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Thermal convection in nature

Convection in the 

Earth's outer core 

and mantle

Source: Internet

Solar convection

Convection in 

Jupiter’s 

molecular layer

Convection in 

Saturn’s 

molecular layer



𝑔 𝑟

Model for thermal convection • Governing equations (under Oberbeck-Boussinesq approximation):

• 𝑢(𝑟, 𝜃, 𝜙, 𝑡): Velocity field, 𝑇(𝑟, 𝜃, 𝜙, 𝑡) : Temperature field.

• 𝑝(𝑟, 𝜃, 𝜙, 𝑡): Reduced pressure field (including hydrostatic pressure).

• Physical control parameters:

𝜈: kinematic viscosity,  

𝑔 𝑟 : gravity,𝛼 = −
1

𝜌

𝜕𝜌

𝜕𝑇 𝑝
: thermal expansion,

𝜅: thermal diffusivity,

• Key assumptions in Oberbeck-Boussinesq approximation:

Incompressibility: 𝑢 ≪ 𝑣𝑐, Small vertical scale: 𝐿 ≪ 𝑣𝑐
2/𝑔, Small temperature difference: 𝜌 = 𝜌 𝑇0 1 − 𝛼(𝑇 − 𝑇0) ,

Also, constant physical parameters: 𝜈, 𝜅, 𝛼.



𝑔 𝑟

Model for thermal convection • Non-dimensionalize the governing equation (MagIC):

• Length scale: 𝑑 = 𝑟𝑜 − 𝑟𝑖 ,

• Time scale: 𝑑2/𝜈,

• Velocity scale: 𝜈/𝑑,

• Pressure scale: 𝜌0 𝜈/𝑑 2,

• Gravity scale: 𝑔(𝑟𝑜) • Temperature scale: Δ𝑇 = 𝑇ℎ𝑜𝑡 − 𝑇𝑐𝑜𝑙𝑑.

• Input parameters:

𝑅𝑎 =
𝑏𝑢𝑜𝑦𝑎𝑛𝑐𝑦 𝑡𝑒𝑟𝑚

𝑣𝑖𝑠𝑐𝑜𝑢𝑠 𝑡𝑒𝑟𝑚
=
𝛼𝑔𝑜Δ𝑇𝑑

3

𝜈𝜅
, 𝑃𝑟 =

𝜈

𝜅
, 𝜂 =

𝑟𝑖
𝑟𝑜
.

𝑢𝑖 = 𝑢𝑜 = 0
𝑇𝑖 = 1, 𝑇𝑜 = 0.

No-slip:

Stress-free:     𝜎𝑟𝜃 = 𝜎𝑟𝜙 = 0

• Boundary conditions:

Thermal B.C.:

𝜕𝑇

𝜕𝑟
𝑟𝑖 =

𝜕𝑇

𝜕𝑟
𝑟𝑜 = 𝐶𝑜𝑛𝑠𝑡

Mechanical B.C.:



Response parameters

Take the temporal and horizontal average: 𝑁𝑢 =
𝑡𝑜𝑡𝑎𝑙 ℎ𝑒𝑎𝑡 𝑓𝑙𝑢𝑥

𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑣𝑒 ℎ𝑒𝑎𝑡 𝑓𝑙𝑢𝑥
=

𝑢𝑟𝑇 𝑠 −
1
𝑃𝑟

𝑑 𝑇 𝑠
𝑑𝑟

−
1
𝑃𝑟

𝑑𝑇𝑐
𝑑𝑟

,

𝑑

𝑑𝑟
𝑢𝑟𝑇 𝑠 −

1

𝑃𝑟

𝑑 𝑇 𝑠

𝑑𝑟
= 0

Dimensionless total heat flux

Where, ∇2𝑇𝑐 = 0.• Response parameters:

𝑅𝑒 =
𝑢𝑟𝑚𝑠 𝐿

𝜈
= 𝒖 2 .



Exact relations in Boussinesq equations 

𝒖 ∙
𝜕𝒖

𝜕𝑡
+ 𝒖 ∙ ∇𝒖 = −𝒖 ∙ ∇𝑝 +

𝑅𝑎

𝑃𝑟
𝑔𝑇𝑢𝑟 + 𝒖 ∙ ∇2𝒖

− 𝒖 ∙ ∇2𝒖 =
𝑅𝑎

𝑃𝑟
𝑔𝑇𝑢𝑟

𝑔 𝑟 ~1/𝑟2

− 𝒖 ∙ ∇2𝒖 = 𝜀𝑈 =
3

1 + 𝜂 + 𝜂2
𝑅𝑎

𝑃𝑟2
𝑁𝑢 − 1

Kinetic energy dissipation rate

𝑇
𝜕𝑇

𝜕𝑡
+ 𝒖 ∙ ∇𝑇 = 𝑇

1

𝑃𝑟
∇2𝑇

𝛻𝑇 𝟐 = ∇2
𝑇2

2

𝛻𝑇 𝟐 = 𝜀𝑇 =
3𝜂

1 + 𝜂 + η2
𝑁𝑢

Thermal dissipation rate



𝑅𝑎 =
𝛼𝑔𝑜Δ𝑇𝑑

3

𝜈𝜅
> 𝑅𝑎𝑐 , 𝑁𝑢 > 1, 𝑅𝑒 > 1.

• Linear Stability Analysis (LSA): Solve the eigenvalue 

problem of the linearized equations.

Determine 𝑅𝑎𝑐:

• Direct time integration of the linearized equations: 

Integrate the linearized equation in time and measure 

the growth rate of each mode (MagIC can do).

• 𝑅𝑎𝑐 for horizontal plates[1]:

𝑅𝑎𝑐 ≈ 1708 for no-slip boundaries.

𝑅𝑎𝑐 ≈ 647 for stress free boundaries.

• 𝑅𝑎𝑐 for spherical shells:

𝑅𝑎𝑐 ≈ 575 for no-slip boundaries with 𝜂 = 0.2.

𝑅𝑎𝑐 ≈ 1375 for no-slip boundaries with 𝜂 = 0.8.

The onset of convection

Simulations in periodic box with 𝑃𝑟 = 1[2]

[1] Chandrasekhar S. Hydrodynamic and hydromagnetic stability[M]. Courier Corporation, 2013.

[2] Mohammad Anas. Effect of Rotation and Confinement on Heat Transfer in Rayleigh–Bénard Convection (PhD thesis), IIT, 2024.



Flow structures in turbulent convection

𝑃𝑟 = 1, 𝜂 = 0.4, 𝑅𝑎 = 3 × 107 𝑅𝑎𝑐 ≈ 825

No-slip and isothermal B.C.



Temperature fluctuation 𝑇′ = 𝑇 − 𝑇 𝑠

𝑟 = 𝑟𝑖 + 𝜆𝜗
𝑖

𝑟 = 𝑟𝑚𝑖𝑑

𝑟 = 𝑟𝑜 − 𝜆𝜗
𝑜

Sheet-like plumes near the boundary



𝒓

Conduction dominate BL and turbulent dominate bulk

𝑁𝑢 =
𝑢𝑟𝑇 𝑠 −

1
𝑃𝑟

𝑑 𝑇 𝑠
𝑑𝑟

−
1
𝑃𝑟

𝑑𝑇𝑐
𝑑𝑟

Total heat flux



𝒓

𝑅𝑒 𝑟 = 𝑢𝑟
2 + 𝑢𝜃

2 + 𝑢𝜙
2

𝑠Low 𝑅𝑒 BL and highly turbulent bulk

Use BL models (e.g. Prandtl–Blasius BL) 

to describe near wall region, turbulence 

model (e.g. K41) for bulk region.



𝑁𝑢, 𝑅𝑒 scaling in RBC

𝑁𝑢 ~ 𝑅𝑎𝛾𝑁𝑢 𝑃𝑟𝛼𝑁𝑢

𝑅𝑒 ~ 𝑅𝑎𝛾𝑅𝑒 𝑃𝑟𝛼𝑅𝑒

Power-law exponents for Nu and Re as functions of 

Ra and Pr predicted by theories[1].

[1] Ahlers G, Grossmann S, Lohse D. Heat transfer and large scale dynamics in turbulent Rayleigh-Bénard convection[J]. Reviews of modern physics, 2009, 81(2): 503-537.

[2] Detlef Lohse and Olga Shishkina: Ultimate Rayleigh-Benard Turbulence.

The ultimate regime: 𝑁𝑢 ∝ 𝑅𝑎1/2 for 𝑅𝑎 > 𝑅𝑎𝑡(~10
13)

The existence of the ultimate regime is debatable!



Rotating thermal convection • Non-dimensionalized governing equation (MagIC):

• Length scale: 𝑑 = 𝑟𝑜 − 𝑟𝑖 ,

• Time scale: 𝑑2/𝜈,

• Velocity scale: 𝜈/𝑑,

• Pressure scale: 𝜌0 𝜈/𝑑 2,

• Input parameters:

𝑅𝑎 =
𝛼𝑔𝑜Δ𝑇𝑑

3

𝜈𝜅
, 𝑃𝑟 =

𝜈

𝜅
, 𝜂 =

𝑟𝑖
𝑟𝑜
.

𝑢𝑖 = 𝑢𝑜 = 0
𝑇𝑖 = 1, 𝑇𝑜 = 0.

No-slip:

Stress-free:     𝜎𝑟𝜃 = 𝜎𝑟𝜙 = 0

• Boundary conditions:

Thermal B.C.:

𝜕𝑇

𝜕𝑟
𝑟𝑖 =

𝜕𝑇

𝜕𝑟
𝑟𝑜 = 𝐶𝑜𝑛𝑠𝑡

Mechanical B.C.:

𝐸𝑘 =
𝑣𝑖𝑠𝑐𝑜𝑢𝑠 𝑓𝑜𝑟𝑐𝑒

𝐶𝑜𝑟𝑖𝑜𝑙𝑖𝑠 𝑓𝑜𝑟𝑐𝑒
=

𝜈

Ω𝑑2
,

𝑅𝑜𝑐 =
𝑏𝑢𝑜𝑦𝑎𝑛𝑐𝑦 𝑓𝑜𝑟𝑐𝑒

𝐶𝑜𝑟𝑖𝑜𝑙𝑖𝑠 𝑓𝑜𝑟𝑐𝑒
=

𝛼𝑔𝑜Δ𝑇

Ω2𝑑
=

𝑅𝑎

𝑃𝑟
𝐸𝑘 , 𝑅𝑜 =

𝑈

2Ω𝑑



Constraint of Rotation on Convection

Consider 𝑢 ∙ ∇ 𝑢 ≪ 𝑢 , 
𝜕𝑢

𝜕𝑡
= 0, and inviscid flow 𝜈 = 0

2𝜴 × 𝒖 = −
1

𝜌0
∇𝑝 + 𝛼𝑔𝜗𝒆𝒓

𝑒𝑧 ∙ ∇ ×

2𝛺
𝜕

𝜕𝑧
(𝒆𝒛 ∙ 𝒖) = 0

𝜕

𝜕𝑧
(𝒖) = 0

• Taylor-Proudman theorem: 



Important scalings in Rotating thermal convection

• The critical 𝑅𝑎𝑐 in rotating thermal convection[1]:

𝑅𝑎𝑐 =
𝛼𝑔𝑜Δ𝑇𝑑

3

𝜈𝜅
~

1

𝐸𝑘

4/3

,

For moderate and large 𝑃𝑟 (e.g 𝑃𝑟 > 10−2):

𝐿ℎ
𝑑
~ 𝐸𝑘

1/3

For small enough 𝑃𝑟 (e.g 𝑃𝑟 < 10−2):

𝑅𝑎𝑐 =
𝛼𝑔𝑜Δ𝑇𝑑

3

𝜈𝜅
~

1

𝐸𝑘

1/2

,
𝐿ℎ
𝑑
~𝑂(1)

[1] Zhang K, Liao X. Theory and modeling of rotating fluids: convection, inertial waves and precession[M]. Cambridge University Press, 2017.

• Ekman boundary layer

2𝜴 × 𝒖 = 𝜈∇2𝒖

𝛿𝐸
𝑑
≈

2𝜈

Ωd2

1
2

~ 𝐸𝑘
1
2𝛿𝐸 ≈

2𝜈

Ω

1
2

,

𝛿𝜈 ≈
𝑎𝑑

𝑅𝑒1/2
, 𝑅𝑒 =

𝑈𝑑

𝜈
,

𝛿𝐸
𝛿𝜈

≈
2𝜈/Ω

𝑎𝑑/ 𝑅𝑒
~

𝑈

2Ω𝑑
= 𝑅𝑜



THANKS
Email: fuyifeng@mps.mpg.de

Max Planck Society
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