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Abstract—We consider the problem of quantum circuit synthe-
sis formulated as quantum compiler functions, i.e., functions that
map unitary matrices to corresponding gate-circuit approxima-
tions. The existence of quantum compiler functions that provide
low-complexity gate-circuit approximations to arbitrary unitary
matrices is well-known. However, being an entirely classical task,
the implementation of quantum compiler functions must be con-
sidered in the context of digital computing. Digitally computing
these functions has recently been shown to be infeasible in terms
of Turing computability and computable analysis. Going one step
further, we prove that there do not exist computable implemen-
tations of compiler functions restricted to certain, relevant sub-
tasks. Specifically, we provide an infeasibility result for compiler
functions based on currently known quantum algorithms for
estimating features of the solutions of systems of linear equations.
A Key step in deriving the result is the computability analysis in
the Turing framework of certain matrix functions, such as the
pseudoinverse and the condition number of a matrix. Hereby, we
fully characterize the computability breakdown of these functions
and, consequently, also the infeasibility of computable compiler
functions in this context.

For a version of this work including all proofs, we refer to [1]

I. INTRODUCTION

Quantum computing promises to harness quantum me-
chanical phenomena to perform certain computations more
efficiently than classical digital machines. Examples of such
computational tasks include the factorization of large integers
relevant to cryptography and the simulation of protein dynam-
ics in computational chemistry [2]-[4]. Despite tremendous
amounts of resources, building quantum computers has proven
notoriously challenging.

The arguably best established model of quantum computing,
both from theoretical and implementation perspective, is gate-
based quantum computing [5]-[9]. In this model, information
is processed by successively applying quantum gates, which
in their specific order of application form a quantum gate-
circuit. When neglecting the measurement on the quantum
processor to obtain the final output, the implementation of
this process decomposes into two main parts: In the quantum
part, the computer successively applies a gate sequence to a
state vector, where the sequence members belong to a finite
and fixed gate family. The classical part, which is processed
by classical digital hardware, controls the application of the
gate sequence. This second task, which considers compiling
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quantum algorithms to gate-circuits, is referred to as circuit
synthesis or the compiler problem [10]-[12].

Each available quantum gate corresponds to a unitary op-
erator on some finite-dimensional Hilbert space. As only a
countable number of unitary operators can be represented
through finite gate circuits, it is necessary to implement
general quantum algorithms, i.e., arbitrary unitary operators, in
an approximate manner. In other words, gate-circuit quantum
computing aims to approximate the action of unitary operators
on the Hilbert space up to a desired accuracy of 27", If there
exists a suitable gate sequence for every unitary operator and
every n € N, the gate family is universal [13]-[15].

Moreover, the tasks a gate-based quantum computer aims
to solve need to be formulated so that they are accessible
to (classical) digital hardware responsible for compiling the
quantum circuits. Since classical computing acts on discrete
mathematical objects, it cannot naturally account for the ana-
Iytic principles of continuity and approximation. Accordingly,
it is not immediately evident whether digital hardware is able
to logically control the execution of operations such as quan-
tum circuit emulation or quantum-circuit concatenation (on
the Hilbert space), i.e., the compiler task, in a mathematically
correct manner.

The existence of compiler functions is not the issue; they
indeed exist as shown for instance by the Solovay-Kitaev
theorem [16], [17]. However, the question of their computable
(i.e., provably correct and with error control) implementation
on digital hardware is not treated by these results and it
turned out that there do not exist computable algorithmic
emulations/approximations on digital hardware for universal
compiler functions [10]-[12]. If not universally, computable
implementations of compiler functions restricted to certain
sub-tasks might still be feasible. We study this question for
a sub-task of fundamental importance in many fields: solving
linear systems of equations.

Quantum algorithms estimating features of the solutions of
systems of linear equations have been proposed [18]-[20] and
also serve as the basis of quantum machine learning algorithms
[21], [22]. Crucially, the algorithms depend on the condition
number of the matrix representing the linear system. Thus,
a compiler function assuming a matrix as input to generate
the sought quantum circuit that estimates the features of the



solution, needs to compute the condition number of the input
matrix as a sub-process. In other words, the computation of the
condition number must be included in the compiler function
executed on (classical) digital hardware as a pre-processing
step. However, we show in this work that a computable
algorithmic implementation of this compiler function is not
feasible on digital hardware. In particular, there does not
exist a universal and computable algorithmic implementation
of the pre-processing step to compute the condition number
on digital hardware. More exactly, we show that there does
not exist a computable algorithmic implementation for this
specific compiler problem even when fixing the dimension of
the input matrices. Therefore, exploiting the potential speed-
up of computations via quantum algorithms in this case is not
possible based on computable implementations. To potentially
avoid this bottleneck, we need quantum algorithms that do not
depend on the pre-computation of the condition number.

A. Problem Statement
The condition number of a matrix is defined via its pseu-
doinverse [23], [24]. The pseudoinverse At € C"*™ of a
matrix A € C™*" is characterized by
AATA = A,
(AATYH = AAT,

ATAAT = AT,
(ATAYT = ATA.

These equations uniquely define the pseudoinverse, i.e., ex-
actly one matrix A' satisfies all four conditions. Closed-form
representations of the pseudoinverse are known for universal
[25]-[27] as well as specific classes of matrices [28]. However,
it is unclear if they can be implemented on digital hardware
with error control, i.e., if the actual execution of the involved
mathematical operations on digital hardware is feasible in
the strict sense formalized in Section II. Simple closed-form
expressions of Af are only known in specific instances. For
example, if A has full rank such that its columns are linearly
independent, then it is easy to verify that AT = (A% A)~1AH,

In practice, approaches to compute the pseudoinverse com-
prise strategies ranging from rank decomposition, applying the
QR method, singular value decomposition [29], and based on
Gaussian elimination [30], [31]. However, these approaches
again typically lack either theoretically proven error control
in the above sense or generality. Consequently, the algorithms
provide seemingly correct outputs for any input instance and
are indeed provably reliable in specific cases, such as well-
conditioned inputs [32], [33], but intrinsic failure modes and
their severity are unbeknownst to the user.

Hence, in the general case, an explicit description that
allows for a straightforward effective computation is missing,
i.e., an algorithm that takes any matrix (via arbitrarily accurate
rational approximations) and any error parameter as input and
computes an approximation of the associated pseudoinverse
up to the given error. Broadening the scope, our core question
is whether or under which conditions the pseudoinverse and
fundamental problems associated with the pseudoinverse, such
as the least squares problem and the condition number of a
matrix, can be effectively approximated on digital computing

hardware, which currently encompasses virtually any general-
purpose computing device and high-performance computer. To
that end, we consider the following mappings:

fraom o - e A AT M
I cmxm — R, A || AT|| (II)
fisg :C™ x C™ = R, (A4,b) — ng& | Az — bl|, (IIT)

fisgm : C™*" x C™ — C", (A,b) — argmin |z]|, (V)
x:|| Az —b||, = fisq (A,b)
flsq-n : (men X Cm — R: (Aa b) = ||f1$q-m(A7b)||2

R C™ = R, A = (| AllpIAT

V)
(VD

B. Contributions

We analyze the existence of effective algorithms on Turing
machines approximating the functions I.-VI. Since the pseu-
doinverse mapping plays a crucial role in the computation
of all considered functions, we ask whether an effective
algorithm exists to compute the pseudoinverse of every matrix
A € C™*™? We can split this question into two parts and study
them separately: First, given a fixed matrix A € C™*", does a
Turing machine TM 4 computing the pseudoinverse At (with
error control) exist? Second, does a Turing machine TMy;
taking any matrix A € C™*™ as input and constructing TM 4
as output exist? We provide, despite the existence of the pseu-
doinverse, a negative answer to the latter, yet a positive answer
to the former question. By extending the negative finding to
the condition number as defined in VI., we directly obtain the
previously described non-possibility result for a computable
algorithmic implementation of a compiler for current quantum
algorithms treating systems of linear equations [18]. Next, we
describe the computability breakdown in more detail.

o We show in Theorem 6 that no algorithm, i.e., the Turing
machine TMy;, computing the pseudoinverse mapping with
finite error exists: Any algorithm will make arbitrarily large
errors for certain input instances. This is contrasted with
the observation in Proposition 9 that Turing machines com-
puting the associated pseudoinverse of a fixed matrix exist.
Therefore, the computability breakdown in the universal
case arises at the level of finding said Turing machine
for a given input matrix. The construction of the sought
Turing machine requires specific information about the
input matrix, which is not provided in this general setting.
Exemplarily, we analyze and identify this breakdown in
the special case of iterative algorithms with convergence
guarantees in Corollary 8.

o The previous findings indicate that by diminishing the
generality of the problem, i.e., restricting the input domain
of potential algorithms, effective algorithmic approaches to
compute the pseudoinverse may exist since appropriately
reducing the input domain corresponds to increasing the
available information about the remaining input instances.
We demonstrate for two classes of matrices—matrices of
full rank and matrices with elements bounded away from
zero—that the observation is valid by establishing the ex-
istence of effective algorithms in both cases. Hence, in



practical applications, it is important to assess the given
problem and derive information about the feasible input
instances for potentially realizing effective solvability.

o Via Theorem 11 and its implication, we fully characterize
the computability breakdown and describe a tool to check
whether a problem with a specific input domain may be
amenable to effective approaches. This also closely aligns
with the known discontinuities of the pseudoinverse map-
ping. However, we wish to highlight that no algorithm
effectively decides whether an arbitrary matrix satisfies the
desired input conditions generally. In this sense, a verifiably
correct ‘red flag’ functionality does not exist for the above
benign input classes.

The described computational barrier does not arise due to
numerical errors in real-world implementations but is an inher-
ent feature of Turing machines. Indeed, the condition number
for invertible matrices provides a measure of numerical errors
for implementations of the inversion operation on actual digital
hardware with floating point arithmetic. However, computing
the inverse of a fixed matrix can be performed effectively,
even on instances with ill-conditioned inputs. Thus, a non-
computable/non-approximable property establishes an impos-
sibility result for any realization on a digital machine. In con-
trast, the condition number only provides a heuristic to decide
whether a specific input is benign in certain circumstances.

II. DIGITAL COMPUTATIONS

The predominant computing devices today are digital com-
puters. Digital hardware, in principle, allows for the exact
computation of specific problems, such as discrete ones. For
continuous problems, algorithms on digital hardware only
provide an approximation of the solution. Thus, a well-defined
notion of an approximate solution is required to evaluate
the computed approximation and guarantee its correctness.
An approach is to ask for effective algorithms, where al-
gorithms compute an approximate solution and quantify the
error to the (generally unknown) exact solution. In particular,
algorithms must be able to provide an approximation within
any prescribed error bound. A theoretical model for digital
computers, which captures the logic of digital computations
but neglects real-world limitations such as memory constraints,
energy consumption, etc, is given by Turing machines [34].
Any algorithm that can be executed by a real-world (digital)
computer can, in theory, be simulated by a Turing machine and
vice versa. Therefore, the existence of effective algorithms for
digital computers is studied via Turing machines [35]-[41].

A. Computable Analysis

This section presents the necessary definitions from com-
putability theory on continuous domains based on Turing
machines. For a comprehensive overview of real-valued com-
putability, we refer to [42]-[45], whereas elementary topics of
computability theory, such as recursive functions on discrete
domains and the formal definition of Turing machines, can be
found in any textbook [46].

The general paradigm describing digital computation on real
numbers introduced by Turing himself [34] is based on the
transformation of sequences approximating real numbers with
arbitrary precision.

Definition 1. o A sequence (1)ren in Q is computable, if
there exist recursive functions a,b,s : N — N such that

sty k)
b(k)

o A sequence (xy)ren in R converges effectively to x € R,
if there exists a recursive function e : N — N such that

lry — x| < 27N VN € N and all k > e(N).

b(k) # 0 and r, = (—1) Vk € N.

o A real number x € R is computable, if there exists a com-
putable rational sequence (ry)ren converging effectively
to x. We call (r)ren a representation of x.

o A sequence (x,)nen in R is computable, if there exist a
computable rational sequence (T k)n ken and a recur-
sive function ¢ : N x N — N such that

|zn — 7 k| < 27N Vn,N eN and all k > e(n, N).

Remark 2. We denote the set of computable real numbers
by R.. Moreover, the previous definitions can be extended
to R? and C?—considered as a 2d-dimensional real vector
space—by requiring that each one-dimensional component(-
wise sequence) is computable. We denote the set of computable
complex numbers by C.:={zx +iy € C: z,y € R.}.

The computability of functions is a well-studied property,
and various computability notions exist [45]; we will employ
the following ones to establish positive and negative results
regarding effective computations on digital hardware.

Definition 3. For D C C%, a function f : D — C™ is
o Borel-Turing computable, if there exists a Turing machine
that transforms each representation of x € D N (C‘é into
a representation for f(x).
o Banach-Mazur computable, if f maps any computable
sequences (T, )nen in DNCE onto computable sequences

(f(-rn))neN

Remark 4. Borel-Turing computability formalizes an intuitive
notion of computation, where an algorithm approximates a
given function to any accuracy with error control. Thus,
effective algorithms can only exist if the associated problem is
Borel-Turing computable. A weaker form of computability is
given by Banach-Mazur computable functions, which preserve
computability of sequences. It is well known that Borel-Turing
computability implies Banach-Mazur computability and that
computable functions in both sense are continuous [45].

Remark 5. Basic arithmetic operations, as well as elementary
operations such as the absolute value function, are computable
[44]. This also immediately implies the computability of the
Euclidean and Frobenius norm.

Another slightly different notion of computation is estab-
lished via oracles providing representations for any (and not



just computable) objects [47]. However, for our purposes of
analyzing digital computations, the natural domain is indeed
characterized by computable objects, and we apply the intro-
duced computability framework in the remainder.

III. MAIN RESULTS

Next, we present our results regarding the effective com-
putation of the functions L.-VI. The crucial step therein is the
computation of the pseudoinverse mapping, and we first show
that an effective approach to approximate this mapping does
not exist. Subsequently, we analyze the breakdown of exist-
ing algorithmic strategies on the basis of iterative processes
and establish restrictions on the input domain to enable the
introduction of effective algorithms.

A. Banach-Mazur Non-Computability of the Pseudoinverse

Assuming Borel-Turing computability of the mapping of a
matrix on its pseudoinverse immediately implies the effective
computation of the functions 1.-VI. on digital hardware. Can
we find a constructive algorithmic approach that enables us
to verify the computability of said mapping? For instance, the
singular value decomposition (SVD) is a standard method to
compute the pseudoinverse. A crucial step therein consists of
identifying the non-zero singular values of the input matrix.
However, comparisons to zero can not be performed effectively
on digital hardware [44]. Hence, SVD does not suffice to
establish an effective approach to compute the pseudoinverse.
The next theorem shows that this is not due to a specific
property of SVD, but an effective approach to approximate
the pseudoinverse does not exist in full generality.

Theorem 6. For a function f, denote a function with the same
domain and codomain by f . Then, for m,n > 2, the functions
L-VI. are not algorithmically approximable, i.e., there exists
no Banach-Mazur computable function f such that

(i) sup [If(A)=f(A)|p <00 for fe{fT T n};
il <vi X
(i) sup |f(AD)—f(AB)] < 5 for | = fugs

(A,b)eC™ ™ xC™:
Al p<V2IIbll,<v2
(iii) sup | f(A,b)—f(A,b)|ly < oo for f € {fisgm: fisqn}-
(A,b)EC™* ™ xC™:
Al =<V2,lIbll, <v2
Remark 7. Since the results are also valid in Borel-Turing
sense, effective algorithmic computations on digital hardware
of the problems posed by 1.-VI. in the sense of Remark 4 are not
feasible for accuracies below the introduced lower bounds. In
particular, except for fiy,, there does not exist a finite uniform
bound: any algorithm will potentially make arbitrarily large
errors on any sufficiently large compact input domain.

How does the finding relate to our intuition and empirical
evidence? Can we precisely identify input instances or input
domains that lead to algorithmic failure? Regarding the former,
we demonstrate, based on iterative processes with convergence
guarantees, at what level the algorithmic breakdown arises,
which leads to concrete observations about the latter question.

B. Non-Effectiveness of Iterative Processes computing the
Pseudoinverse

It is important to stress that Theorem 6 does not contradict
the existence of procedures, which compute the pseudoinverse
with provable convergence guarantees. For a non-zero matrix
A € C™*" with rank p and some 0 < o < 2|\A||;2, the
iterative process (Ay)ren based on

aAHf cif k=0,
Ap = ] (1
241 — Ap_1AA,_1 : ifke N,

converges to the pseudoinverse AT for k € NU {0} via

Al Kk
At = Al < e g oy am a2 2
H k?||2 — )\p(AHA)( «@ P( )) ) ( )
where ||-||, denotes the spectral norm and \,(A7A) > 0
the p-th largest eigenvalue of A A [26]. In particular, the
convergence rate obeys

AT = Aplly < [|All, AT = Aga|3 - for ke N (3)

This iterative process seemingly yields an effective algorithm
to compute the pseudoinverse to any desired precision via the
convergence of the sequence (Ay)ren. However, convergence
is insufficient to guarantee an effective algorithm’s existence.
Indeed, the iteration step in (1) is expressed via the Borel-
Turing computable function f : C"*™ x C™*" — Cr*™
given by fp(X):= f(X,B) =2X — XBX as

A = fa(Ak—1) = fa(fa(--- fa(Ag))) forkeN. (4)

Hence, the sequence (Ag)reny is a computable sequence
provided that the initialization Ay is a computable matrix
since the composition of Borel-Turing computable functions
is computable. Crucially, implementing the iterative process
requires a stopping criterion that aborts the computation once
the approximation is sufficiently close to Af. Ideally, the
algorithm would take an error parameter N € N as additional
input and halt if, for some m €& N, the approximation
error of A,, is smaller than 2=7. Therefore, an effective
implementation takes a representation of any (non-zero) matrix
A € C™*™ and an error parameter N as input and outputs (an
approximation of) AT up to an error of 27V, The key point is
that the initialization and the termination of the iteration are
integral parts of the effective implementation. Otherwise, the
iterative process could not be performed independently and
effectively on digital hardware.

In the context of Turing machines the question of the
effective implementation can be formalized in the following
way: Does there exist a Borel-Turing computable function
G : C™*™ — C™*™ such that (Ay)ren computed according
to (4) with Ag = G(A) converges effectively to the pseudoin-
verse At, i.e., does there exist a recursive function e : N — N
such that, for any A € C™*" with G(A) = Ay,

1
|AT—Ag|l, < g holds true YN € N and k > eq(N)? (5)

Assuming that G and e exist entails that the representation of
any non-zero matrix A € C™*™ can be effectively transformed



into a representation of its pseudoinverse via (5), i.e., the
function fT is Borel-Turing computable on C™*™ \ {0}. This
contradicts Theorem 6 stating that (5) can not even be realized
for N = 1 on a compact input set ||A, < v/2—the proof
verifies that excluding the zero matrix from the input domain
does not impact the result.

Corollary 8. For n,m > 2, there does not exist a Borel-
Turing computable function G : C"™*™ — C"*™ to compute
an initialization Ay = G(A) such that the sequence (Ax)ken,

Ap =245 1 — Ap_1AA,_4 for k eN,

converges effectively to the pseudoinverse AT

Since the spectral norm is bounded by the (computable)
Frobenius norm, fixing a computable function G, which
provides a suitable initialization via (1), is straightforward.
However, the associated recursive function eg measuring the
convergence rate via (2) does not exist because determining
the rank of a matrix A € C™*" and finding a (non-zero)
lower bound on the rank(A)-th largest eigenvalue of A A
can not be effectively computed without further information—
hereby, determining the rank effectively is the prohibitive step.
On the other hand, providing additional information about the
input matrices by restricting the input domain, e.g., in the edge
case to contain exactly one computable element, the iterative
process yields an effective approach, as the next result shows.

Proposition 9. For any function L-VI, ie, [ €

{fTv f“ﬂl y Ky flsqa f[sq-ma flsq—n}) and COmP”mble lnput YAS
dom(f), f(zx) is also computable.

Remark 10. Corollary 8 and Proposition9 illustrate the con-
trast between effective initialization and effective convergence
of the iterative process to obtain the pseudoinverse. If an effec-
tive initialization is implemented, then effective convergence is
not feasible (Corollary 8). Likewise, if effective convergence
is guaranteed, then the corresponding initialization can not
be performed effectively but needs to be manually crafted
(Proposition 9).

The previous discussion shows that any iterative process
needs to rely on heuristics for initialization and stopping
criteria. The heuristics may work reasonably well for specific
classes of matrices, but they can not guarantee correctness
(in the effective sense) in the general case. In particular, the
proof of Proposition 9 is not constructive and can therefore
not be generalized to an algorithm taking arbitrary computable
inputs since specific properties of the given instance need to be
provided to the associated algorithm. However, is it possible to
at least establish effective approaches (and not only heuristics)
to tackle the problems I.-VI. for specific classes of matrices?
This is indeed feasible as we establish next.

C. Full description of computability breakdown

Can we identify the properties of matrices that lead to the
computability breakdown and thereby identify domains that
allow for effective treatment? The proof of Theorem 6 and the

short analysis of the SVD approach in Section III-A indicate
that non-computability indeed arises in specific circumstances.
The following result and its implication show that non-
computability can be prevented in certain instances, although
it can not be circumvented for sufficiently general domains.

Theorem 11. For any  function 1-VIL, ie.,
f € {fT,f”T”,f@f;sq,flsq_,mflsq_,,}, there exists a Turing
machine that transforms a representation of any computable
input * € dom(f) into a representation for f(x) provided
that each member of the representation of x has the same
rank as x itself.

Remark 12. Note that Theorem 11 does not imply Borel-
Turing computability. Indeed, the non-compliance with the
rank property is exactly the condition exploited in the proof
of the non-approximability result in Theorem 6.

Theorem 6 together with Theorem 11 fully characterize
the algorithmic approximability of the pseudoinverse and the
related functions II.-VL.:

o If the rank property is satisfied, then the rank of any input
matrix can be directly computed via its given representation.
Subsequently, the pseudoinverse can be computed to any
desired accuracy by the constructive algorithm described in
the proof of Theorem 11.

o In certain settings, the rank property can be effectively
guaranteed, i.e., there exists an effective algorithm that
transforms any given representation into a representation
meeting the rank property, e.g., the set of full rank matrices
in C™*™ or the set CI**" = {A € C™*" : |A4;] >
e or A;; =0 Vi, j} for any € > 0. Therefore, the pseudoin-
verse mapping is Borel-Turing computable on the respective
domains. However, in both cases, the membership to the
given set can not be effectively decided, i.e., for general
input domains the best one can hope for is a pre-processing
step that verifies if a given input belongs to a “benign’ class
of matrices (but does not effectively distinguish between
benign and non-benign classes), i.e., only semi-decides the
membership property.

o The algorithmic non-approximability arises for input do-
mains being arbitrarily close to or containing matrices
with distinct rank (if no further conditions are imposed on
the input instances). This is, in some sense, an expected
behaviour because it coincides with the discontinuities of
the pseudoinverse mapping [48]. In these cases, a non-
computable problem can be encoded in the considered input
domain, leading to a non-approximability result. Hence, the
key feature of the set of full rank matrices and C**" is
preventing a (smooth) rank transition by design—the set
of full rank matrices is open, whereas C**" artificially
imposes via € a testable condition on rank transitioning. In
contrast, the set of matrices with fixed rank smaller than
min(m,n) also contains only matrices with equal rank,
however, the set is closed so that for instances on the
boundary, there exist representations solely consisting of
matrices with a distinct rank.
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