) H (G$B) = HGHB,
where HGH B denotes the composition of the operators HB(z) € L2(Uc, Vi) and HB(z) €
L>(Hc, Ug).
For N 3 ¢ > 1 we define the following infinite dimensional neighborhood of 0 in CN
K, :={z € CN: |z < (20)7%,i € N}.

The Hermite transform characterizes stochastic distributions in S(H)_1:
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Proposition 3.19. 1) For F € S(H)_1 there exists ¢ > 1 such that HF(z) converges
absolutely for all z € Ky and HF(z) is bounded on K.
2) Conversely, suppose g(z) = ) ,c.7 Caz® converges absolutely and is bounded on K, for

some q > 1. Then there exists a unique F' € S(H)_1 such that HF (z) = g(2), namely

F = Z cala(w).
acJ
Also, the convergence of sequences in S(H)_1 can be connected to the convergence of
the corresponding Hermite transforms:

Proposition 3.20. The following statements are equivalent:
1) F,, — F in the topology of S(H)_1.
2) There exists ¢ > 1 such that HF,(z) — HF(z) converges pointwise and boundedly on
K.
Example 3.21. Let B € S(L2(H,H))_1 and F € S(H)_; We then consider the sum
Z;:o %Bzm o F. Applying the Hermite transform yields
!

1

(3.14) > — (MB)" (HF).
n=0

However, because HB is a Hilbert-Schmidt operator on H¢ the sum in (3.14) converges
pointwise boundedly on some K, to e"B(HF). So by Proposition 3.20 the Wick exponen-
tial in Example 3.12 is a well defined concept.

As a consequence of Proposition 3.20 we can characterize differentiation and integration
in S(H)_1 via the corresponding Hermite transforms.

Theorem 3.22. Consider two processes X(t), F(t) : [a,b] — S(H)_1. The following
statements are equivalent:
1) X(t) is differentiable in the topology of S(H)—_1 on [a,b], F(t) is continuous in the
topology of S(H)_1 on [a,b], and

dX(t)

— L= F().

2) There exists ¢ > 1 such that

a: HX(t,z) and HF (t,z) exist for all z € K4, t € [a,]].
b: HF(t,z) is continuous on [a,b] and bounded on [a,b] x K.
c: HX(t,z) is differentiable on [a,b] with
dHX (t, z)
——= =HF(t
for all (t,z) € [a,b] x K.

Example 3.23. Let us show that in S(H)_; the singular white noise W (¢) is differentiable.
We have that

HW () = ri(t) z
k=1

converges for z € K, with ¢ > 2 . Because

sup &(t) < Cj,
tela,b]

where the constant C' only depends on [a, b], we get that H/ﬁ%(t)HiI < C%i(k)? Ay < C1k?
for another constant C'i. Hence

Sk < (Z 1ol <2N>-4fk> (2 il <2N>4€k)
k=1 k=1 k=1
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< O (i k2 (2k:)_4) (Z Esll (2N)4"‘> < Cs
k=1

acJ
on (t,z) € [a,b] x Ky4. Because Y- | k.(t) zj, is clearly continuous in ¢ we get by Theorem
3.22 that W (t) is differentiable in S(H)_; with
AW(t)
b _ > k() K.

dt
k=1

Similarly one can show that the weak Lévy process W(t) is differentiable in S(H)_; with
derivative W(t), and further that W () is infinitely many times differentiable.

Theorem 3.24. If X(t) : [a,b] — S(H)_1 is such that f; HX(t,z)dt < oo on K, for
some ¢ > 1 and

wp [HX(t ), < oo
(t,z)€la,b]x Kq

then f;X(t)dt exists in S(H)_1 and
b b
H/ X(t)dt:/ HX (¢, 2)dt.

4. STOCHASTIC DIFFERENTIAL EQUATIONS IN S(H)_;

We now want to apply the machinery developed in the previous Section to stochastic
differential equations with values in spaces of stochastic distributions. Hilbert-space-valued
differential equations often include unbounded linear operators and we first discuss their
concept in the framework of stochastic distributions. Let H,U be separable real Hilbert
spaces as before.

4.1. Deterministic operators on S(H)_;. Let A: H — U be a linear possibly un-
bounded operator with domain D(A) C H. We then define the action of A on S(H)_;.

Definition 4.1. The domain of A in S(H)_1 is defined to be

D(A)-1:= {F = Z coHo € S(H)_1 : Z HA(Ca>||2U (2N) 1 < oo}
aced aceJ
for some q € N. The action of A on F € D(A)_y is set to be

A(F) =" Alca)Ho € S(U) 1.
aeJ

We define analogously the action of A on any S(H)+,, p € {0,1} with corresponding
domains D(A)+,.

Remark 4.2. If A € L(H,U) is a bounded operator then one immediately sees that
D(A)+p = S(H)+p, p € {0,1}. If further A € L3(H,U) we get that

A(F)=AoF.

Note that we can extend this relation for all operators A € L(H, H) that are compositions
of Hilbert-Schmidt operators, i.e.

A=Bjo..oB,, Bi,...B,€Ls(H H),
with the help of the Wick composition in Definition 3.11.

Like in [11] one can show that the Hermite transform is also factorizing unbounded
operators in the desired sense as long as they are closed:

Lemma 4.3. If A: H — U is a closed operator and F' € D(A)_1 then
H(A(F)) (2) = A(HF(2)).
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4.2. Stochastic Cauchy problem. Consider the following U-valued stochastic differen-
tial equation with additive Lévy noise

(4.1) dX; = AX.dt+ BdWy,

(4.2) Xo = z€D(4), 0<t<T,

where A is the generator of a Cy-semigroup Sy on U (in particular A is a densely defined,
closed operator), W(t) is an H-valued weak Lévy process and B € Lo(H,U) is a Hilbert-
Schmidt operator. In the classical context of Hilbert space valued SDE’s one can show

analogously to the Gaussian case (see for example [6]) that there exists a weak solution of
equation (4.1) under the condition that S;B € Lo(H,U) with

T

This solution is then given by
t
Xt:St.T+/ S(t—S)Bth, 0<t<T.
0

Interpreting the stochastic integral B dW; as a Hitsuda-Skorohod integral B o W;dt we
arrive at the following reformulation of (4.1) in the white noise framework

% AXt+B OWt,

Xo = z€D(A), 0<t<T.

(4.4)

Using Definition 4.1 we can extend the classical result about weak solutions of (4.1) in the
following way:

Theorem 4.4. Let A be the generator of a strongly continuous semigroup {Si},., on U
and B € Lo(H,U). Then the process

(45) Xt = St(fl?) + /(;t St_sB(WS) ds

solves equation (4.4) uniquely in S(U)_1.

Proof. For notational convenience we denote G := HG for a distribution G in the rest
of the proof. Because a strongly continuous semigroup is exponentially bounded it is not
difficult to see that S;_,B(Wj) is Pettis integrable and the integral in (4.5) is well defined.
Taking the Hermite transform in (4.5) we obtain

t ~
Xt = St(.f) + / StfsB(WS) ds.
0

Then the following calculations are standard from the theory of deterministic linear equa-
tions (see [10], [7], or [21] for a short overview). Define the integral

t—s ~

v(s) = S, B(Ws)dr
0
and consider its derivative which by Example 3.23 is well defined:

~ t—s ~

V' (s) = =S;_sB(W) + S, B(W!)dr.
0

Integrating in s from 0 to ¢ yields

~

t ~ t pt—s
/ Si—sB(Wy)ds = / S B(W)drds — v(t) + v(0).
0 0 Jo
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Because v(t) = 0 we get

~

t t—s t
(4.6) X; = 5¢(%) + / S, B(W!)drds + / S, B(Wy)dr.
0 JO 0

A (/(:Ssuds) — Sy(w) —u

(note that u € D(A) is not required), we obtain

~

Using the formula (see [10])

A(Xt) - ASt(:%)+/0tStSB(WN/S’)ds—/OtB(W7;)ds+StB(W70)—B(WN/O)

t ~ ~ ~
— S(@)+ [ SeuBOV)ds - BOY) + 5.B(%G).
0

Hence, differentiating (4.6) yields
dX,

(4.7) = AX; + B(W,).
Now, by Theorem 3.22 we can extract the Hermite transform in equation (4.7) and the
result follows. O

Note that for a Pettis integrable process F the process S;_sF is again Pettis integrable
by the exponential boundedness of S;. So an immediate generalization of Theorem 4.4 is
that

X, = Sy(x) + /O "5 (F + B(WS)) ds

solves the equation

dx .
th [AX, + F}| + B o W,

Xo = z€D(4), 0<t<T.

(4.8)

We remark that since

oo T
kzzo /0 Sy (Bls(s))) ds

X; is a solution in L?(U, uy) (assuming Fs € U is Bochner integrable) if

T
(4.9 |18 Bl s < .

This was condition (4.3).

2 00

T 2
) < C%/O [S7—s (B(h))|lg; ds

Further, the concepts developed in the previous Section allow us to consider more
general equations with random coeflicients that stochastic distributions. They take the
form

dX
(4.10) th = AoX;+F,

Xo = 2€SWU)-1, 0<t<T,
where A € S(LQ(H, U))_l and F; € S(U)_l.

Theorem 4.5. Assume that F; is continuous in t in the topology of S(U)_1. Then the
process

(4.11) X, = exp®(tA) oz + /Ot (expé((t —s5)A) <>Fs> ds

solves equations (4.10) uniquely in S(U)_1.
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Proof. For notational convenience we denote G := HG for a distribution G in the rest of
the proof. First note that since exp®((t — s)A) o Fy is continuous in s in the topology of
S(U)_1, the process exp®((t — s)A) o F, is S(U)_1-integrable (see [11]) and the integrand
in (4.11) is well defined. Takin the Hermite transform in (4.11) yields

X, = exp(tA)(z) + /0 exp((t — 5)A)(Fy)ds.

We observe that {exp(tfl)} o is the strongly continuous semigroup on Uc generated by
t>

A. Clearly, since A is a bounded operator, X; is the variation of constant formula that
solves

dX;

Now, given the nature of X;, we can apply Theorem 3.22 and extract the Hermite transform
in equation (4.12). This yields the desired result. O

In particular, if F; = B, o W, for a continuous By, the process X; given in (4.11) solves
a Lévy white noise driven stochastic Cauchy problem with random coefficients. However,
A takes values in a space of generalized bounded operators and is not allowed to be of
unbounded nature in this setting.

Remark 4.6. Let us mention that the above techniques can be employed in an analogous
way to treat linear stochastic differential equations with additive Lévy noise where A is
the generator of an n-times integrated semigroup. For this matter it is essential that the
white noise W, is infinitely many times differentiable in S(H)_;.

Further, the introduced concepts allow for the treatment of generalized solutions of
equations with multiplicative noise. However, this is beyond the scope of the paper and
will be part of forthcoming work.

Example 4.7. As a first illustration we consider the stochastic Lévy noise driven heat
equation
(4.13) dX (t,z) = ADgX(t,z)dt +dW(t,z)

X(t,z) = 0 fortel0,T],z€d0, X(0,z)=0 for x €O,
where O = {z € R";0 < x, < ap,k = 1,....,n}, n € N. We interpret (4.13) as equation
of type (4.4) with H = L*(0), B = I, A = /A, (in the sense of distributions) and
D(A) = H>*(O) N HS’2(O). The spectrum of A is given by

{—Z;Z;kl,...,kn c N*}.

i=1
Let {—Ax} be an ordering of the eigenvalues with corresponding eigenvector basis {hg}.
Then A generates a Cy semigroup on H given through
oo
Se(u) = (u, hi) g e M hy, u € H,
k=

[y

and the solution of the heat equation with values in S(H)_g is given by (4.4). It is not
difficult to see that

’ 2 — 1 —oAT = 1
/0 1551z, ) dS:Zm(l—e )Szm

k=1 k=1

Hence only if n = 1 the solution of the heat equation is H-valued.
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