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Abstract—We study quantum circuit synthesis through the
lens of quantum compiler functions, i.e., mappings from unitary
matrices to gate-circuit approximations. While the existence
of compiler functions yielding low-complexity gate-circuit ap-
proximations for arbitrary unitary matrices is well established,
their implementation is inherently classical and must there-
fore be assessed within the framework of digital computation.
Digitally computing these functions has recently been shown
to be infeasible in terms of Turing computability, i.e., uni-
form, universally correct, and error-controlled implementations.
We strengthen this limitation by proving the non-existence of
computable implementations even for restricted and practically
relevant sub-tasks. In particular, we establish an infeasibility
result for compiler functions based on currently known quantum
algorithms for estimating features of solutions to linear systems.
Our approach relies on a detailed computability analysis of
associated matrix functions—most notably the pseudoinverse and
the condition number—within the Turing model. This yields a
complete characterization of the computability breakdown and,
consequently, of the infeasibility of corresponding universal and
computable compiler functions.

For a version of this work including all proofs, we refer to [1]

I. INTRODUCTION

Quantum computing aims to exploit quantum mechanical
phenomena to outperform classical digital computation in
specific tasks, such as integer factorization and the simula-
tion of protein dynamics in computational chemistry [2]-[4].
However, despite substantial progress, the physical realization
of scalable quantum computers remains highly challenging.
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The most established quantum computing model, both theo-
retically and experimentally, is gate-based quantum computing
[5]-[9]. In this framework, each gate corresponds to a unitary
operator on a finite-dimensional Hilbert space and computation
proceeds via sequences of quantum gates forming a circuit.
Abstracting from measurement, the process separates into a
quantum component—applying gates from a fixed, finite set
to a state vector—and a classical component that determines
and controls the gate sequence. The latter constitutes the
quantum compiler problem (or circuit synthesis) of compiling
quantum algorithms to gate-circuits processed by classical
digital hardware [10]-[12].

Since only countably many such operators can be exactly
realized by finite circuits, arbitrary unitary transformations
(corresponding to quantum algorithms) must be approximated.
A gate family is called universal if such approximations exist
for every unitary operator with accuracy 27" for all n € N
[13]-[15]. While the existence of compiler functions (enabling
circuit synthesis) is guaranteed, e.g., by the Solovay—Kitaev
theorem [16], [17], their computable realization on digital
hardware is a separate issue: a fundamental but often implicit
assumption is that the classical control underlying circuit syn-
thesis can itself be straightforwardly implemented on digital
hardware. However, this is nontrivial since classical com-
putation operates on discrete mathematical objects and does
not naturally capture analytic notions such as continuity and
approximation that are inherent in quantum circuit synthesis.

Indeed, recent work shows that universal compiler functions
do not admit computable implementations in the sense of Tur-
ing, i.e., universally correct implementations with error control
[10]-[12]. This raises the question of whether computable
implementations remain feasible for restricted yet practically
relevant sub-tasks. In this work, we address this question for
solving systems of linear equations. Quantum algorithms for
estimating features of such solutions have been proposed [18]—
[20] and underpin many quantum machine learning approaches
[21], [22]. A key parameter in these algorithms is the condition
number of the input matrix representing the linear system.
Consequently, any compiler function that maps a matrix to a
quantum circuit (corresponding to these quantum algorithms)
must compute the condition number as part of its classical
pre-processing unless receiving it as input.



This strict requirement follows a classical definition of
computer science as the science of automated problem-solving
[23], meaning that for any feasible input instance—here,
matrices—the computing process should yield an (approxi-
mation) of the solution—here, quantum circuits—. We show
that this constitutes a fundamental obstruction: there is no
universally correct, error-controlled, and uniform algorithmic
implementation of the corresponding compiler function on
digital hardware over sufficiently large input domains. In
particular, even for fixed matrix dimensions, the computation
of the condition number—and thus the associated compiler
task—is not computable. This implies that, in this setting, the
anticipated quantum advantage cannot be realized via provably
correct classical compilation.

Overcoming this limitation would require either quantum al-
gorithms that avoid such non-computable pre-processing or re-
strictions to problem instances where relevant non-computable
quantities, such as the condition number, are a priori bounded
(making their computation obsolete) or amenable to provably
correct computation. Indeed, we also specify input domain
restrictions, i.e., only consider matrices with certain properties
as admissible inputs, that allow to circumvent the raised com-
putability issues by design or, more precisely, the additional in-
formation provided by the promise influences the computabil-
ity structure. However, this articulates the gap between formal
non-computability in the spirit of automated problem solving
and practical numerical approaches with lower requirements.
In the latter, the challenge of input verification (does the given
matrix actually conform to the properties specified by the input
domain, in particular, if high-dimensional unstructured input
instances are to be expected?) and the severity of the task
restriction (does the admissible input domain still allow for
sufficiently general descriptions?) are typically left open.

A. Problem Statement

The condition number of a matrix A € C™*"™ is defined
via its pseudoinverse AT € C™*™ [24], [25] characterized by

AATA = A,
(AANH = AAT,

ATAAT = AT,
(ATAYH = ATA.

These equations uniquely define the pseudoinverse, i.e., ex-
actly one matrix A satisfies all four conditions. While closed-
form representations of the pseudoinverse are known for both
universal [26]-[28] and specific matrix classes [29], their im-
plementability on digital hardware with correctness guarantees
and error control in the sense formalized in Section II remains
unclear. In contrast, simple expressions arise only in special
cases; e.g., if A has full column rank, then it is easy to verify
that AT = (AH A)~1AH,

In practice, the pseudoinverse is computed using methods
such as rank decomposition, QR factorization, singular value
decomposition [30], or Gaussian elimination-based approaches
[31], [32]. However, these methods typically lack either full
generality or provable error control in the above sense. As a
result, while they often produce accurate outputs in practice

and are provably reliable in restricted settings—such as well-
conditioned inputs [33], [34]—their intrinsic failure modes and
robustness are not fully characterized.

Thus, a universal algorithmic description enabling effective
computation is missing: namely, a procedure that, given an
arbitrary matrix (via converging rational approximations) and
a target accuracy, computes an approximation of its pseudoin-
verse with target accuracy. More broadly, this raises the ques-
tion of whether or under which conditions the pseudoinverse
and related quantities, such as least-squares solutions and the
condition number, admit effective approximation on digital
hardware. To address this, we study the following mappings:
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The posed problem(s) relate to the study of effective computa-
tions (and lack thereof) in linear algebra [35]-[38] with prior
works focusing on, e.g., eigenvalue computation [39].

B. Contributions

We study the existence of effective algorithms on Turing
machines that approximate the mappings (I)-(VI). Since the
pseudoinverse is central to all of them, we examine its effective
computability for any matrix A € C™*"™. This naturally splits
into two questions: (i) for a fixed matrix A, does there exist
a Turing machine TM 4 that computes At with error control?
and (ii) does there exist a (uniform) Turing machine TMy;
that, given any A, constructs TM4? We show that the first
question admits a positive answer, whereas the second does
not. Extending this negative result to the condition number
yields the previously stated impossibility of a computable
implementation of compiler functions for quantum algorithms
solving linear systems [18] in the discussed sense. We next
characterize this computability breakdown in more detail.

e We prove in Theorem 6 that no uniform algorithm, i.e., no
Turing machine TMy;, can approximate the pseudoinverse
with finite error: any such algorithm incurs arbitrarily large
errors on certain inputs. In contrast, Proposition 9 shows
that, for each fixed matrix A, a Turing machine computing
AT with error control does exist. Thus, the computability
breakdown arises at the uniform level—specifically, in con-
structing TM 4 from A. This construction requires additional
information about A that is unavailable in this general
setting, a phenomenon we illustrate for iterative methods
with convergence guarantees in Corollary 8.

o These results suggest that restricting the input domain—
thereby increasing available information—can restore ef-
fective computability. We confirm this for two classes of
matrices, namely full-rank matrices and matrices with en-
tries bounded away from zero, by establishing the existence



of effective algorithms in both cases. This highlights the
importance of identifying structural properties of admissible
inputs in practical applications.

o Finally, Theorem 11 provides a complete characterization
of the computability breakdown and yields a criterion for
assessing whether a specific input domain admits effective
approaches. While this aligns with known discontinuities of
the pseudoinverse mapping, we emphasize that no algorithm
can universally decide whether a given matrix satisfies the
input restrictions. Thus, no verifiably correct “red flag”
mechanism exists for identifying such benign instances.

The computational barrier we identify is not a consequence of
numerical errors in practical implementations but an intrinsic
feature of Turing machines. While the condition number of
an invertible matrix quantifies the sensitivity of inversion to
numerical errors in floating-point arithmetic, it does not cap-
ture this fundamental limitation. In fact, the inverse of a fixed
matrix can be computed effectively, even for ill-conditioned
instances. By contrast, non-computability constitutes a strict
impossibility result for any realization on digital hardware.
Rather than enabling effective computation, the condition
number serves only as a heuristic indicator of whether a given
input may be numerically benign in specific settings.

II. DIGITAL COMPUTATIONS

Modern computing is predominantly based on digital hard-
ware. While digital systems can, in principle, compute exact
solutions for discrete problems, continuous problems can
only be treated approximately. This necessitates a rigorous
notion of approximation to assess and guarantee correctness.
A standard approach is to require effective algorithms, which
produce approximations together with explicit error bounds
to the (generally unknown) exact solution, and can meet any
prescribed accuracy. A theoretical model of digital compu-
tation is given by Turing machines [40], which capture the
logical structure of digital computation while abstracting from
practical constraints such as memory or energy limitations.
Any algorithm executable on real-world digital hardware can,
in principle, be simulated by a Turing machine, and vice versa.
Accordingly, the existence of effective algorithms for digital
computation is studied within the Turing framework [41]-[47].

A. Computable Analysis

This section introduces the necessary notions from com-
putability theory on continuous domains within the Turing
framework. For comprehensive treatments of real-valued com-
putability, see [48]-[51]; foundational topics such as recursive
functions and formal definitions of Turing machines are cov-
ered by elementary textbooks [52]. The underlying paradigm,
originating with Turing himself [40], models computation on
real numbers via transformations of converging sequences.

Definition 1. o A sequence (ry)ken in Q is computable, if
there exist recursive functions a,b,s : N — N such that

b(k) # 0 and rj, = (—1)**) . a(k)

b(k) Vk € N.

o A sequence (xy)ren in R converges effectively to © € R,
if there exists a recursive function e : N — N such that

lry — x| < 27N VN €N and all k > e(N).

o A real number x € R is computable, if there exists a com-
putable rational sequence (ry)ken converging effectively
to x. We call (r)ren a representation of x.

o A sequence (Tn)nen in R is computable, if there exist a
computable rational sequence (T k)n ken and a recur-
sive function e : N X N — N such that

|zn — k| < 2N vn,N €N and all k > e(n, N).

Remark 2. We denote the set of computable real numbers
by R.. Moreover, the previous definitions can be extended
to R? and C—understood as a 2-dimensional real vector
space—by requiring that each one-dimensional component(-
wise sequence) is computable. We denote the set of computable
complex numbers by C. :={zx +iy € C: z,y € R.}.

The computability of functions is a well-studied notion with
several formal variants [51]. We adopt the following concepts
to derive both positive and negative results on effective com-
putation over digital hardware.

Definition 3. For D C C%, a function f : D — C™ is

e Borel-Turing computable, if there exists a Turing machine
that transforms each representation of r € D N (C‘é into
a representation for f(x).

e Banach-Mazur computable, if f maps any computable
sequences (T, )nen in DNCY onto computable sequences

(f(xn))nGN

Remark 4. Borel-Turing computability captures the intuitive
notion of effective computation, requiring that a function can
be approximated to arbitrary accuracy with explicit error
control. Thus, effective algorithms only exist for Borel-Turing
computable problems. A weaker notion is Banach—Mazur
computability, which requires only the preservation of com-
putability of sequences. It is well known that Borel-Turing
computability implies Banach—Mazur computability, and that
functions computable in either sense are continuous [51].

Remark 5. Basic arithmetic operations, as well as elementary
operations such as the absolute value function, are computable
[50]. This also immediately implies the computability of the
Euclidean and Frobenius norm.

A slightly different computability notion is established
via oracles providing representations for any—not just
computable—objects [53]. For our purposes, the natural do-
main is characterized by computable objects, and we apply
the introduced computability framework in the remainder.

III. MAIN RESULTS

We now present our results on the effective computation
of the mappings (I)=(VI). The central step is the computation
of the pseudoinverse mapping, for which we first establish
the non-existence of a uniform effective approximation. We



then analyze the breakdown of existing algorithmic strategies
based on iterative methods and identify input restrictions under
which effectiveness can be recovered.

A. Banach-Mazur Non-Computability of the Pseudoinverse

Borel-Turing computability of the pseudoinverse mapping
would immediately imply effective computation of the func-
tions (I)-(VI) on digital hardware. This raises the question of
whether a constructive algorithm can establish computability
of this mapping. A natural candidate is the singular value
decomposition (SVD), a standard method for computing the
pseudoinverse. However, a key step in the SVD requires
identifying non-zero singular values of the input matrix, which
entails comparisons to zero—an operation that cannot be
performed effectively on digital hardware [50]. Thus, SVD
does not yield an effective approach for computing the pseu-
doinverse. The following theorem shows that this limitation is
not specific to SVD: in general, no effective approximation of
the pseudoinverse exists.

Theorem 6. For a function f, denote a function with the same
domain and codomain by f Then, for m,n > 2, the functions
(I)-(VI) are not algorithmically approximable, i.e., there exists
no Banach-Mazur computable function f such that

(i) sup [f(A)—F(A)llp<oo for fe{ff, fITl x};
A CTILX?’L:
uAequﬂ .

(ii) sup |F(A,D)—F(A,b)| < i for f = fisg;

(A,b)eC™* ™ xC™:

IAllF<vV2,lbll,<v2
(l”) sup ||f(A7 b)ff(Av b)H2 < 0 fO}" f S {fls‘q-m; flsq-n}-
(A,b)EC™* ™ xC™:
Al =<V2,lbll, <v2
Remark 7. Since the results are also valid in Borel-Turing
sense, effective algorithmic computations on digital hardware
of the problems posed by (I)-(VI) in the sense of Remark 4
are not feasible for accuracies below the introduced lower
bounds. In particular, except for fi,, there does not exist
a finite uniform bound: any algorithm will potentially make
arbitrarily large errors on any sufficiently large compact input
domain.

How do these findings relate to intuition and empirical
evidence? In particular, can we identify input instances or
domains that lead to algorithmic failure? Addressing the
first question, we analyze iterative methods with convergence
guarantees and identify the level at which the breakdown
occurs, yielding concrete insights into the second question.

B. Non-Effectiveness of Iterative Processes

It is important to stress that Theorem 6 does not contradict
the existence of procedures that compute the pseudoinverse
with provable convergence guarantees. For a non-zero matrix
A e C™*" with rank p and some 0 < o < 2HAH;2, the
iterative process (Ay)ren following

aAH »if k=0,
Ag = . (1)
2451 — Ap_1AA,_, : ifke N,

converges to the pseudoinverse AT for k € NU {0} with

Al
AT — A, < H72
H k||2 = )‘p( QHA)

where |||, denotes the spectral norm and A\, (A% A) > 0 the
p-th largest eigenvalue of A A [27]. In particular, one obtains
quadratic convergence rate

1AT = Axlly < [IAll AT = Ap—r[13

(1—ar(ATA)%, @

for ke N. (3)

At first glance, this suggests a uniform effective algorithm: the
sequence (A )ren converges to the pseudoinverse and is com-
putable. Indeed, the iteration step in (1) can be expressed by
the Borel-Turing computable function f : C**™ x C"™*" —
Cm*™ given by fp(X):= f(X,B) =2X — XBX as

Ay = fa(Ax—1) = fa(fa(--- fa(Ao)))

Since each iteration step is given by a Borel-Turing com-
putable function and computability is preserved under compo-
sition, this seemingly yields a constructive effective algorithm.
However, an implementable algorithm must also start with
computable initialization Ay (otherwise the iteration can not
be Borel-Turing computable) leading to convergence and,
crucially, a stopping criterion that guarantees a prescribed error
bound. Ideally, the algorithm would take an error parameter
N € N as additional input and halt if, for some m € N, the
approximation error of A,, is smaller than 27V, Therefore, an
effective implementation takes a representation of any (non-
zero) matrix A € C"*™ and an error parameter N as input and
outputs (an approximation of) AT up to an error of 2=V The
key observation is that the initialization and the termination of
the iteration are integral parts of the effective implementation.

Formally, the question of effective implementation can be
formulated as: Does there exist a Borel-Turing computable
function G : C™*"™ — C™*™ such that (Ay)ken computed
according to (4) with Ay = G(A) converges effectively to the
pseudoinverse AT, In other words, does there exist a recursive
function eg : N — N such that, for any A € C™*"™ with
G(A) = Ay,

forkeN. 4)

1
|AT— A, < o holds true YN € N and k > eq(N)? (5)

If G and e were to exist, then the representation of any non-
zero matrix A € C"™*" could be effectively transformed into
a representation of its pseudoinverse, implying Borel-Turing
computability of fT on C™*™ \ {0} and thus contradicting
6. In particular, (5) cannot even be realized for N = 1 on
a compact input set ||A|, < +/2—the proof verifies that
excluding the zero matrix from the input domain does not
affect this conclusion.

Corollary 8. For n,m > 2, there does not exist a Borel-
Turing computable function G : C™*™ — C™"*™ to compute
an initialization Ay = G(A) such that the sequence (Ay)ken,

A =2A,_1 — Ap_1AAL_4 for keN,

converges effectively to the pseudoinverse AT,



Since the spectral norm is bounded by the (computable)
Frobenius norm, fixing a computable function G, which
provides a suitable initialization via (1), is straightforward.
However, the associated recursive function e measuring the
convergence rate via (2) does not exist because determining
the rank of a matrix A € C™*" and finding a (non-zero)
lower bound on the rank(A)-th largest eigenvalue of A% A
cannot be effectively computed without further information—
hereby, determining the rank effectively is the prohibitive step.
On the other hand, providing additional information about the
input matrices by restricting the input domain, e.g., in the edge
case to contain exactly one computable element, the iterative
process yields an effective approach, as the next result shows.

Proposition 9. For any function (I)-(VI), ie., f €

{fT7 f“ﬂl y Ry flsqa flsq-ma flsq-n}’ and Computable li’lpbtl T €
dom(f), f(x) is also computable.

Remark 10. Corollary 8 and Proposition 9 illustrate the con-
trast between effective initialization and effective convergence
of the iterative process to obtain the pseudoinverse. If an effec-
tive initialization is implemented, then effective convergence is
not feasible (Corollary 8). Likewise, if effective convergence
is guaranteed, then the corresponding initialization cannot
be performed effectively but needs to be manually crafted
(Proposition 9).

The preceding discussion shows that iterative methods nec-
essarily rely on heuristic choices for initialization and stopping
criteria. While these may perform well for certain matrix
classes, they cannot guarantee correctness in the effective
sense in general. In particular, the proof of Proposition 9 is
non-constructive and does not extend to a uniform algorithm
taking arbitrary computable inputs, as it depends on instance-
specific knowledge. This raises the question of whether effec-
tive (rather than heuristic) approaches can still be obtained for
restricted matrix classes. As we show next, this is indeed the
case.

C. Full description of computability breakdown

Can we identify structural properties of matrices that cause
the computability breakdown, and thereby delineate domains
that admit effective treatment? The proof of Theorem 6 and
the analysis of the SVD in Section III-A indicate that non-
computability arises only in specific situations. The following
result shows that it can be avoided on restricted domains,
though not on sufficiently general ones.

Theorem 11. For any function (I)-(VI), ie., f €
{f1, FI &, fisq> fisgq-m, fisqn}, there exists a Turing machine
that transforms a representation of any computable input
x € dom(f) into a representation for f(x) provided that each

member of the representation of x has the same rank as x
itself.

Remark 12. Note that Theorem 11 does not imply Borel-
Turing computability. Indeed, the non-compliance with the
rank property is exactly the condition exploited in the proof
of the non-approximability result in Theorem 6.

Together, Theorems 6 and 11 yield a complete characteri-
zation of the algorithmic approximability of the pseudoinverse
and the functions (I)—(VI):

« If the rank property holds, the rank of any input matrix can
be computed from its representation, and the pseudoinverse
can then be approximated to arbitrary accuracy via the
constructive procedure in Theorem 11.

« In some settings, the rank property can be enforced effec-
tively, i.e., there exists an effective algorithm that trans-
forms any given representation into a representation meeting
the rank property. Examples include the class of full-rank
matrices in C™*™ and the set CI"*" := {4 € C™*" .
|A;j| > eor A;; = 0Vi,j} for any ¢ > 0. On such
domains, the pseudoinverse mapping is Borel-Turing com-
putable. However, membership in these sets is not effectively
decidable in general; at best, one can semi-decide whether
an input belongs to a “benign” class of matrices (but does
not effectively distinguish between benign and non-benign
classes).

« Non-approximability arises when the input domain contains
or is arbitrarily close to matrices of differing rank (without
additional restrictions on input instances). This aligns with
the discontinuities of the pseudoinverse [54], and reflects
the ability to encode non-computable problems in such
domains leading to a non-approximability result. In contrast,
domains like the full-rank matrices or C**" prevent rank
transitions—either by openness or by explicit constraints im-
posing testable conditions—thereby restoring computability.
By comparison, the set of matrices with fixed rank smaller
than min(m, n) also contains only matrices with equal rank.
However, the set is closed so that instances on the boundary
admit representations solely consisting of matrices with a
different rank, which reintroduces non-computability.

Our characterization of the computability breakdown is
consistent with prior results in computable linear algebra on
solving linear systems [37], [38], which is natural given the
relation to the pseudoinverse. This motivates a more refined
analysis of the breakdown, in particular its severity relative
to other non-computable problems. A suitable framework for
such a comparison is Weihrauch reducibility and the associated
degrees [55], which classify problems by whether they can
be computed using a single oracle call to another problem.
Our analysis of the failure of SVD suggests that the non-
computability of the pseudoinverse is structurally simple: in
particular, tracing the obstruction to zero comparisons in the
SVD indicates a close connection to robust division [56], and
suggests that the pseudoinverse may be Weihrauch equivalent
to this problem. A formal proof of this equivalence is left for
future work.
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