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ABSTRACT. The aim of this paper is to apply the mean-variance hedging ap-
proach, originally formulated for risky assets, to interest rate models in pres-
ence of stochastic volatility.

In a HIM framework, we set a finite number of bonds such the volatility matrix
is invertible and provide an explicit formula for the density of the variance-
optimal measure which is independent by the chosen times of maturity.
Finally, we compare the mean-variance hedging approach to the local risk
minimization one in the interest rate case.

1. INTRODUCTION

The aim of this paper is to extend the mean-variance hedging approach to in-
terest rate models in presence of stochastic volatility. The interest rate case is
analysed in a Heath-Jarrow-Morton framework, where the forward rate volatility
is supposed to be stochastic. Here a stochastic volatility model is seen as a model
with incomplete information, where volatility is affected by an additional source
of randomness. A perfect replication of a given european option H is not possible
even by using an infinite number of bonds. In order to find an approximation price
and strategy, we choose the mean-variance hedging approach and consider only
self-financing portfolios composed by a finite number of bonds as in the approach
of [6] .

We set T3 < Ty < --- < T, times of maturity, greater than the option time of ex-
piration Tp, such that the matrix f;;’ oi(t, s)ds is invertible P¥-almost everywhere

p(t, Tj)

p(tu TO) ’
7 =1,...,n and compute an explicit formula for the density of the variance-optimal

t,T;
p(t, J), j=1,...,n, in terms of Doleans Exponential. This expres-
o p(t To)
sion is shown to be independent of the chosen T}.

Finally, we introduce the local risk minimization approach for interest rates and
compare it with the mean-variance hedging one.

for every t. We characterize the set of the martingale measures for

tSTOa

measure for

2. THE MODEL

In the sequel, all filtrations are supposed to satisfy the so-called “usual hypoth-
esis”.
Our basic model consists of two complete filtered probability spaces denoted by
(Q,FW  FV.PV) and by (E,&,&,PF). We assume that W, is a standard n-
dimensional brownian motion on = C([0,T],R), PV is the Wiener measure and
293
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FV is the PW-augmentation of the filtration generated by W;. The space E rep-
resents an additional source of randomness which affects the market. The market
is now incomplete as a result of incomplete information: if the evolution of n had
been known the market would be complete.

We suppose that there exists on E a square integrable (eventually d-dimensional)
martingale M; endowed with the predictable representation property, i.e. for every
square integrable martingale N; there exists a predictable process H; such that
Ny = Ny + [ HydM,.

We analyse the mean-variance hedging criterion in the case of interest rates models.
The assets to be considered on the market are zero coupon bonds with different
maturities. As in [4], we represent the price at time ¢ of a bond maturing at time
T by an optional stochastic process p(t,T) such that p(¢,¢) = 1 for all ¢.

We assume that there exists a frictionless market for T-bonds for every 7" > 0 and
that for every fixed t, p(t,T) is almost surely differentiable in the T-variable. The

forward rate f(t,T) is defined as f(t,T) = _810%7@
Ty = f(t7 t) .

According to the Heath-Jarrow-Morton approach, we describe the forward rate
dynamics. In this setting, f(¢,T) is represented by a process on the product prob-
ability space (Q x E,F}Y @ &, P" ® PE) such that

and the short rate as

df(t,T,w,n) = a(t,T,w,n)dt + o(t,T,w,n)dW(w) (1)
with initial condition f(0,7T,n) = f*(0,7). We make the following assumptions:
i) The equation (1) admits PF-a.e. a unique strong solution with respect to
the filtration F}V. For example, it is sufficient that o and o are PF-a.e.-
bounded.
ii) Heath-Jarrow-Morton condition on the drift: there exists a predictable R™-
valued process h; such that the integral f hsdW, is well defined and

T
MtfwmzowTwm%/UW&M@*UwﬂwWMWW) (HIM)
t

for every T' > 0. For the sake of simplicity, in the sequel we will omit w
in the notation.
In the complete market case, this condition guarantees the existence of

t, T
the unique equivalent martingale measure for i é ) as long as & ( f de)
t

is a uniformly integrable martingale, while in this setting of incomplete
information there exists an infinite number of them. Note that it compels
to impose stronger regularity on o to obtain global solutions for equation
(2). For a further discussion on the integrability conditions to impose on
he, see [1].
By Proposition 15.5 of [4], we obtain the bond price dynamics:
dp(t, T 1
WD) ((t) + S0 Ton) |2 + At T.0))dt + (&, T )W,
p(t,T) 2
where
T
1) St,T.n) =~ ftTU(t,sm)ds
(2) A(t,T,n) =— [, a(t,s,n)ds
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Neverthless in principle an infinite number of bonds is available for trade, we
consider only portfolios composed by to an arbitrarily large, but finite number of
bonds as in the approach of [6]. Since are traded bonds for every time of maturity
T € R*, one is induced to think that the market is complete in spite of lack of
information. Unfortunately, this is not true. For example, suppose in equation (1)
dim W; = 1 and let the volatility have a jump at a random time. The market
is incomplete since the random time of jump can not be known neither through
the observation of the entire term structure. For a further discussion, we refer to
Example 2.1 of [1].

3. THE VARIANCE-OPTIMAL MEASURE FOR INTEREST RATES

In this framework, we study the problem of hedging a certain European option H
expiring at time Tj by using a self-financing portfolio composed by a finite number
of bonds of convenient maturities and eventually by the money market account
By. In the sequel we assume to work with the filtration (F):c(o,1,); for the sake of

dQ

TPl

Since a perfect replication is not possible, we look for a self-financing portfolio which
solves the following minimization problem:

d
simplicity we will write % instead of

min E [(H - VTO)Q} (2)

Usually the money market account B; = exp ( fot r(s, n)ds) is used as discounting

factor. Since the spot rate is now stochastic, the minimization problem (2) is
equivalent to

min 2P {( i _ Vo )2}

BfTo BTo

where EP is the expectation under the equivalent probability PZ with density

dPB B B%O

dP E [B%O]
The computation of the new bond dynamics under PP can be quite complicated
even in very simple cases, as shown in further details in Remark 3.9 of [1].
In order to avoid it, we can choose as numéraire the bond p(t, Tp) expiring at time
Ty of maturity of H. We immediately have

dpTe p(To, To)?
dP  Ep(Ty, Tp)?]
or in other words P70 = P.
More precisely, we are not simply interested in a self-financing portfolio whose final
value has minimal quadratic distance by H, but, once fixed (n + 1) bonds p(t,T}),
j = 0,1,...,n, where n is the dimension of W;, we look for a solution to the
minimization problem:

=1

min B [(H — Vo = Gr, 6))°] (3)
0cO
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where G(0 / 0sdXs, X = M and
p(s,To)

@:{eeL(X);/edXes2} (4)

L(X) is the set of integrable processes with respect to X; and S? is the space of
square-integrable semimartingale.
We assume a sort of no-arbitrage condition on the underlying financial market:

no-approximate profit condition : 1 ¢ Gr,(0) (5)

This conditions simply means that the riskless profit 1 can’t be approximate by
using self-financing portfolios with zero initial wealth.
Problem (3) admits a unique solution (Vy,6) for all H € L? under the hypothesis
that G, (©) is closed (see [9] for the proof). In this case, 0 is called the mean-
variance optimal strategy and Vy the approximation price. The drawback of the
nonclosedness of the space G, (©) can be overcome by looking for a mean-variance
optimal strategy in the space Ogrp of all predictable processes such that the sto-
chastic integral fot 0,dX, is a QQ-square-integrable martingale for every equivalent
square integrable martingale measure @ (see [9]).
Problem (3) is strictly related to a particular martingale measure for X;, since the
approximation price and the mean-variance optimal strategy 6 can be computed
in terms of P, the variance-optimal measure. We denote as M3(Ty,...,T,) and
M2(Ty, ..., T,) respectively the set of signed martingale measures and the set of
p(thj) .
O T T
The variance-optimal measure P is the element of M2(T1, ..., T},) of minimal norm,
where for every Q € M2(Ty,...,T,)

1501 =B | (53

If (2) has solution, in [9] it is shown that Vi = E [H]. Moreover, if Gr,(0) is
closed and there exists at least a martingale measure for X;, the optimal strategy
f can be computed by using the density of P, as shown in [9].

Apparently, this definition of P depends on the chosen maturities 71,...,7,. By
imposing the following condition, we will show in the sequel that it is actually
invariant under a change of the times of maturity.

equivalent martingale measures for Sy

There exist maturities T1, ..., T, greater than T such that for every ¢
T
the matrixes o;(t,T};) and / 0;(t,s)ds are non-singular P¥-a.e (H1)
To

This assumption is motivated by Proposition 4.3 of [3] and by Proposition 5.5
and Theorem 5.6 by [5]. For a further discussion, see [1].
In order to obtain an explicit formula for the variance-optimal measure, we char-
p(t,T)

p(t, To)
we don’t need T' < T} since time ¢ cannot exceed TO by assumption.

acterize the set of the martingale measure for for every T' > 0. Note that
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Lemma 3.1. Let Z; be a local martingale with Zy = 1. The following conditions
are equivalent:
p(t,T)
1) Z
( ) tp(thO)
(2) Z = E(— Jy(hs + S(s,To,m))dW,), (1 + fg ksdMs) for some predictable

process kg such that the integral fot ksdMs is a local martingale.

s a local martingale for every T > 0

Proof. For the proof, see Lemma 3.4 of [1]. O

Lemma 3.1 shows that our condition on the drift guarantees the existence of an

p(t,T)
p(ta TO)

absolutely continuous (eventually signed) martingale measure for for every

T>0,t<Ty.
Since we assume to invest in an arbitrary, but finite number of bonds, we choose
for our portfolio p(¢t,T1),...,p(t,T,) where Ty < T} < --- < T,, are maturities such

that f;{; oi(t, s)ds is invertible for PF-almost every 1. By the following lemma, we

t,T;) . . .
obtain that the set of martingale measures for pEt T];’ 7 =1,...,n, coincides with
pt, Lo
t,T
the set of martingales measures for p(t,T) , T >0.

p(t7T0)

Lemma 3.2. Let Z; be a local martingale with Zog = 1. The following conditions
are equivalent:

T.

(1> th(t’ J)

p(t7TO)

(2) Zi = € (= Jy(hs + S(s,To,n))dWs), (1 + fg ksdMsy) for some predictable

process ks such that the integral fot ksdMs 1s a local martingale.

s a local martingale for every j=1,....n

We remark that this result is independent from the chosen maturities unless for
the fact that fTTOJ 0;(t, s)ds must be invertible.

Proposition 3.3. (1) If Q € M3(Ty,...,Ty,), then

= (- [omrsenmm) o | " k)

for some predictable process ki such that the above expression is square
integrable.
(2) If Q € M3(T,...,Tp), then

% _s (_ /0‘(hs(77) + S(s,To,n))dWs>TO € (/0 deMS>TO

for some predictable process k; such that the Doleans Expontial

£ < /0.(hs(n) + S(s, Ty, n))dWs +/O. kdes)

is a square-integrable martingale and ky - AM; > —1.

t

Proof. This proposition directly follows by Lemma 3.2. O
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The following Lemma is quite technical, but it allows us to write an explicit
expression for the density of the variance-optimal measure.

Lemma 3.4. Let H, K be two predictable stochastic processes whose stochastic
integrals fg H,dW7? and f(f KsdM; are defined. The following conditions are equiv-
alent:

T
exp (/ I(hs (1) + S (s, To,m)) | *ds (6)

0

_E(f HaAW),
)‘Cagmme

& ( /0.(h5(77) + S(s,To,n))dW, */OIstMS) _

T

—c& (/'(_hs(n) — S(s,To,m) + HS)dW\S>T (7)

0

where ¢ is the same constant in both equations.
Proof. For the proof, see Lemma 3.7 of [1]. O

p(t, Tj)
p(tv TO)
given by [A];; = f;;J o;(t, s)ds. By exploiting Lemma 3.4, we obtain the following
explicit formula for the variance-optimal measure.

We recall that X/ = and denote by A; the matrix whose ji-th element is

Theorem 3.5. Let H, K be two predictable processes such that the exponential mar-
tingale € (fo H,dW, + fo stMs) s square-integrable. Then H, K are solutions of
the equation (7) of Lemma 8.4 if and only if

Zi —£ (— /.(hs(n) 4 S(s, Ty, n))dW, + /O stMs)

0 To

or equivalently

dP E(= [y 8aX)y,
P ple (- J; X,

p(s, To)
p(57 Tj)

where (37 =

Z(h;(n) + Si(57T0777)) - H;)[As_l]lj

In particular, if o(¢,T,n,w) = o(t,T,n), by [1] we obtain that the density of P
has the form

dP B : exp (_ foT ”)‘suzds)
YT £ (/o )\des>To Z [exp (_ foT ||/\s\|2d5>} (8)

where Ay = he(n) + S(¢, To, n)- N
We stress that the characterization of P provided by Theorem 3.5 is independent

of the chosen maturities T7,...,T, unless for the fact that matrix A; must be
invertible.
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4. EXAMPLES

The Heath-Jarrow-Morton condition on the drift allows us to modelize only the
forward rate volatility o(t, T, n).

Example 4.1. First we consider the case when dim Wy =1 and

o(t,T) = UOI{t<n,t§T} + U1I{t2n,th}
where 09,01 € RT and n is a stopping time with a diffuse law on RT. Here
we set E =R", & = B([0,t]) V (t,+<] and a fundamental martingale is given by
My = I1>yy — ag, where ay is the compensator of the process Ijy>, associated to
7.

Example 4.2. More generically, the volatility can be given by a Markov process
in continuous time with a finite set of states I. By following the approach of [8],
we choose E as the space of all right-continuous, left-limited functions from [0, c0)
to I endowed with the filtration £ generated by n,. By Theorem IV.20.6 of [8],
we obtain a set of martingales on E with the predictable representation property
in the following way. Let a,b be states in I such that a # b and define M? =
Iy(ne) — Ip(no) — fg QIy(ns)ds and Hy = I,(ni—). The process Ug(t) = fot HadM?
is a martingale by Lemma IV.21.12 of [8] and the family (Uap)aper,azts has the
predictable representation property.

Example 4.3. If the volatility is given by a multivariate point process 1, there
erist no finite set of martingales with the predictable representation property. By
[7], we obtain that the compensated integer-valued random measure p— v associated
to n; has the predictable representation property on E endowed with the smallest
filtration under which p is optional.

Example 4.4. Finally n can be given by a diffusion process

df(t,T) = a(t, T,n)dt + o (t,T,n,)dW}
dnt = F(tv T7 nt)dt + G(t7 T7 Tlt)th2

where W} can be eventually correlated with W2.

5. A COMPARISON WITH THE LOCAL RISK MINIMIZING APPROACH

An alternative approach for pricing and hedging contingent claims in incomplete
markets is the local risk minimization one. The main difference with respect to
mean-variance hedging is the fact that a local risk minimizing strategy perfectly
replicates the value of a given option, but it is not self-financing. More precisely,
suppose we want to hedge a Ty-option H. As in the previous sections, we choose

, t. T
Ty < --- < T, satisfying (H1) holds and consider X] = p(t, j), j=1,..
p(th‘())

.,n. By
exploiting the approach of [2], we have the following

Definition 5.1. An L2-strategy is a pair (,6°) such that € © and 6° is a real
predictable process such that the value process left limit V;_ = ;- X, + 69 is square
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integrable for 0 <t < Tj.
The (cumulative) cost process is defined by Cy = V; — fot 0,dX,, 0<t<Ty .

By Definition 5.1, we get that the portfolio’s jumps coincide with the jumps in
the cost process.

Definition 5.2. Let H € L?(Fr,, P) be a contingent claim. An L?-strategy (6,6°)
with Vr, = H P — a.s. is called pseudo-locally risk-minimizing or pseudo-optimal
for H if the cost process Cy is a P-martingale and is strongly orthogonal to the
martingale part of X.

By Definition 5.2 follows immediately that a contingent claim H € L?(Fr,, P)
admits a pseudo-optimal strategy if and only if H can be written as

To
H = Hy+ guqu + LTo (9)
0
where Hy € L?(Fr,, P), £ € © and L is a square integrable martingale strongly
P-orthogonal to the martingale part of X. Equation (9) is usually addressed in
literature as the Follmer-Schweizer decomposition of H. This is connected to a
suitably chosen martingale measure, the so-called minimal martingale measure.

Definition 5.3. P° € M2(Ty,...,T,) is the minimal measure (with respect to
p(t,To) as numéraire) if any locally square integrable local martingale which is or-
thogonal to the martingale part of X under P remains a local martingale under

PO.

By Definition 5.3 follows immediately that the pseudo-optimal portfolio ‘7(¢) is
a local P-martingale and we get V;(¢) = p(t, To)E° [H| F;]. By Definition 5.3 and
Theorem 3.5, we obtain that

e (- [+ Ste To )W, )

define the minimal measure’s density as long as the Doleans Exponential £ (— [, (hs(n) + S(s, T, n))dWS)I

is a uniformly integrable martingale.

We compute now the pseudo-optimal strategy for a Ty-call option C' = (p(Tp, T1) —
K)*. The pseudo-optimal portfolio is given by V;(¢) = p(t, To)E° [C| F] and by
exploiting the same argument as in Theorem 5.1 by [2], we obtain that the optimal
strategy components are 60 = —KE9 [14]| F,_], 6 = E' [14| F;_] and 6 = 0 for
all j = 2,...,n. Note that in the local risk minimization case, the pseudo-optimal
strategy depends only on two assets in spite of the dimension of the driving brow-
nian motion. On the contrary, in [1] is shown that the mean-variance optimal
strategy is based on (n 4 1) bonds, where n = dim W;.

We apply these results in order to compute the local risk minimizing strategy

R* 1 R*
f let H= ————- (= — p(Ty,T1))" = ————=~K, where K is a Tp-
or a caple (R* p(To,T1)) DT o where K is a Ty

p(To, Th)
put option on p(¢,77). The pseudo-optimal portfolio for the caplet H is given by
N N N N R*
Vi = p(t,Ty)E* [H| Fi]. For t < Ty, we have V; = p(t,T1)E" [K .7-}] =
p(t, To)E® [K| F], since by [2] we have the following change of measure’s formula

p(To, T1)
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dP! 0,T; ™ . :

— = p(TO,Tl)M. For t > Ty, Vi = E[H|F] = H since H is Fry-
dpo p(0,T1)

measurable. Hence, the local risk-minimization strategies for the T}-option H and
for the Tp-option K coincide up to time T and we can behave exactly as in the
complete market case. On the contrary, in [1] is shown that mean-variance hedg-
ing strategy for H does not coincide with the one for K. The key is that in this
approach we perfectly replicate the option value in spite of approximating it as in

the mean-variance hedging criterium.
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